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PREFACE-. 


THIS  Book  has  been  written  as  a  companion  volume  to  my 
Treatise  on  the  Differential  Calculus,  and  in  its  construction 
I  have  endeavoured  to  carry  out  the  same  general  plan  on 
which  that  book  was  composed.  I  have,  accordingly,  studied 
simplicity  so  far  as  was  consistent  with  rigour  of  demonstra- 
tion, and  have  tried  to  make  the  subject  as  attractive  to 
the  beginner  as  the  nature  of  the  Calculus  would  permit. 

I  have,  as  far  as  possible,  confined  my  attention  to  the 
general  principles  of  Integration,  and  have  endeavoured  to 
arrange  the  successive  portions  of  the  subject  in  the  order 
best  suited  for  the  Student. 

I  have  paid  considerable  attention  to  the  geometrical  ap- 
plications of  the  Calculus,  and  have  introduced  a  number  of  the 
leading  fundamental  properties  of  the  more  important  curves 
and  surfaces,  so  far  as  they  are  connected  with  the  Integral 
Calculus.  This  has  led  me  to  give  many  remaikable  results, 
such  as  Steiner's  general  theorems  on  the  connexion  of  pedals 
and  roulettes,  Amsler's  planimeter,  Kempe's  theorem, 
Landen's  theorems  on  the  rectification  of  the  hyperbola, 
Q-enocchi's  theorem  on  the  rectification  of  the  Cartesian  oval, 
and  others  which  have  not  been  usually  included  in  text- 
books on  the  Integral  Calculus. 

A  Chapter  has  been  devoted  to  the  discussion  of  Integrals 
of  Inertia.  For  the  methods  adopted,  and  a  great  part  of  the 
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details  in  this  Chapter,  I  am  indebted  to  the  kindness  of 
the  late  Professor  Townsend.  My  friend  Professor  Crofton 
has  laid  me  under  very  deep  obligations  by  contributing 
a  Chapter  on  Mean  Yalue  and  Probability.  I  am  glad  to 
be  able  to  lay  this  Chapter  before  the  Student,  as  an  in- 
troduction to  this  branch  of  the  subject  b}'  a  Mathematician 
whose  original  and  admirable  Papers,  in  the  Philosophical 
Transactions,  1868-69,  and  elsewhere,  have  so  largely  contri- 
buted to  the  recent  extension  of  this  important  application 
of  the  Integral  Calculus. 

I  have  introduced  Chapters  on  the  connexion  between 
Line  and  Surface  Integrals  ;  and  on  the  Symbol  of  Sub- 
stitution, principally  with  a  view  to  its  employment  in  the 
Calculus  of  Variations  I  have  also  devoted  two  Chapters 
to  an  elementary  treatment  on  the  application  of  the  Calculus 
of  Variations  to  Single  and  Multiple  Integrals. 

TKINITY  COLLEGE,  DUBLIN, 
March,   1906. 


TABLE    OF    CONTENTS. 


CHAPTEE   1. 

ELEMENTARY    FORMS    OF    INTEGRATION. 

PARE 

Integration,     .......         .....1 

Elementary  Integrals,      .         .         .         .         •         .         .         .         .         .2 
Integration  by  Substitution,     ......         ...       5 

dx 
Integration  of  -  -  -  -,    .........       8 

a  +  2bx  -f  ex*' 

Euler's  expressions  for  sin  6  and  cos  8  deduced  by  Integration,  .        .     10 

dx 
Integration  of  -  .  ,       .......     14 

(x  —  p)  Va  +  2bx  +  cr? 

dx 
-  ........     1C 


(a  .+  2bx  4-  cxz}* 

dO  d6 

and  -r—  ,  ........     17 


cos  6  sin  e 


1     a  +  b  cos  8* 

Different  Methods  of  Integration,     .                  20 

Formula  of  Integration  by  Tarts,      . 20 

Integration  by  Rationalization,         .                  .                                              ,  23 

dx 

Integration  of  • .  25 

(A  4-  Cx2)  (a  +  ex*}? 

Rationalization  by  Trigonometrical  Translonnations,         .         .         .         .26 

Observations  on  Fundamental  Forms,        .......  29 

Definite  Integrals, , 30 

Examples 36 


viii  Contents. 


CHAPTEE  II. 

INTEGRATION    OF   RATIONAL    FRACTIONS. 

PAGE 

national  Fractions,           ........  39 

Decomposition  into  Partial  Fractions,        ....  .42 

Case  of  Real  and  Unequal  Roots,      .....  .42 

Multiple  Real  Roots,        ........  ,47 

Imaginary  Roots,     ......  ,49 

Multiple  Imaginary  Roots, 

•)o 

T  L       i-  dx 

Integration  of  -  -  —  -  --,       .......    -    .     56 

(x  -  n)'»  (jc  -  b)» 

dx 
"         "         TT'     .........        --68 


"         "      ^T'    ..........    60 

Examples,        .         .         .......  ,61 


CHAPTEE  III. 

INTEGRATION    BY    SUCCESSIVE    REDUCTION. 

Cases  in  which  sin'" 0  cos"  6d8  is  immediately  integrably,           .                  .63 
Formulae  of  Reduction  for  f  sin"1 0  cos"  0  dO, 66 

Integration  of  tan" Odd  and  ,    . 

taii»0 

Trigonometrical  Transformations,     .         .         .         .  •  .         .         .73 

Binomial  Differentials, 75 

Deduction  of  |  e'"*xndx,  ..........     76 

,,          ,,  $x'»(\ogx)"d3; 77 

•»         n  $x"cosaxdz,       ,         .         .         .         .         .         .         .         .78 

»         »  /*"*CO«"*<te, 79 

,,         ,,  J  cos'"x  sin  nxdx,  .......     79 

Deduction  by  Differentiation.  .  t        .         .         .     30 


Contents.  ix 


Integration  of 
Examples, 


f     xmdx 

PAGE 

.     81 

}  (a  +  cx)n' 
C          x"'dx 

.     82 

J  (a  +  zbx  +  cx~)l  ' 
(xmdx 

.     82 

(a  4  2bx  4  cx*)»' 
f           dx 

.     84 

}  (a  +  b  cos  #)"' 

.     86 

<p  (x)  V«  4-  2l>x  +  cjc- 

CHAPTEK  IV. 

INTEGRATION    BY   RATIONALIZATION. 
Integration  of  Monomials, .91 


Rationalization  of  F  (x,  \'n  +  2bx  +  cx-)d.r,       ......     92 


General  Investigation,      ........         .         .97 

Case  of  Recurring  Biquadratic,          ........  101 

Examples,        .         .         .         .         .         .         .         .         .         .         .         .   103. 


CHAPTER  V. 

MISCELLANEOUS   EXAMPLES    OF    INTEGRATION. 

.       A  cos  x  -F  B  sin  x  +  0  , 

Integral  of  -  —  dx, 104 

a  cos  x  +  b  sm  x  +  c 

Differentiation  under  the  sign  of  Integration,    .         .         .         .         .         .  107 

Integration  under  the  sign  of  Integration, 109 

,,          by  Infinite  Series, 110 

Examples, US 


x  Contents. 

CHAPTER  VI. 

DEFINITE      INTEGRALS. 

PACK 

Integration  regarded  as  Summation, 114 

Definite  Integrals.     Limits  of  Integration, 115 

•a  ir 

Values  of  |     sin'^nfaand  I     cos*xdx, 119 

Jo  Jo 

•n 

{•j 
sin'"u.-  cos'Mvfcr,  when  m  and  n  are  integers,      .         .         .         .120 
o 

,,     ,,         e~*zndx,  when  «  is  a  positive  integer,         .         .         .         .123 
Jo 

Taylor's  Theorem, 126 

Remainder  in  Taylor's  Theorem  expressed  as  a  Definite  Integral,     .        .  127 

Bernoulli's  Series, 128 

Exceptional  Cases  in  Definite  Integrals, 128 

Case  where  f(x)  becomes  Infinite  at  either  Limit,            .         .        .        .  1 29 

When/(r)  h?/>omes  Infinite  between  the  Limits, 130 

Case  of  Infinite  Limits, .  131 

Principal  and  General  Values  of  a  Definite  Integral,        .         .        .         .  1 32 

Singular  Definite  Integrals, .134 

—dx,  where  «>  «n, .         ....  ...     138 

o    1  +  *in 

Tndx, 139 

Jo    1  -  **" 

Differentiation  of  Definite  Integrals,       . 143 

Integrals  deduced  by  Differentiation, 144 

Differentiation  of  a  Definite  Integral  when  the  Limits  vary,    .         .        .147 
Integration  under  the  Sign  of  Integration, 148 

I     e-**dx ....  151 

Jo 


Contents.  xi 


L    C-TT^' 

f* 

log  (sin  e)  d0, 

JO 


154 


Theorem  of  Frullani,*   ..........  155 

„  f"  tan-1  ax  -  tan-1**  .  ._ 

Value  of       —  -  rfr,           .......  I»7 

Jo  * 

Remainder  in  Lagrange's  Series,     .                          .....  158 

Gamma-Functions,         ....                  .....  159 

T(m]  r(») 
Proof  of  Equation  B  (m,  n)  =  —  —  —  —  -,          .....         . 

r»ri  -«  =  -T-^—  .......  162 


sin  nir 


Table  of  Log  T(p),        .        .        .        .......     169 

Examples,      ............     171 


CHAPTER  VII. 

AREAS      OF      PLANE      CURVES. 

Areas  in  Cartesian  Coordinates, 176 

The  Circle 178 

The  Ellipse, .179 

The  Parabola, 180 

The  Hyperbola, 181 

Hyperbolic  Sines  and  Cosines, 182 

The  Cstenary, .         .183 

Form  for  Area  of  a  Closed  Curve, 188 

The  Cycloid, 189 


*  This  theorem  was  communicated  by  Frullani  to  Plana  in  1821,  and  publ'ched  after- 
wards in  Mem,  del  Soc.  //a/.,  1828. 


xii  Contents. 

PACF. 

Areas  in  Polar  Coordinates,  190 

Spiral  of  Archimedes,      ..........  194 

Elliptic  Sector — Lambert's  Theorem, 196 

Area  of  a  Pedal  Curve, 199 

Area  of  Pedal  of  Ellipse  for  any  Origin,  .•       .         .         .         .201 

Steincr's  Theorem  on  Areas  of  Pedals,  ......  20J 

„  on  Roulettes, 203 

Theorem  of  Holditch, 206 

Theorem  of  Elliott, .  209 

Kempe's  Theorem, 210 

Areas  by  Approximation, 211 

Amsler's  Planimeter, 214 

Examples, .218 

CHAPTEE   VIII. 

LENGTHS      OF     CURVES. 

Rectification  in  Rectangular  Coordinates, 222 

The  Parabola— The  Catenary, 223 

The  Semi-cubical  Parabola — Evolutes, 224 

The  Ellipse, 226 

Legcndre's  Theorem  on  Rectification,      . 228. 

Kagnani's  Theorem 229 

The  Hyperbola, 231 

London's  Theorem, 232 « 

Graves's  Theorem 234 

Mac  Cullagh's  Theorem 236 

Difference  between  Infinite  Branch  and  Asymptote  for  Hyperbola,  .         .  236 

The  Limac.on — the  Epitrochoid, 237 

Steiner's  Theorem  on  Rectification  of  Roulettes, 238 

Genocchi's  Theorem  on  Oval  of  Descartes, 239 

Rectification  of  Curves  of  Double  Curvature, 243 

Examples, •  2*r> 


•  Contents.  xiii 

CHAPTER  IX. 

VOLUMES     AND    SURFACES    OF    SOLIDS. 

PACK 

The  Prism  and  Cylinder, •        .250 

The  Pyramid  and  Cone,      '  , 251 

Surfaces  and  Volume  of  Sphere, 252 

Surfaces  of  He  volution, 254 

Paraboloid  of  Revolution, 256 

Oblate  and  Prolate  Spheroids,          .         .         .        .    '    .       '.        •         .257 

Surface  of  Spheriod, ;  :.i  :  .    •     25? 

Annular  Solids,      . .261 

Guldin's  Theorems, 262 

Volume  of  Elliptic  Paraboloid,        .         . 265 

Volume  of  the  Ellipsoid, -  .-        .     266 

Volume  by  Double  Integration, 2G9 

Double  Integrals,  .        . 273 

Quadrature  on  the  Sphere 276 

Quadrature  of  Surfaces, 279 

Quadrature  of  the  Paraboloid, .         .280 

Quadrature  of  the  Ellipsoid, 282 

Integration  over  a  Closed  Surface, 284 

Examples,      ,,„.;(> 288 


CHAPTEK  X. 

INTEGRALS    OF    INERTIA. 


Moments  and  Products  of  Inertia,  .         .  * 291 

Moments  of  Inertia  for  Parallel  Axes,  or  Planes, 292 

Radius  of  Gyration, 293 

Uniform  Rod  and  Rectangular  Lamina,  ....                 .  294 


xiv  Contents. 

PAGE 

Rectangular  Parallelepiped, 295 

Circular  Plate  and  Cylinder,  . 295 

Right  Cone, 296 

Elliptic  Lamina,                        , 296 

Sphere, '297 

Ellipsoid,       .                                           298 

Moments  of  Inertia  for  a  Lamina, 299 

Momental  Ellipse, 300 

Products  of  Inertia  for  a  Lamina,  .         .         .         .         .         .         .         .301 

Triangular  Lamina  and  Prism,         ........  302 

Momental  Ellipse  of  a  Triangular  Lamina, ,  304 

Tetrahedron, 304 

Solid  Ring, 305 

Principal  Axes, 307 

Ellipsoid  of  Gyration, 309 

Momeutal  Ellipsoid, 309 

Equimomental  Cone, 310 

Examples, .  311 


CHAPTER  XI. 

MULTIPLE      INTEGRALS. 

Double  Integration, .         .313 

Change  in  Order  of  Integration,      ........  314 

Dirichlet's  Theorem, 316 

Transformation  of  Multiple  Integrals,      .        .                 ;        ...  321 

Transformation  of  Element  of  a  Surface, 324 

General  Transformation  for  n  Variables, 325 

Green's  Theorem 326 

Application  to  Spherical  Harmonics, 332 

Laplace's  Theorem  on  Expansion  by  Spherical  Harmonics,      .        .        .  338 

Examples, 342 


Contents.  xv 


CHAPTEE  XII. 

ON  MEAN  VALUE  AND  PROBABILITY. 

PACK 

Mean  Values, 346 

Case  of  one  Independent  Variable,  .......     347 

Case  of  two  or  more  Independent  Variables,    ......     350 

Probabilities,  .         .         -         •         •         •         •         •         •         •         .362 

Buffon's  Problem,  .         .         .         .      '  '• 365 

Curve  of  Frequency,       ..........     369 

Errors  of  Observation,    . 374 

Questions  of  Probability  Investigated  from  Geometrical  Considerations,    .     377 
Lines  drawn  at  Kandom,         .         .         .         .         .         .         .         .         .381 

Application  of  Probability  to  the  Determination  of  Definite  Integrals,      .     384 
Examples,      . 387 


CHAPTEK  XIII. 
ON   FOURIER'S    THEOREM. 

Fourier's  Theorem,         ..........     392 

Examples,      ............     399 


CHAPTEE  XIV. 

ON  LINE  AND  SURFACE  INTRGRALS. 

Integration  over  a  Plane  Area,        .         .         .         .         .         .         .         .401 

Stokes'  Theorem, 403 

Example  in  Solid  Harmonics,          ........  405 

Lemma  on  Solid  Angles,         .         .         .                  .         .         .         .         .  405 

Differential  Equations  connecting  Solid  Angles, 407 

Neumann's  Theorem, 408 

Integrals  connected  with  the  Theory  of  Attraction,           ....  409 


xvi  Content*. 

CHAPTER  XV. 

THE     SIGN    OP    SUBSTITUTION. 

PACK 

Sign  of  Substitution, 413 

Differentiation  under  the  Sign  of  Substitution,  .         .         .     414 

Differentiation  under  the  Sign  of  Integration,          .....     415 

Differentiation  for  a  Double  Integral, 416 

Geometrical  Representation,  .         .         .         .         .         .         .         .417 

Case  of  a  Closed  Curvilinear  Boundary,  . 419 

r  r  f  tdu      dv      dw\  , 

Transformation  of  —  4-  —  +  -  - )  dxdudt,        .         .         .         .421 

J  J  J  \(ix      dy      dz  / 


CHAPTER  XVI. 

CALCULUS     OF     VARIATIONS. 
SINGLE   INTEGKALS. 

Definition  of  Variation  Si/, 425 

Total  Variations,  427 

Variation  of  a  Definite  Integral, 428 

Case  of  V  =  f(x,y,y,y), 429 

Maxima  and  Minima,  430 

Case  of  Geometrical  Restrictions .  43:3 

V  a  Function  of  y,  y,  y  solely, 434 

Case  where  V  contains  the  Limits, 435 

Case  of  Two  Dependent  Variables,          .:.....  435 

Relative  Maxima  and  Minima         ........  437 

Equations  of  Condition,  .         .         . 438 

Case  of  Arc  being  the  Independent  Variable, 438 

Maxima  or  Minima  of  J/«fe 438 

Lines  of  Shortest  Length, 443 

The  Bracbystochrone,  .         : 445 

Minimum  Surface  of  Revolution, .         .  449 

Properties  of  the  Catenary, 452 

Isoperimetrical  Problem,         .  .         .         .         .         .         .         .  455 

General  Transformation, 456 

Case  of  Two  Dependent  Variable's,  .         .         .         .         .         .         .  457 

Condition  of  Integrability "...  458 


Contents.  xvii 


PAGE 


Method  of  Differential  Calculus, 459 

Conditions  of  Integrability  for  Two  Dependent  Variables,        .         .         .  462 

Criterion  for  Maxima  and  Minima, 463 

Application  to  V=f(x,  y,  y), 463 

Examples, ,  466 


CHAPTER  XVII. 

CALCULUS     OF     VABIATIONS. 
MULTIPLE    INTEGRALS. 

Variation  of  a  Double  Integral  where  Vis  of  the  First  Order,  .         .         .     468 

Case  of  a  Fixed  Boundary, 469 

Terms  arising  from  Variation  of  Boundary,      .         .         .         .         .         .470 

Complete  Variation  of  U,         .         .        .         .         .         .         .         .         .472 

Maxima  and  Minima,      ..........     472 

Reduction  of  Boundary  Relations,  ........     473 

Surface  of  Minimum  Area,      .        .         .         .         .         .         .         .         .475 

Case  of     f  f  pdS, 476 

Relative  Maxima  and  Minima,         .         .         .          .         .         .         .         .477 

Case  where  XI  is  reducible  to  a  lower  order,      .         .         .         .         .         .478 

Variation  of  a  double  Integral  of  a  Function  of  the  Second  Order,   .         .     478 
Conditions  of  Maxima  and  Minima,         .         .         .         .         .         .         .482 

Case  when  terms  of  the  highest  Order  in  XI  disappear,      ....     483 

Terms  of  the  Third  Order  also  disappear,         ......     484 

General  Form  of  fi  in  this  case,       ........     485 

Variation  of  a  Triple  Integral,         ........     486 

Maxima  and  Minima, .     488 

Condition  of  Integrability  when  V  is  of  the  First  Order,          .         .         .     490 

Condition  when  F  is  of  the  Second  Order, 491 

General  Transformation, 492 

Equation  for  Principal  Radii  of  Curvature,      ......     494 

Examples,      . 498 

NOTE,    .         .         .         .         •         .         .         .         .         •         •         •         .501 
MISCELLANEOUS  EXAMPLES,    .         .         .        .         .  .         .         .     603 


The  beginner  is  recommended  to  omit  the  following  portions  on  the  firnt 
reading:— Arts.. 46,  49,  50,  72-76,  79~8l»  89»  96-125,  132,  140,  142-147,  *49> 
158-167,  178,  180,  182,  189-193,  Chapters  x.,  xi.,  xn.,  xin.,  xiv.,  xv.,  xvi. 

b 


EKliATA. 

p    41,  Ex.  6,  for  J  log  ^|  read  %  log  -j^-j 
,,      Ex.  7,  under  the  integral  sign  for  x2  —  x  —  I  ra«f  «2  +  x  —  I 

a 

rT  i  a 

p.  86,  line  8  from  the  bottom,  for       r<i«d 

Jo  Jo 

D.  96,  Ex.  6,  for  (i  +  x^y  under  the  integral  sign,  read  (1  +  #2)* 
p.  102,  Ex.  6,  in  the  Answer  substitute  \/ x  for  x  in  the  denominator. 

p.  168,  Ex.  3,  instead  of  -  *—  read — 

2v/2          4^/2 

p.  222,  line  3  from  the  bottom, 


INTEGRAL    CALCULUS. 

CHAPTER  I. 

ELEMENTARY    FORMS    OF    INTEGRATION. 

i.  Integration.  —  The  Integral  Calculus  is  the  inverse  of 
the  Differential.  In  the  more  simple  case  to  which  this 
treatise  is  principally  limited,  the  object  of  the  Integral 
Calculus  is  to  find  a  function  of  a  single  variable  when  its 
differential  is  known. 

Let  tho  differential  be  represented  by  F  (x)  dx,  then  the 
function  whose  differential  is  F(x}dx  is  called  Us  integral)  and 
is  represented  by  the  notation 

I  F(x}dx. 

Thus,  since  in  the  notation  of  the  Differential  Calculus  we 
have 

df(x]  -/(*)<?*, 

the  integral  of  /'(#)  dx  is  denoted  by  /(#)  ;  i.e. 


Moreover,  as  f(x)  and  f(x)  +  C  (where  C  is  any  arbitrary 
quantity  that  does  not  vary  with  x)  have  the  same  differen- 
tial, it  follows,  that  to  find  the  general  form  of  the  integral  of 
f'(x]  dx  it  is  necessary  to  add  an  arbitrary  constant  to  f(x]  ; 
hence  we  obtain,  as  the  general  expression  for  the  integral 
in  question, 

(*)<&=/(*)  +  a  (0 

M 


Elementary  Forms  of  Integration. 

In  the  subsequent  integrals  the  constant  C  will  be  omitted, 
as  it  can  always  be  supplied  when  necessary.  In  the  appli- 
cations of  the  Integral  Calculus  the  value  of  the  constant  is 
determined  in  each  case  by  the  data  of  the  problem,  as  will  be 
more  fully  explained,  subsequently. 

The  process  of  finding  the  primitive  function  or  the  inte- 
gral of  any  given  differential  is  called  integration. 

The  expression  F(x)  dx  under  the  sign  of  integration  is 
called  an  element  of  the  integral ;  it  is  also,  in  the  limit,  the 
increment  of  the  primitive  function  when  x  is  changed  into 
x  +  dx  (Diff.  Calc.,  Art.  7) ;  accordingly,  the  process  of  inte- 
gration may  be  regarded  as  the  finding  the  sum*  of  an  infinite 
number  of  such  elements. 

We  shall  postpone  the  consideration  of  Integration  from 
this  point  of  view,  and  shall  commence  with  the  treatment  of 
Integration  regarded  as  being  the  inverse  of  Differentiation. 

2.  Elementary  Integrals. — A  very  slight  acquaint- 
ance with  the  Differential  Calculus  will  at  once  suggest  the 
integrals  of  many  differentials.  We  commence  with  the 
simplest  cases,  an  arbitrary  constant  being  in  all  cases  under- 
stood. 

On  referring  to  the  elementary  forms  of  differentiation 
established  in  Chapter  I.  Diff.  Calo.  we  may  write  down  at 
once  the  following  integrals  : — 

f  y?»dx  =  -^— — .  f—  =  - — — .  (d\ 

J  m  +  i  jx™      (m  -  i}xm~ 

(b) 


(cosmx 

fsin  nix 

(o) 

(d) 

m 
Idx 

m 

—  tail  &f 
cos2  a; 

1    -^  ,..,_.    _           QQ£  gpt 

j  sura; 

• 

*  It  was  in  this  aspect  that  the  process  of  integration  was  treated  hy  Leib- 
nitz, the  symbol  of  integration  J  being  regarded  as  the  initial  letter  of  the  word 
sum,  in  the  same  way  as  the  symbol  of  differentiation  d  is  the  initial  letter  in 
the  word  difference. 


Fundamental  Forms, 
dx 


=  sin'1  -. 
a 


J  -/a2  - 

(dx  i  .  , x 
— =  -  tan'1  -. 
a2  +  ar  ,  &  a 

f  f 

e*dx  =  e*,  «*( 


~log«' 

These,  together  with  two  or  three  additional  forms  which 
shall  be  afterwards  supplied,  are  called  the  fundamental*  or 
elementary  integrals,  to  which  all  other  forms,f  that  admit 
of  integration  in  a  finite  number  of  terms,  are  ultimately  re- 
ducible. 

Many  integrals  are  immediately  reducible  to  one  or  other 
of  these  forms :  a  few  simple  examples  are  given  for  exercise. 

EXAMPLES. 


L  integrals  are  denoted  in  this  chapter  by  the  letters  «,  5,  c, 
e  by  numerals  i,  2,  3,  &c. 

9  are  here  understood  those  contained  in  the  elementary 
Iculus  as  involving  the  ordinary  transcendental  func- 
-j  what  are  styled  Elliptic  and  Hyper- Elliptic  function*. 
11  a] 
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dx 


tax  3 

I?  ~*' 

f  dx 
]£? 

f    dx 

]—.•  ••    I*  <•-•)• 


10.          —  .  „    nxn. 


3.  Integral  of  a  Hum.  —  It  follows  immediately  from 
Art.  1  2,  Diff  .  Calc.,  that  the  integral  of  the  sum  of  any  number 
of  differentials  is  the  sum  of  the  integrals  of  each  taken  sepa- 
rately. For  example  — 

n  +Caf  +  &c.)  dx=A  $xm  dx  +  B$x*dx  +  Cfxrd#+&o. 

Co?" 

+  &e.  (2) 


m+  i      n  +  i      r  +  i 


Hence  we  can  write  down  immediately  the  integral  of  any 
function  which  is  reducible  to  a  finite  number  of  terms  con- 
sisting of  powers  of  x  multiplied  by  constant  coefficients. 
Again,  to  find  the  integrals  of  GQ^xdx  and  mtfxdx]  here 


f  i  +  cos  2X  .        x      sin  zx 

\   r»rm~  >*  //  /•  —  I   •  — H y   .=  —  4-  ,  /  •?  i 

2  24' 

If  i  -  cos  2x  ,       x     sin  2x 
Bin  xcix  =    ax  = .  (4) 

J  2  24 

A  few  examples  are  added  for  practice. 

EXAMPLES. 

tii-x^dx  x* 

r.        I  : : .  Ans.  log  x  -  x*  +  — . 

J          x  4 


3.       /  texPxdx  =  /(sec* *  -  i)  dx.  „    tan  *  -  x. 


Integration  by  Substitution. 


•>     4.       Jcos  mx  cosnxdz. 
5.       J  sin  mx  sin  nxdx. 


•*       f   /«  +  *  J 

6.  —  dx. 

)\a-x  a 

Multiply  the  numerator  aud  denominator  by  \/a  +  x. 

7.  /  x  \/ ' x  +  a  dx. 

dx 


sin  (m  +  n)x      sin  (m  -  n)  x 

Ans.  • -~  -\ - — . 

2  (m  +  «)  2  (m  -  n) 

sin  (m  -  n)  x      sin  (m  +  n)x 
2  (m  -  n)  2  (m  +  n) 

a?        x 

,,     a  sin'1 y  a?  -  &.         , 


*  82  JJL 

Ans.  -(*+«) a  (x  +  a)  . 

o  o 


V  x  +  a  +  V'  * 
Multiply  the  numerator  and  denominator  by  the  complementary  surd 

•</ x  +  a  -  yx. 


a  +  bx 


bx      ab'  —  ba' , 
Ans-  TT  +  — T^ —  log  (a'  +  b'x}. 


Here 


a  +  bx       b         ab'  —  ba' 

~    '        ' 


a'  +  b'x  ~  b'      b'  (a'  -t-  b'  x)' 


4.  Integration  by  Substitution. — The  integration  of 
many  expressions  is  immediately  reducible  to  the  elementary 
forms  in  Art.  2,  by  the  substitution  of  a  new  variable. 

For  example,  to  integrate  (a  +  bx)n  dx,  we  substitute  s  for 
a  +  bx ;  then  dz  =  bdx,  and 

(/***T  *i_l_l  J         \  »,  i   i 

/        t  \nj       fs  as          sn  (a  +  0#) 

(a  +  te;)ncfo  =    -^  = —  =  >- f— . 
j    b        (n  +  i)  b       (n  +  i)b 


Again,  to  find 


] 


(a  + 


we  substitute  z  for  a  +  bx,  as  before,  when  the  integral  be- 
comes 


¥\        ?     ^ 


or 


J  K»  -  3)  sT*      («  -  2)  s*-1      (»  -  i)  s"-1)* 
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On  replacing  2  by  a  +  bx  the  required  integral  Tan  "be  ex- 
pressed in  terms  of  x. 

The  more  general  integral 


(a  +  bx)*' 
nteger,  ty 

i    [(z-a}mdz 


where  m  is  any  positive  integer,  by  a  like  substitut^u  be- 
comes 


JLf 

Jm+lJ 


Expanding  by  the  binomial  theorem  and  integrating  each 
term  separately  the  required  integral  can  be  immediately 
obtained. 

Again,  to  find 

f         dx 
]xm(a  +  bx)*' 

we  substitute  2  for  -  +  b,  and  it  becomes 
x 


which  is  integrable,  as  before,  whenever  m  +  n  is  a  positive 
integer  greater  than  unity. 
Thus,  for  example,  we  have 


f       <*»        =I]QK(     X    \ 
J  x  (a  +  bx)     a        \a  +  bxj' 


It  may  be  observed  that  all  fractional  expressions  in  which 
the  numerator  is  the  differential  of  the  denominator  can  be 
immediately  integrated. 

For  we  obviously  have,  from  (6), 


Integration  of- 


dx 


-  a 


8 


Ism.  x  dx 
.a  +  b  cos  a?" 

\-m 


dx 


f    <fa 
J  a?  log  a?" 


(a  + 


75- 
6. 

^    I 

f     xdx 

}  (a  +  bx)l- 

9-        [       ,— 


(a  + 
Xdx 


EXAMPLES. 


log  (a  +  b  cos  a;) 
Ans. !=J — i. 


„    log  (log*). 
log  (a  +  bx) 


ib        a  +  bx        a  -f 
»    73lo& 


x          a?x  (a  +  ( 

2  (a  +  i>x)'      2a  (a  +  bx)t 
3*2  ~^        * 


Assume  tax  —  a?  =  zz,  then  a<fo  =  z<fz,  and  the  transformed  integral  is 

idz 


f     *dz 
}  a»  +  «i* 


5.  Integration 

Since  -r— 


<r  -  a* 


«*  -  «'      2«  f«  -  a     # 


f    cfe          i   .      a;  -  a 

we  get =  —  log . 

jar  -  a9     2a       x  +  a 


This  is  to  be  regarded  as  another  fundamental  formula 
additional  to  those  contained  in  Art.  2. 


8  Integration  of- 


a 

In  like  manner,  since 

i  i 


(x  -  a)  (x  -  /3)       a  -  /3  \x  -  a      x  -  /3 

i  I  ii»*/  I  .,          3?  ~~  O 

we  have 


[•  <fe 


EXAMPLES. 

dx  \       x-  T, 

Ans.  -  log 


.  — ~.ww.                              O 

-9  6     °a;  +  3 

rfiT  I   .         X  —  \ 

.  +  ,)(,- 3)'  "    5log^Ta- 

3-       ( ^ .  log*-i-4. 

J  *»  +  9*  +  20  *  +  5 

f    *  '      ,._*-'/3 
4"       J^J' 


»V/3 


*  + 


db 

6.  Integration  of     ;; -. 

a  +  2ox  +  ex* 

This  may  be  written  in  the  form 
cdx 


(cx  +  fy'  +  ac-b*' 
or,  substituting  z  for  ex  +  b, 

dz 

s2  +  ac  -  b*' 

This  is  of  the  form  (/)  or  (h)  according  as  ac  -  b9  is  positive 
or  negative. 

Hence,  if  ac  >  b*  we  have 

f ^ = I— tan-'     CX  +  b-.  (7) 

J  a  +  2bx  +  ex1        ^Tp          ^/QC  -  V 


f         dx  i          .ex  4  b  -  </tf  -  ac       ,  . 

j = log ,  (8) 

J  a  +  2bx  +  ex       2  \/W  -  ac        ex  +  b  +  yb*  -  ac 

This  latter  form  can  be  also  immediately  obtained  from  (6). 
In  the  particular  case  when  ac  =  b2,  the  value  of  the  inte- 
gral is 

-  i 

ex  +  b' 

(p  +  qx)dx 
7.  Integration  of     — — ,     '      ,. 

a  +  2bx  +  ex* 

This  can  at  once  be  written  in  the  form 

q    (b  +  ex)  dx       pc  -  qb          dx 

e  a  +  z\M-  +  ex*          c      a  +  2bx  +  cx^ 

The  integral  of  the  first  term  is  evidently 
—  loff  (a  +  2bx  +  ex2). 

2C 

while  the  integral  of  the  second  is  obtained  by  the  preceding 
Article. 

For  example,  let  it  be  proposed  to  integrate 

(x  cos  6  -  i)dx 


I 

The  expression  becomes  in  this  case 

cos  6  (x  -  cos  B)  dx  sin2  Bdx 


x*  -  2x  cos  9  +  i       (x  -  cos  0)2  +  sin2  B ' 
hence 

f     (x  COS0  -   l}dx          COS0.         ,  -  a          \ 

log  (xz  -  2x  cos  9  +  i) 


—  2X  COS  0  +  I  2 


.  x  -  cos  B  ,  N 

-  sin  0  tan'1  — r-g— .  (9) 

Bin0 
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When  the  roots  of  a  +  ibx  +  ax?  are  real,  it  will  be  found 
simpler  to  integrate  the  expression  by  its  decomposition  into 
partial  fractions.  A  general  discussion  of  this  method  will 
be  given  in  the  next  chapter. 


.  EXAMPLES. 

{•  dx  2  /  ix  +  i  \ 
j.                                        Ans.  — ^-  tan'1  I  — ^=-  J . 

f      <**  _L, 

*.         I  ;.  „     ^7^  1( 

J  I  +  x  -  x9  '     */s 


.          ( ^_ 

5*       J  sx*  +  4*  +  8 


dx  4-      i 

6ta 


{«fa 
-  -.  „     tan'1  (2x  -  i). 

i  -  2x  +  ^x* 

8.  Exponential  ¥aluc  for  sin  0an«l  cos  6.  —  By  com- 
paring the  fundamental  formulae  (/)  and  (/?)  the  well-known 
exponential  forms  for  sin  6  and  cos  6  can  be  immediately 
deduced,  as  follows  : 

Substitute  s  \/-~i  for  x  in  both  sides  of  the  equation 


dx         i  ,      /i  +  x 


J  i  -  a?      2     °  \i  -  x 
and  we  get 
dz 


=  log  f  -  . )H-  const.; 


Exponential  Forms  of  sin  9  and  cos  0.  11 

i  /i  +  sv/-  i\ 

or,  by  (/),     tan"1 2  =  — -j=.  I0g  I  -  . J  +  const. 

2y  —  i      °  \i  -  z\/-  i/ 

Now,  let  s  =  tan  0,  and  this  becomes. 

n          i       .      /i  +  v/-  i  tan  0\ 

0  =  — j=.  log  I  JL-?=i +  const. 

2</-  i         \i  -  v  -  i  tan  0/ 
When  0  =  o,  this  reduces  to  o  =  const. 

Hence 


or 


o.  Integration  of  . 

Assume* 
then  we  get 


, 
hence 

dx 


^^  =    7  =  log*  =  log  (x  +        2  ±  a2).        (•) 

This  is  to  be  regarded  as  another  fundamental  form. 

By  aid  of  this  and  of  form  (e)  it  is  evident  that  all  ex- 
pressions of  the  shape 

dx 


\/a  +  2bx  +  ex* 


*  The  student  will  better  understand  the  propriety  of  this  assumption  after 
reading  a  subsequent  chapter,  in  which  a  general  transformation,  of  which  the 
above  is  a  particular  case,  will  be  given. 
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can  be  immediately  integrated ;  a,  b,  c,  being  any  constants, 
positive  or  negative. 

The  preceding  integration  evidently  depends  on  formula 
(t),  or  (e),  according  as  the  coefficient  of  #3  is  positive  or 
negative. 

Thus,  we  have 

j    r          dx  i         /  . N 

*           ,  -  ~~T-  log  I  cx  +  b  +  yc(a  +  2bx  +  cx*}  ).  (10) 

J  v/a  +  2bx  +  cx*      »/c     °  \  J 

r  dx  i      .      f  cx  -  b   \  /N 

s  =  -7=  sm-M ,  (i  i) 

J  v  a  +  2oa;  -  car      -»/ c           \y  ac  +  b  J 

c  being  regarded  as  positive  in  both  integrals. 

When  the  factors  in  the  quadratic  a  +  2bx  +  cx9  are  real, 
and  given,  the  preceding  integral  can  be  exhibited  in  a 
simpler  form  by  the  method  of  the  two  next  Articles. 

dx 
10.  Integration  of 


Assume  x  -  a  =  z2,     then  dx  =  2sds  ; 

dx 


hence 


-v/  x  -  a 
dx  2dz 


(dx  _ 

^(x-A(x^W}~2\' 


=  2  log  (s  +  <\/*8  +  «  -  /3),  by  (f), 


dx 
v/(* -«)(*-#) 


Exponential  Forms  of  sin  0  and  cos  0.  13 

/]&?* 

II.  Integration  of 


As  before,  assume  x  -  a  =  z2,  and  we  get 
dx  2dz 


-a- 
Hence,  by  (e), 


dx  .        \x  -  a  .     . 

=  2  sin  '  /-  —  -.  [13 


Otherwise,  thus  : 
assume        x  =  a  cos20  +  /3  sina0, 

then  /3  -  a;  =  ()3  -  a)  cos2  0,     *  -  a  =  Q3  -  a)  sin2  0, 

and  c?#  =  2(/3  -  o)  sin  0  cos  0  e?0  ; 


....  r      ^      .  20  =  a  ^  /*3«.       -. 

jy^-a)^-^)  \/3-a 

12.  Again,  as  in  Art.  7,  the  expression 
(j»  +  qx)  dx 


\/a  +  2bx  +  ex* 
can  be  transformed  into 


q      (b  +  cx)dx         pc  -  qb  dx 


and  is,  accordingly,  immediately  integrable  by  aid  of  the 
preceding  formulae. 


14  Elementary  Forms  of  Integration. 

EXAMPLES. 
i/  i.       f —  .  Ant.  2  log  (\/~i  +  </»  -  a). 

J  v"*2  -  «* 

f        dx  .    f* 

*2.          I .  „      28UT1IJ-' 

'  \/<w  -  ** 
f  rf* 

"""    3-  /  ,     =*  M 

J  V  3*  -  **  -  * 




4-  .         t      _ •  „     log  (2*  4-  i  +  2-v/i  +«  +  a2). 


f       lr  4-  /.  > 

51             '  J  /^  \  /  F\  *  «\     1  ^         / 

\ ;  «*  =  v  (a;  +  flX1  +  *)  ^"  ("  —  *)  1°S  (v  *  +  ' 

4.          JV-+* 

Multiply  the  numerator  and  denominator  by  */ x  +  a. 

A         f  **  .  a*  +  i 

6-  y  -.  -4»w.  sm-1  — — -, 


f  dx  -     _.  „     -^8in->    /*(•  +  *») 

J    /a  i  Aza'  -  b'x  VM>  *  «*'  +  *•' 


»'  -  b'x) 

8.  Show,  as  in  Art.  8,  by  comparing  the  fundamental  formulas  (e)  and  (i), 
that 

cos  $  I-  v^-  i  sin  0  =  #9/r'. 

J<* 
13.  Integration  of 


a?  —  p}  V  a  +  2bx  +  ex1 
Let  «-/>  =  -,  then 


x  -  p 


c?s  i  +  pz 

--  and  x  =  -  =-  . 


f  _  dx  f 

}  (x  -  »)  A/a  +  2&£  +  c«*     J 


p dz 


where          a'  =  c,     6'  =  J  +  cp,     c'  =  a  +  2*p  +  cp2. 

The  integral  consequently  is  reducible  to  (10),  or  (n),  ac- 
cording as  c  is  positive  or  negative. 


dx 

Integration  of  -. ^-i.  15 

(a  +  ex*}* 


-«2 


EXAMPLES. 

Ant.  - 
a 


J.- 

j  •£  * 


Jdx 

(I+*)A/ 


I   +  X 

dx 


Ans.  — —  log  (  - 
A/«         \«  + 


/  — • / "          V  /~    / 

\/  a  -f  zia;  +  c^;-  •y'  «          *  a  +  ox  +  v  rt  v 


{<?a;  I                /      bx  —  a      \ 
^a««.  — -  sin"1  I  -  I . 
x V  cx~  +  zia;  —  a  •y' «             \x^/  ac  +  i2' 

fate  i       .    j  Ixy2\ 

(I    +  *)v/l"+2*-**'  "      -7«  "          VI  +  */' 

f             _*»  .    ,  /      '  +3^      \ 

I  „     8in-i  I —I. 

J  (I  4  x)^/i  +  x  -  ar2  ^(i+^)vv 


14.  The  transformation  adopted  in  the  last  Article  is  one 
of  frequent  application  in  Integration.  It  is,  accordingly, 
worthy  of  the  student's  notice  that  when  we  change  x  into 

i  dx        dz  i   dx        dz 

-  we  have  —  = ;  and,  in  general,  if  x*  =  -,  —  = . 

s  x         z  a    x        nz 

These  results  follow  immediately  from  logarithmic  differ- 
entiation, and  often  furnish  a  clue  as  to  when  an  Integration 
is  facilitated  by  such  a  transformation. 

For  example,  let  us  take  the  integral 

f       dx 


]x(a 
Here,  the  substitution  of  -  for  of1  gives 


<j?2 


W     fl2  +  b" 
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The  value  of  which  is  obviously 

log  (az  +  i),  or  —  log) — 

na  na     &  \a  +  bxn 

Again,  to  integrate 

dx 


x  v/ 'axn  +  b 
assume  xn  =  -^  and  the  transformed  integral  is 


A 


This  is  found  by  (c)  or  (i)  according  as  b  is  positive  or 
negative. 

dx 
15.  Integration  of       ^  +  ^. 

Let  x  =  -  and  the  expression  becomes 

z 

zdz 


(az"  +  c)*  * 
the  integral  of  this  is  evidently 

i  x 


a(az- 


or 


f       dx  x  ,     . 

Hence  \- ^  =  ~r — ^n.  (14) 

J  \  /  V  / 

1 6.  To  fliid  the  integral  of 

dx 


(rt  +  2bx  +  CX'}*' 

This  can  be  written  in  the  form 


[ac-  b~  +  (cx  +  by\ 
which  is  reduced  to  the  preceding  on  making  cx  +  b  =  z. 


Integration  of  - — ^. 
sin  0 


Hence,  we  get 


dx 


(a  +  2bx 


(ac-  b2)(a  +.2bx  + 


17 


('5) 


Again,  if  we  substitute  -  for  x, 

z 


xdx 


(a  +  2bx  + 
and,  accordingly,  we  have 
f  xdx 


becomes 


-dz 


(azz 


a  +  bx 


J  (a  +  2bx  +  ex*}*        (ac  ~  b2)(a  +  2bx  + 
Combining  these  two  results,  we  get 

fy}  -  a(L  +  (CP  ~  b<£ 


(a  +  zbx  + 


(ac  -  b*)(a  +  zbx  + 


clO 


clO 


17.  Integration  of  - — A  ami      — „. 

sm  0          cos  v 

It  will  be  shown  in  a  subsequent  chapter  that  the  integra- 
tion of  a  numerous  class  of  expressions  is  reducible  either  to 

that  of  -. — TJ,  or  of ;, :  we  accordingly  propose  to  inves- 

sm  0  cos  0 

tigate  their  values  here.     For  this  purpose  we  shall  first  find 

the  integral  of  - — ^ 7;. 

sin  v  cos  0 


dO 


Here 

consequently 


dO 


sin  0  cos  0     tan  0        tan  0 
.  dO 


sm 


(17) 
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Next,  to  find  the  integral  of 

dO 


This  can  be  written  in  the  form 

dB 

.    0        0' 

2  sin  -  cos  - 

2  2 

and,  by  the  preceding,  we  have 

f  <M  L      0\ 

U— 7j  =  log   tan-  .  (18) 

J  sin  0        °  V       2] 

Again,  to  determine  the  integral  of ^  we  substitute 

cos  0 

—  $  for  0,  and  the  expression  becomes  - — -  :   the  integral 
of  this,  by  ( 1 8),  is 

-  log  f  tan  |J,  or  log  foot  |\  or  log   cot  f  ^  -  -jj. 

Accordingly,  we  have 

f  dO  (    Jw      0\)  (       fir      0\) 

-75  =log    cot =  log   tan   -  +-)>.      (19) 

J  cos  0        D  (       \4      2/J         b  I       \4      VJ 

This  integral  can  also  be  easily  obtained  otherwise}  as 
follows : — 

f  dB    =  fcos0(/0  =  f^(siu_0) 
J  cos  0     J    cos2  0       J    cos'  0  ' 

Let  sin  0  =  x,  and  the  integral  becomes 


f    dx        i 
\     Z  •*  =  "o 


+  .r\      i        fi  +  sin  0' 


.  .  , 

log    -    =  -  log 


The   student  will  find  no  difficulty  in  identifying  this 
result  with  that  contained  in  (19). 


Integration  of  — -. 7l  19 

a  +  b  cos  d. 


1 8.  Integration  of     ; ^. 

a  +  o  cos  0 

This  can  be  immediately  written  in  the  form 
dd 

a  0' 

(a  +  #)  cos2  -  +  (a  -  b)  sin2  - 

sec2-  dO 
— 2- -' 


H  * 

a  +  b  +  (a  -  b)  tan2  - 
2 

a 

on  substituting  s  for  tan  -  this  becomes 

2dz 


a  +  b  +  (a  -  b)  s2' 

Consequently,  by  Ex.  6,  Art.  2,  we  get 
(i)  when  a  >  b, 

tan  (20) 


(2)  when  a  <  b,  by  formula  (A), 


a  +  b  cos 


v^^  +  &  +  vb  -  a  tan  - 


. 

.  —  a  tan  - 

L 


If  we  assume  a  =  b  cos  a,  we  deduce  immediately  from 
the  latter  integral 


a 

cos 


3  =  -A-  log  <  

cos  a  +  cos  0      sm  a  a  + 

cos 


The  integral  in  (20)  can  be  transformed  into 

JdO                  i  ,  (6  +  a  cos 
—   COS"     ' 
a  +  b  cos  0        /a?  _  j«          (a  +  i  cos  0) ' 
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In  a  subsequent  chapter  a  more  general  class  of  integrals 
which  depend  on  the  preceding  will  be  discussed. 

19.  Methods  of  Integration.  —  The  reduction  of  the 
integration  of  functions  to  one  or  other  of  the  fundamental 
formulae  is  usually  effected  by  one  of  the  following  methods:— 

(i).  Transformation  by  the  introduction  of  a  new  va- 
riable. 

(2).  Integration  by  parts. 

(3).  Integration  by  rationalization. 

(4).  Successive  reduction. 

(5).  Decomposition  into  partial  fractions. 

Two  or  more  of  these  methods  can  often  be  combined 
with  advantage.  It  may  also  be  observed  that  these  different 
methods  are  not  essentially  distinct  :  thus  the  method  of 
rationalization  is  a  case  of  the  first  method,  as  it  is  always 
effected  by  the  substitution  of  a  new  variable. 

We  proceed  to  illustrate  these  processes  by  a  few  ele- 
mentary examples,  reserving  their  fuller  treatment  for  sub- 
sequent consideration. 

20.  Integration  by  Transformation.  —  Examples  of 
this  method  have  been  already  given  in  Arts.  4,  10,  &c.  One 
or  two  more  cases  are  here  added. 

Ex.  i.  To  find  the  integral  of  sin2jc  cos3#ffo. 
Let  sin  x  =  y,  and  the  transformed  integral  is 


s.  ,. 
Let  c*  =  y,  and  we  get 


21.  Integration  by  Parts.— We  have  seen  in  Art.  13, 
Diff.  Calo.,  that 

d(uv)  =  udv  +  vdu  ; 
henca  we  get 

uv  =  J  «c?»  +  /  tWw, 

or  f  udv  =  w  -  J  frfw  (22) 
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Consequently  the  integration  of  an  expression  of  the  form 
udv  can  always  be  made  to  depend  on  that  of  the  expression 
vdu. 

The  advantage  of  this  method  will  be  best  exhibited  by 
applying  it  to  a  few  elementary  cases. 

/         j   (^ 

f  .  i/     w  f     xdx  |        ' 

Ex.  i.          sarl9tht  =  xsarlx  -    •  I 

J  J  y  i  -  zz 

—  x  sin"1^  +  */ 1  -  ar3. 
Ex.  2.  a?  log  ar  dx. 

J 

ar* 
Let  u  =  log  ar,  v  =  -,  and  we  get 

<-*          '  ty    '  *J 


f    i  zzlog#       i  f  ,dfc      a:2/.     -        i\ 

x  log  xdx  =  --  -  ---  {a;2  —  =  —    log  x  —  . 

J  2  2}        X          2\     {  2J 

Ex.  3. 


(P*xdx. 


Let  x  t=  u,  —  =  v,  then 

a 


f  xe"*     (eax  .       <?*  (        i\ 

a-enr  (£v  =  --    —  dx  =  —  (x  --  . 

J  «        J  «  a  \        a) 


Let  sin  mar  =  M,  —  =  r,  then 

ff?x  sin  mar      m  f 
ear  sin  mar  dx  = \eax  cos  mxdx. 
a             a 
tt 

f  6ax  cos  tnx     m  f 

Similarly,         e"*  cos  mxdx  = h  —  \eax  sin  mxdx. 

a  a) 
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Substituting,  and  solving  for  /<?"*  sin  mxdx,  we  obtain 

ef*  (a  sin  mx  -  m  cos  mx) 
' 


eax  si 


sin  mxdx 


a  + 


In  like  manner  we  get 


ff*  (a  cos  mx  +  m  sin  mx) 
—' 


«'  +  m* 
x*dx. 


I 
e"*  w&  mx  dx 

Ex.  5.  I  v/a* 

Let  \/«*  +  **  =  w,  then 

A  i       ^    ,  ^?- 

(>A  A-*  r^-        r     .  , 

/-;  —  ?  »  /~;  —  j         tfd® 

Va  +  x*dx  =  x  Var  +  x*  -\  ; 

Jy^?T^ 

f   /I  -  ^j         tf      *"          f    ^^ 
also        A/  a'  +  x3  dx  =  a1    —  -  +        . 

J  y/«rir^     J  ^  +  «• 
Hence,  by  addition,  and  dividing  by  2, 


(23) 


(24) 


).  (25) 


Ex.    6.  Jog  (%  +  y^  ±  a^  (fo. 

f  

Here       iOg  (^  +  ^/^  ±  a^  rfa.  =  x  \^  ^  + 

f      ««*» 


±«2). 


x  log  (a- 


(26) 
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EXAMPLES. 

f  xn*l     f  »      \ 

I.       I  x"logxdx.  Am.  —  —  \\osx  --  I. 

n  +  i  \    e        n  +  ij 

.        I  ian-^xdx.  „     x  tan"1  a;  —  log  (i  +  a;2). 

(x* 
x  tan2  xdx.  „    x  tan  x  +  log  (cos  a:)  --  . 

sin-lxdx  'a;  sin-1*       r 


Let  a;  =  sin  y,  and  the  integral  becomes 

[  dy  -~-  =  [  y  rf  (tan  y)  =  y  tan  y  -f  log  (cos  y),         S\ 
J        cos*y      J 

5.       I  e*x*dx-  ,,    e*  (a;2  —  2a;  +  2). 


22.  Integration  by  Rationalization.  —  By  a  proper 
assumption  of  a  new  variable  we  can,  in  many  cases,  change 
an  irrational  expression  into  a  rational  one,  and  thus  inte- 
grate it.  An  instance  of  this  method  has  been  given  in 
Art.  9- 

The  simplest  case  is  where  the  quantity  under  the  radical 
sign  is  of  the  form  a  +  bx  :  such  expressions  admit  of  being 
easily  integrated. 

For  example,  let  the  expression  be  of  the  form 


(a  +  bx}# 

where  n  is  a  positive  integer.     Suppose  a  +  bx  =  zz,  then 

-  a 


ax  =  —f—y  and  x  =  —  ;  — 
b  b 

making  these  substitutions,  the  expression  becomes 
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Expanding  by  the  Binomial  Theorem  and  integrating  the 
terms  separately,  the  required  integral  can  be  immediately 

found.     It  is  also  evident  that  the  expression  —     —  p  can 

(a  +  bx)f 
be  integrated  by  a  similar  substitution. 

yfm+i  fa 

23.  Integration  of       -/—     —  -, 

(a  +  car)* 

where  m  is  a  positive  integer. 

Let  a  +  ex*  =  2*;  then  xdx  =   -—,#*  =  --  ;  and  the 

c  c 

transformed  expression  is 

(z2  -  a)m  dz 


This  can  be  integrated  as  before.     It  can  be  easily  seen 

,j.2m«  fa 

that  the  expression  -  -r  is  immediately  integrable  by 

(a  +  co?y 
the  same  substitution. 

A  considerable  number  of  integrals  will  be  found  to  be 
reducible  to  this  form  :  a  few  examples  are  given  for  illustra- 
tion. 

EXAMPLES. 

' 


xsdx  *»       2s*                                    .  -  - 

.  „     ---  +  z  :  where  z  =  v  '  +  *  • 

FTTJ  5      3 

r      a?dx  -  (2a  +  $cxz) 

J  (a  +  <wa)8"  3CZ  (a  +  ex*)1' 

24.  It  is  easily  seen  that  the  more  general  expression 

xz  xdx 


where  f(xv]  is  a  rational  algebraic  function,  can  be  ration-. 
alized  by  the  same  transformation. 


dx 
Integration  of  j— — -=— — —,.  25 

(A  +  Cx*)(a  +  ex*)* 


Again,  if  we  make  x  -  -  the  expression 

dx 


a?  (a  + 
transforms  into 


f  (az*  +  c)l  ' 

and  is  reducible  to  the  preceding  form  when  n  is  an  even  posi- 
tive integer. 

Hence,  in  this  case,  the  expression  can  be  easily  integrated 
by  the  substitution  (a  +  cxz}%  =  xy. 

It  will  be  subsequently  seen  that  the  integrals  discussed 
in  this  and  the  preceding  Articles  are  cases  of  a  more  general 
form,  which  is  integrable  by  a  similar  transformation. 


EXAMPLES. 


r       dx 


'•        ]  r«/^_.u-  Ant-    *-^T-  (2*8  +  ')• 


dx_  _(*2+i)»  (0      4    .    3 

2\1  *  W 

c?a? 
25.  Integration  of     r-^ — 

As  in  the  preceding  Article,  let  (a  +  c#*)i  =  xz,  or 
^  +  Cic2  =  #2s2 :  then,  if  we  differentiate  and  divide  by  2x,  we 
shall  have 

<£#        dz 

edx  =  22«i»  +  #s  «z,  or  —  = -„ 

a?2      c  -  z2 

dx  dz 


'  (a  +  ex2)*     c-z*' 
and  the  transformed  expression  evidently  is 


(Ac  -  Co)  -  Az*' 
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lis  is  reducible  to  the  fundamental  formula  (h),  or  (/), 

Ac  -  Ca  .         ... 
according  as j —  is  positive  or  negative. 

jO. 

Hence,  (i)  if  -  '—-: —  >  o,  the  integral  is  easily  seen  to  be 

i                     f\/A(a  +  car2)  +  x^/Ac  -  Ca\ 
,  -  log    —  • x  (28) 

2-/A  (Ac  -  Ca}     °  \</A(a  +  ex2)  -  x-/Ac  -  Ca) 
(2).  If  -  -  <  o,  the  value  of  the  integral  is 

A 

i  .  x*/Ca  -Ac  .     ^ 

=  tan-1     .  .  (29) 


</A(Ca-Ac) 

EXAMPLES. 

Idx 
-. — — — =77.  -am.  — —  tan"1 


I 


i  /         50; 


dx  2_ 

'  g 


26.  Rationalization    by   Trigonometrical    Trans- 

formation. —  It  can  be  easily  seen,  as  in  Art.  6,  that  the 
irrational  expression  \/a  +  zbx  +  ex*  can  be  always  trans- 
formed into  one  or  other  01  the  following  shapes: 

(I)    («'-*')>,      (2)(a'  +  *°)i,      (3)  {*  -«')»; 

neglecting  a  constant  multiplier  in  each  case. 

Accordingly,  any  algebraic  expression  in  x  which  con- 
tains one,  and  but  one,  surd  of  a  quadratic  form,  is  capable 
of  being  rationalized  by  a  trigonometrical  transformation  : 
the  first  of  the  forms,  by  making  2  =  a  sin  0  ;  the  see  ;C!,  by 
s  =  a  tan  0  ;  and  the  third,  by  s  =  a  sec  0. 

I 
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For,  (i)  when  z  =  a  sin  0,  we  have  (a8  -  sa)i  =  a  cos  0,  and 
=  a  cos  OdO. 
(2)\  When  8  =  0  tan  0,  ....  (o8  +  s2)i  =  a  seo  0,  and 


dz  = 


cos20*  « 


(3).  When  z  =  a  seo0,  .  .  .  .  (s*  -  a8)*  =  a  tan  0,  and 
dz  =  a  tan  0  sec  0e?0. 

A  number  of  integrations  can  be  performed  by  aid  of  one 
or  other  of  these  transformations.  In  a  subsequent  place  this 
class  of  transformations  will  be  again  considered.  For  the 
present  we  shall  merely  illustrate  the  method,  by  a  few  ex- 
amples. 

EXAMPLES. 

Idx 
«»  (I +•»)*' 

Let  x  —  tan  9,  and  the  integral  becomes 


f  cosfl^fl  _  f 
~~ 


J    sin20       J    sin20          sin  0 

Jdx 
(a2  -  xrf' 


(a 
Let  x  =  asm  9,  and  we  get 

I   f    dd    _  tan  9  _ 

=  ~~  ~ 


This  has  been  integrated  by  another  transformation  in  Art  15. 

dx 


(xt-  I)** 

Let  *  =  sec  0,  and  the  integral  becomes 

I  sin  9  cos  6      0 

cos2  0  d0  ;  or,  by  (3)  Art.  3,  -  -  -  +  -  : 

accordingly,  the  value  of  the  integral  in  question  is 


-  i      i 

-  +  - 
a          a 
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4-  1 ' 


Let  x  =  tan  0,  and  we  get 

f  e°0  (a  cos«  4  sin  9) 

cosee"OdO;  or  by  (23),  —  5  -  =  -  '-. 
J  I  -f  « 

Hence 


f  <te  ««  t""1*         (a  +  *)  t»  t""1* 

-  r  =  -  -  - 
J   (I+*2)*       (i  +  «*)  (!  +  **) 


Let  -  =  sin*  0,  or  *  =  a  tan*  0,  and  the  integral  becomes 
a  -f* 


a  /  0  rf(tan*0),  or  a  J0  <*(sec»fl)  :  (since  sec'fl  =  I  +  tan**). 
Integrating  by  parts,  we  have 

J0d  (sec*ff)  =  fl  seo'ff-  Jsec*0<W  =  flseo'fl-tanfl: 
hence  the  value  of  the  proposed  integral  is 


It  may  he  observed  that  the  fundamental  formulae  («)  and  (/)  can  be  at  once 
obtained  by  aid  of  the  transformations  of  this  Article. 

27.  Remarks  on  Integration.  —  The  student  must 
not,  however,  take  for  granted  that  whenever  one  or  other  of 
the  preceding  transformations  is  applicable,  it  furnishes  the 
simplest  method  of  integration.  We  have,  in  Arts.  9  and  13, 
already  met  with  integrals  of  the  class  here  discussed,  and 
have  treated  them  by  other  substitutions:  all  that  can  be 
stated  is,  that  the  method  given  in  the  preceding  Article  will 
often  be  found  the  most  simple  and  useful.  The  most  suit- 
able transformation  in  each  case  can  only  be  arrived  at  after 
considerable  practice  and  familiarity  with  the  results  intro- 
duced by  such  transformations. 

By  employing  different  methods  we  often  obtain  integrals 
of  the  same  expression  which  appear  "at  first  sight  not  to 
agree.  On  examination,  however,  it  will  always  be  found 
that  they  only  differ  by  some  constant  ;  otherwise,  they  could 
not  have  the  same  differential. 
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28.  Higher  Transcendental  Functions. — Whenever 
the  expression  under  the  radical  sign  contains  powers  of  x 
beyond  the  second,  the  integral  cannot,  unless  in  exceptional 
cases,  be  reduced  to  any  of  the  fundamental  formulae ;  and 
consequently  cannot  be  represented  in  finite  terms  of  .r,  or  of 
the  ordinary  transcendental  functions  :  i.  e.  logarithmic,  ex- 
ponential, trigonometrical,  or  circular  functions.    Accord- 
ingly, the  investigation  of  such  integrals  necessitates  the 
introduction  of  higher  classes  of  transcendental  functions. 

Thus  the  integration  of  irrational  functions  of  x,  in  which 
the  expression  under  the  square  root  is  of  the  third  or  fourth 
degree  in  #,  depends  on  a  higher  class  of  transcendentals 
called  Elliptic  Functions. 

29.  The  method  of  integration  by  successive  reduction  is 
reserved  for  a  subsequent  place.     The  integration  of  rational 
fractions  by  the  method  of  decomposition  into  partial  frac- 
tions will  be  considered  in  the  next  chapter. 

30.  Observations  on  Fundamental  Forms. — From 
what  has  been  already  stated,  the  sign  of  integration  (/)  may 
be  regarded  in  the  light  of  a  question :  i.  e.  the  meaning  of 
the  expression  f  F(x)  dx  is  the  same  as  asking  what  function 
of  x  has  F(x)  for  its  first  derived.      The  answer  to  this  ques- 
tion can  only  be  derived  from  our  previous  knowledge  of  the 
differential  coefficients  of  the  different  classes  of  functions,  as 
obtained  by  the  aid  of  the  Differential  Calculus.     The  number 
of  fundamental  formula)  of  integration  must  therefore,  ulti- 
mately, be  the  same  as  the  number  of  independent  kinds  of 
functions  in  Algebra  and  Trigonometry.     These  may  be 
briefly  classed  as  follows  : — 

p_ 

(i).  Ordinary  powers  and  roots,  such  as  xm,  xq,  &o. 
(2).  Exponentials,  a*,  &e.,  and  their  inverse  functions; 

viz.,  Logarithms. 
(3).  Trigonometric  functions,  sin#,  tana;,  &c.,  and  their 

inverse  functions ;  sin'1^,  tan-'#,  &c. 

This  classification  may  assist  the  student  towards  under- 
'  standing  why  an  expression,  in  order  to  be  capable  of  inte- 
gration in  a  finite  form,  in  terms  of  x  and  the   ordinary 
transcendental  functions,  must  be  reducible  by  transforma- 
tion to  one  or  other  of  the  fundamental  formula)  given  in 
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this  chapter.  He  will  also  soon  find  that  the  classes  of  in- 
tegrals which  are  so  reducible  are  very  limited,  and  that  the 
large  majority  of  expressions  can  only  be  integrated  by  the 
aid  of  infinite  series. 

The  student  must  not  expect  to  understand  at  once  the 
reason  for  each  transformation  which  he  finds  given :  as  he, 
however,  gains  familiarity  with  the  subject  he  will  find  that 
most  of  the  elementary  integrations  which  can  be  performed 
group  themselves  under  a  few  heads;  and  that  the  proper 
transformations  are  in  general  simple,  not  numerous,  and 
usually  not  difficult  to  arrive  at.  He  must  often  be  prepared 
to  abandon  the  transformations  which  seemed  at  first  sight 
the  most  suitable  :  such  failures  are  not,  however,  to  be  con- 
sidered as  waste  of  time,  for  it  is  by  the  application  of  such 
processes  only  that  the  student  is  enabled  gradually  to  arrive 
at  the  general  principles  according  to  which  integrals  may  be 
classified. 

Many  expressions  will  be  found  to  admit  of  integration 
in  two  or  more  different  ways.  Such  modes  of  arriving  at 
the  same  results  mutually  throw  light  on  each  other,  and  will 
bo  found  an  instructive  exercise  for  the  beginner. 

31.  Definite  Integrals. — We  now  proceed  to  a  brief 
consideration  of  the  process  of  integration  regarded  as  a  sum- 
mation, reserving  a  more  complete  discussion  for  a  subsequent 
chapter. 

If  we  suppose  any  magnitude,  w,  to  vary  continuously  by- 
successive  increments,  commencing  with  a  value  a,  and  termi- 
nating with  a  value  /3,  its  total  increment  is  obviously  repre- 
sented by  /3  -  a.  But  this  total  increment  is  equal  to  the  sum 
of  its  partial  increments ;  and  this  holds,  however  small  wo 
consider  each  increment  to  be. 

This  result  is  denoted  in  the  case  of  finite  increments  by 
the  equation 

S  fA«)  =/3-o; 


and  in  the  case  of  infinitely  small  increments,  by 
ff 


(30) 
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in  which  |3  and  a  are  called  the  limits  of  integration  :  the 
former  being  the  superior  and  the  latter  the  inferior  limit. 
Now,  suppose  u  to  be  a  function  of  another  variable,  x, 
represented  by  the  equation 

u  -/(a?): 

then,  if  when  x  =  a,  u  becomes  a,  and  when  x  =  b,  u  becomes 
|3j  we  have 

«  =/(«)>  13  -/(&)• 
Moreover,  in  the  limit,  we  have 

du  =/'(%}  dxy 

neglecting*  infinitely  small  quantities  of  the  second  order 
(See  Diff.  Calo.,  Art.  7). 

Hence,  formula  (30)  becomes 

/(«);  (31) 

in  which  b  and  a  are  styled  the  superior  and  the  inferior  limits 
of  x,  respectively. 

(6 
f(x}dx, 

% 
presents  here  the  limit  of  the  sum  denoted  by  S   (f(x 


re- 


when  A#  is  regarded  as  evanescent: 

In  the  preceding  we  assume  that  each  element  f'(x)  dx  is 
infinitely  small  for  all  values  of  x  between  the  limits  of  inte- 
gration a  and  b  ;  and  also  that  the  limits,  a  and  b,  are  both 
finite. 

A  general  investigation  of  these  exceptional  cases  will  be 
found  in  a  subsequent  chapter  :  meanwhile  it  may  be  stated, 
reserving  these  exceptions,  that  whenever  /(#),  i.e.  the  integral 
o>if(x)dxt  can  be  found,  the  value  of  the  definite  integral 

'm 

f'(x}dx  is  obtained  by  substituting  each  limit  separately 


*  In  a  subsequent  chapter  on  Definite  Integrals  a  rigorous  demonstration 
•will  be  found  of  the  property  here  assumed,  namely  that  the  sum  of  these 
quantities  of  the  second  order  becomes  evanescent  in  the  limit,  and  consequently 
may  be  neglected.  Compare  also  Art.  39,  Diff*  Cak. 
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instead  of  x  in  /(#),  and  subtracting  the  value  for  the  lowei 
limit  from  that  for  the  upper. 

A  few  easy  examples  are  added  for  illustration. 


EXAMPLES. 

x"dx.  Arts. 


fjT 

//  2.        1    sin0<?0. 
Jo 

f"      *** 
3>        J  o  a^TV** 

!jf 
sin2  a;  <fo 
o 

tr 

c.        1    fiin'ztfc. 
Jo 

fir 
sin?xdx 
o 

7-  Jt-|. 

f1        dx 

8-  — : — r 

J  o  I  -t-  *  +  , 


[• 

Jo 

('- 

Jz  i 


{p  ax 

—  — . 

See  Art.  n. 

w 

12.  I    xsina;^. 
Jo 

[•JT  ^3; 

13.  r •,wherea>J. 

J0  a  +  b  cos  z 


i"  rf* 

..- 


n+  I 


/"' 

3^3 


a_.j 

3-5' 

3   ^_  -  i,,^ 

+  *2'  "      2 

ft  dx 


2a  cos  *  +  a-'  I  - 
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32.  Change  of  Limits. —  It  should  be  observed  that  it 
is  not  necessary  that  the  increment  dx  should  be  regarded  as 
positive,  for  we  may  regard  x  as  decreasing  by  successive 
stages,  as  well  as  increasing. 

Accordingly  we  have 

(*)«fe       (32) 

That  is,  the  interchange  of  the  limits  is  equivalent  to  a  change 
of  sign  of  the  definite  integral. 
Also,  it  is  obvious  that 


(c  r  c  rb 

$(x}dx=\    <t>(x)dx+\    fy(x}dx\ 
a  jb  Ja 


and  so  on. 

Again,  if  we  assume  .r  to  be  any  function  of  a  new  variable 
z,  so  that  $(x}dx  becomes  $(z)dz,  we  obviously  have 


(33) 


where  Z  and  z0  are  the  values  which  z  assumes  when  X  and 
XQ  are  substituted  for  x,  respectively. 

dx 
For  example,  if  x  =  a  tan  s,  "the  expression  — ^-=  be- 

(tt    +  X  ) 

comes  -        — ;  and  if  the  limits  of  x  be  o  and  a,  those  of 
z  are  o  and  -.     Consequently 

w 

(a       dx             i    fT                      i 
T-r rrr  =  -r          COS  S  «Z  = — . 
o  (a2  +  a?2)*       a2  J  o                  a'y^ 

Also,  if  we  substitute  a  -  z  for  x,  we  have 

Ia  ro  fa 

o  Ja  Jo 

[3] 
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Since  neither  x  nor  2  occurs  in  the  result,  this  equation 
may  evidently  be  written  in  the  form 

ra  fa 

<f>(x)dx  =      $(a  -  x)dx.  (34) 

JO  Jo 

For  example,  let  $(x)  =  sm"x,  then  $  ( x  j  =  cos%  and 

we  have 

w  w 

rT .  f7    n 

Jo8"  =J0OOSW 

And,  in  general,  for  any  function, 

IT  W 

I" f(smx)dx  =     f(ooBx}dx.  (35) 

Jo  Jo 

f* .  f* 

33.  Values  of  I  smmxBinnxdx,  and     QOBmxcoBnxdx. 

Jo  Jo 

Since 

2  sin  mx  sin  nx  =  cos  (m  -  n)  x  -  cos  (m  +  n)  x, 
and 

2  cos  mx  cos  tt#  =  cos  (m  -  n)  x  +  cos  (m  +  n)  x, 

we  have 

(sin  (in  -  n)  x     sin  (m  +  n}  x 
sin  mx  Bmnxax  =  — ; ? T — , 
2  (m  -  n)            2  (m  +  n) 

.       f  sin  (m  -  n)x     sin  (m  +  n}  x 

and         coBtnxGOBnxdx  =  — -. f-  +  — ^ ^— . 

2  (m  -  n)          2  (m  +  n) 

Hence,  when  m  and  n  are  unequal  integers,  we  have 

sin  mx  sin  nxdx  =  o,  and     cos  mx  cos  nxdx  =  o.  (36) 
Jo  Jo 

When  m  =  n,  we  have 

-  cos  2nx    .       x     sin  2nx 
ax  = . 

2  2          4n 


I  sin2na?cte  =  I 


&m*nxdx  =  -,-  when  n  is  an  integer. 

o  2 
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In  like  manner,  with  the  same  condition,  we  have 

f*  * 

cos2  nxdx  =  -.  (37) 

Jo  2 

Again,  to  find  the  value  of 


Assume,  as  in  Art.  1  1,  x  =  a  cos2  6  +  j3  sin*  9  ;  then,  when 
0  =  o,  we  have  x  =  a  ;  and  when  0  =  -,  x  =  /3. 

Hence,  as  in  the  article  referred  to,  we  have 

f0      _  (I 

\  v/(aj  -  a)  (|3  -  x)fo  =  2  (|3  -  a)2  I  osin8  9  cos2 

IT  IT 

Also  2  Psin20cosW0  =  |  f  'sin2  2  0r/0 
Jo  J  o 


-»)  dx  =     (/3  -  «)«.  (38) 


[8a] 
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1  (i  +  cos  x)  dx 


1  . 

J    (a:  4  sin  a;)3 

2  (a;  4 

sin  #)*' 

2. 

1  xsinx  dx. 

,,     sin  a;  -  x  cos  ar. 

6X 

J 

y  3< 

f  I  -*  , 

1  dx. 
J  i  +* 

,.     2  log  (I 

4-  x)  -  x. 

<=* 

f  (a  -f  i*")1"^-1  <fce. 

(a  +  &r») 

m+l 

ti(m  +  I 

{a;  «* 

2 

I 

^     5- 

"        3  (a3  - 

h*3)*' 

fii 

f           rfa! 

\i\ff  ttai\-] 

IdL 

dx 


-  *' 


-  h 

,0.     I- 

<=-B 


cos2  a;  4  i^jjjn2*' 


— r  tan'1  (  —  tan  a:  J . 
«A  \a.         / 

log  (a  cos2  x  +  b  sin8  a;). 


i(4  -a) 

sin  (log  z). 


12.  Show  that  the  integral  of  —  can  be  obtained  from  that  of  xmdx. 
x 


Write  the  integral  of  z"'dx  in  the  form 


;  and,  by  the  method  of 


indeterminate  forms,  Ex.  5,  Ch.  iv.  Diff.  Calc.,  it  can  easily  be  seen  that  the 
true  value  of  the  fraction  when  m  +  I  =  o  is  log  f  -  J  ,  or  log  x,  omitting  the 

arbitrary  constant. 

13.     /«"*  sin  mx  cos  nxdx. 

This  is  immediately  reducible  to  the  integral  given  in  formula  (23). 


-i: 


dx 


a  /4  +  5  <an  f\ 

s.  -  tan"1  I  —^ '  J« 

3  \         3         / 


Examples. 


f  x  e°  ^n"1  *  dx 
15.        -  —  . 

j      (i-f*2)3 


ea  tan"  1*  (ax  - 
Am.  -  S 


4-7 

*?&>  2«  + 


Let  a  -i-  bxz  =  s2. 

18      t(p±g < 

J      a  +  0  cos  a; 

This  is  equivalent  to 

'  q  dx     pb  -  qa 


a  +  b  cos  x' 
and  accordingly  can  be  integrated  by  Art.  18. 

xe*dx  e* 


(xe*dx 
,          .,.  Ans. 


aa.     f       7 

J  xy  x*  +  i 

Let    s3  +  i  =  z8. 


'7T^-i\ 


(aa:  I  .      i  v    • 

x -•  »     r^g    ^7= 


/,    24.  Integi-ate 

i  +  a  cos  a 

by  aid  of  the  assumption        *  = . 

a  +  b  cos  0 

The  expression  transforms  into 

dx 


-z 


accordingly,  when  «  >  i,  its  integral  is  —       —  sin'1*  ;  and  when  a  <  b,  it  is 
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15.  Deduce  Gregory's  expansion  for  tan'1*  from  formula  (/). 
When  x  <  i,  we  have 

«!-**+**-*«  +  &c.  ; 

I    i  X* 

r     dx  x3      x6      x"1 

.'.  tan-1  x  =  \ =  x + +  &c. 

J  H-  ^  3       57 

No  constant  is  added  since  tan"1  x  vanishes  with  x. 

26.  Deduce  in  a  similar  manner  the  expansions  of  log  (i  +  *),  and  sin'1  x. 

27.  Find  the  integral  of       7 : — -. 

a  +  o  cos  6  +  c  sin  9 

This  can  be  reduced  to  the  form  in  Art.  1 8,  by  assuming  -  =  cot  a,  &c. 

c 

r          dx 

28.  I . 

J  (a  +  bx)  •/  i  +  *» 

I         ,      (  «+te 

Ant.    ==:^  log  ] J 

This  can  be  integrated  either  by  the  method  of  Art.  13  or  by  that  of  Art.  2 

29.  f          *        .  An,.  I  sec-»  ( x* \ . 

J  x\/   X*  ~*  I  V   '•  / 

f  4  sin  xdx  i  . 

30. .  „      -  log  2. 

J  o     cos  *  2 


„. 

f1        dx  I 


33- 


f2*  •    \(x\s  5»«8 

34.  *  versin-1  1  -  1  dx.  „     -  . 

Jo  \«/  4 

w 

ft        dx  i  . 

3?.  -  :  -  .  „     -  log  2. 


CHAPTER  II.  • 

INTEGRATION    OF    RATIONAL    FRACTIONS. 

34.  Rational  Fractions.  —  A  fraction  whose  numerator 
and  denominator  are  both  rational  and  algebraic  functions  of 
a  variable  is  called  a  rational  fraction. 

Let  the  expression  in  question  be  of  the  form 

axm  +  bxm~l  +  cxm~2  +  &c. 


in  which  m  and  n  are  positive  integers,  and  «,  by  .  .  .  a',  £',... 
are  constants. 

In  the  first  place,  if  the  degree   of  the  numerator  be 
greater  than,  or  equal  to,  that  of  the  denominator,  by  division 
\we  can  obtain  a  quotient,  together  with  a  new  fraction  in 
fhich  the  numerator  is  of  a  lower  degree  than  the  deno- 
linator  :  the  former  part  can  be  immediately  integrated  by 
Lrt.  3.     The  integration  of  the  latter  part  in  general  comes 
mder  the  method  of  Partial  Fractions. 

35.  Elementary  Applications.  —  Before  proceeding  to 
the  general  process  of  integration  of  rational  fractions,  we 
propose  to  consider  a  few  elementary  examples,  which  will 
lead  up  to,  and  indicate  in  what  the  general  method  really 
consists. 

We  commence  with  the  form  already  considered  in  Art.  7  ; 
in  which,  denoting  by  01  and  o2  the  roots  of  the  denominator, 
the  expression  to  be  integrated  may  be  represented  by 

(p  +  qx)dx 
(x  -  c*i)  (x  -  a3)' 
Assume 


_ 
(x  -  di)  (x  -  etz)      x  -  ai      *  -  a2 
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Multiplying  by  (x  -  fli)(#  -  02)  we  get 

p  +  qx  =  -  (AiOt  +  -42ci))  +  (At  +  ^42)a;. 

Hence,  wo  get  for  the   determination   of  AI  and  A2  the 
equations 

p  -  —  A\at  —  A^UD     q  =  AI  +  At  ] 
whence  we  obtain 

.        p  +  qa\  .  p  4-  <7<i2 

AI  =         •     •,       At  =  . 

Consequently 

f     (p  +  qx}dx     _  P  +  q<ti  I*    dx         p  +  qat  f     dx 
J  (a;—  a\)(x  —  a2)        aj  —  a2  J  x  —  a\       a\  —  at  J  x  —  az 

I        ( 

= { (P  +  ?ai)log  (a?  -  ai)  -  (p  +  qat}  log  (x  -  a2)  . 

ai  -  a2  (  ) 

In  like  manner 

p  +  qx9  Ai  AI 


(a?  —  ai)  (x1  —  at)      x*  —  a\      a?  —  «2 
where  Al  and  A>  have  the  same  values  as  above  ;  hence 

)(p  +  qx*)  dx       _  p  +  gai  f     (fe         jo  +  qut  f     rfa; 
(ar*  -  ai)   (a^  -  a2)       ai  -  aaj  x9  -  ai      ai  -  a2J  X*  -  aa 

But  each  of  the  latter  integrals  is  of  one  or  other  of  the 
fundamental  forms  (/)  and  (h)  of  Chapter  I. ;  hence  the 
proposed  expression  can  be  always  integrated. 

Again,  let  it  be  proposed  to  integrate  an  expression  of 
the  form 

(p  +  qx  +  rx^dx 


(x-  ai)(x-  at)(x-  a3)' 
"We  assume 

p  +  qx  +  rx*  AI          At         A3 


(x  -  HI)  (x  -  a2)  (x  -  03)      X  -  ai      X  -  at      x-a* 
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then  clearing  from  fractions,  and  identifying  both  sides  by 
equating  the  coefficients  of  x*,  of  <r,  and  the  part  independent 
of  x,  at  both  sides,  we  obtain  three  equations  of  the  first 
degree  in  Ai,A2)A3,  which  can  be  readjly  solved  by  ordinary 
algebra  ;  thus  determining  the  values  of  Ah  A2)  Az  in  terms 
of  the  given  constants. 
By  this  means  we  get 

f        ( p  -f  qx  +  rx*)  dx  f    dx  f    dx          .  |    dx 

J  (x  -  01)  (x  -  a2)  (x  -  a3)          '  J  x  -  cii          J  x  -  a2         3J  x  -  «3 

=  AI  log  (x  -  «i)  +  A2log  (x  -  oz)  +  A3  log  (x  -  a3). 
We  shall  illustrate  these  results  by  a  few  simple  examples. 

EXAMPLES. 


^^-       f       x  dx 

3 
4 

i 

i 

*                                   O 

f     dx 

4 
—  tan-te. 

2 

tan"1  \"    C,. 
y  ~~*  A 

\  *'    Ja^-r 

f         dx 

»»     ^     o  /^ 
4        *  + 

i 

i 
6 

i 

}  x4  +  sz*  +  4* 
f    *<** 

5>    J^-r 

"     410g*2  + 

,,     -logf-*  — 
2       \aK+  : 

I 

I) 

J^-3^2-4     i 

k 

Here  the  denominator  is  equal  to  x  (x  —  2)  (x  +  3) ;  and  we  have 
x*  -f  x  -  i       _  ^i        ^2     ,     ^s    . 

.  _    —.    _|- 


*(x-  2)(a;  +  3)       a;       a;- 2      a; 4- 3' 
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hence         *'*  +  *  -  i  =  AI(X*  +  x  -  6)  +  A3x(x  +  3)  +  A*x(x  -  2)  ; 

.•.  the  equations  for  determining  A\,  At  and  At  are 

A\  +  ^»  4  A3  =  i,        - 

whence  we  get 


.*  +  log  <* 


Wo  now  proceed  to  the  consideration  of  the  general 
method,  and,  as  it  is  based  on  the  decomposition  of  partial 
fractions,  we  begin  with  the  latter  process. 

36.  Partial  Fractions.  —  The  method  of  decomposition 
of  a  fraction  into  its  partial  fractions  is  usually  given  in 
treatises  on  Algebra  ;  as,  however,  the  process  is  intimately 
connected  with  the  integration  of  a  large  class  of  expressions, 
a  short  space  is  devoted  to  its  consideration  here. 

For  brevity,  we  shall  denote  the  fraction  under   con- 

f(x\ 

sideration  by  '—7-^ 
*  *(*) 

Let  ai,  aa,  cr3,  .  .  .  a«  denote  the  roots  of  <f>(x)  ;  then 

$(x)  =  (x  -  ai)(x  -  oa)(«  -  Oi)  ...(*-  aw).  (l) 

There  are  four  cases  to  be  considered,  according  as  we 
have  roots,  (i)  real  and  unequal;  (2)  real  and  equal;  (3) 
imaginary  and  unequal  ;  (4)  imaginary  and  equal. 

We  proceed  to  discuss  each  class  separately 

37.  Real  and  Unequal  Hoots.  —  In  this  case  we  may 
assume 


where  At,  At,  .  .  .  .  An  are  independent  of  x.  For,  if  the 
equation  be  cleared  from  fractions  by  multiplying  by  <f>(x), 
on  equating  the  coefficients  of  like  powers  of  x  on  both 
sides  we  obtain  n  equations  for  the  determination  of  the  n 
constants  Ait  A-t,  .  .  .  A,,. 
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Moreover,  since  these  equations  contain  Ah  A2,  &o.,  only 
in  the  first  degree,  they  can  always  be  solved  :  however,  since 
the  equations  are  often  too  complicated  for  ready  solution, 
the  following  method  is  usually  more  expeditious  :  — 

The  question  (2),  when  cleared  from  fractions,  gives 


(x-aJ)  .  .  (x-an)  +  A2(x-al}(x-a3]  ..  (x  -  an) 
x-al)(x-  a2)  .  .  (#-a«_i)  ; 


and  since,  by  hypothesis,  both  sides  of  this  equation  are 
identical  for  all  values  of  x,  we  may  substitute  eti  for  x 
throughout;  this  gives 

/(ai)  =  Ai  (eti  -  o2)(ai  -  a3)  .  .  .  (ai  -  a»), 


In  like  manner,  we  have 

A   --^        A   -^( 

2  ~  3  ~ 


7!  —  v 
("») 

Hence,  when  all  the  roots  are  unequal,  we  have 

/(*)_/(«!>        I  /(a,)       I        ,-       ,/(«.)        I 

~~  —  "t"  —  f  /     \    "          ~    '    w>u.  T 


\   ""  \  —  f  /     \  ~    '       >.  T      ..  —  .  —  . 

(x)      $  (ai)  a;  -  01      $  (at)  x-  at  <j>  (an)  x  -  an 

Accordingly,  in  this  case 


The  preceding  investigation  shows  that  to  any  root  (a), 
which  is  not  a  multiple  root,  corresponds  a  single  term  in  the 
integral,  viz. 
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one  which  can  always  be  found,  whether  the  remaining  roots 
are  known  or  cot  ;  and  whether  they  are  real  or  imaginary. 

38.  Case  where  Numerator  is  of  higher  Degree 
than  Denominator.  —  It  should  also  be  observed  that  even 
when  the  degree  of  x  in  the  numerator  is  greater  than,  or 
equal  to,  that  in  the  denominator,  the  partial  fraction  cor- 
responding to  any  root  (a)  in  the  denominator  is  still  of  the 
form  found  above. 

For  let 


*(*)  "          *(*)' 

where  Q  and  R  denote  the  quotient  and  remainder,  and  let 

A  R 

-  be  the  partial  fraction  of  —  -j-r  corresponding  to  a  single 

root  a  ;  then,  by  multiplying  by  <j>(x)  and  substituting  a  in- 
stead of  x,  it  is  easily  seen,  as  before,  that  we  get 


- 
*'(«)' 

For,  example,  let  it  be  proposed  to  integrate  the  ex- 
pression 


«*  -  2X*  -  $X  +  6 

Here  the  factors  of  the  denominator  are  easily  seen  to  be 

x  -  i ,    x  +  2,  and  x  -  3  ; 
accordingly,  we  may  assume 

a*  ABC 

=  a?  +  ax  +  p  + +  4-  . 

Xs  —  20?  -  sx  +  6  IK  -  i      x+2      x-z 


To  find  o  and  /3,  we  equate  the  coefficients  of  x4  and  r?  to 
zero,  after  clearing  from  fractions :  this  gives,  immediately, 
a  =  2,  and  /3  =  9. 

Again,  since  $(x)  =  x*  -  2x*  -50  +  6,  we  have 

$'(*)  =  3**  -  4*  -  5- 
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Accordingly,  substituting  i,  -  2,  and  3,  successively  for  x 
in  the  fraction 

* 

9  » 

3ar  -  4%  -  5 
we  get 

^  =  _  i     "#  =  _  !£      £  =  £13  . 
6'  15'  10  ' 

and  hence 

.f  9 1_  _        32         4        243     . 


-  20?  -  52?  +  6  6(»-  i)      15(37+2)      10(2-3)' 

Jar5  cb  a;3  log1  (re-  i) 

-=  -  ^  -  r  =  -  +  a?  +  gx  -    ^  -  ' 
a?  -  20?  -  $x  +  6      3  6 


39.  Case  of  Even  Powers.  —  If  the  numerator  and 
denominator  contain  x  in  even  powers  only,  the  process  can 
generally  be  simplified  ;  for,  on  substituting  z  for  X*,  the 
fraction  becomes  of  the  form 


Accordingly,  whenever  the  roots  of  0  (z)  are  real  and 
unequal,  the  fraction  can  be  decomposed  into  partial  fractions, 
and  to  any  root  (a)  corresponds  a  fraction  of  the  form 

/(«)       i 

0'(«)  z  -  a 

The  corresponding  term  in  the  integral  of 
/(**) 


dx 


is  obviously  represented  by 
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This  is  of  the  form  (/)  or  (A),  according  as  a  is  a  positive 
or  negative  root. 

The  case  of  imaginary  roots  in  0(s)  will  be  considered  in 
a  subsequent  part  of  the  chapter. 

It  may  be  observed  that  the  integrals  treated  of  in  Art.  5 
are  simple  cases  of  the  method  of  partial  fractions  discussed 
in  this  Article. 


EXAMPLES. 


Here  the  factors  of  tfoe  denominator  evidently  are  #,*  —  !,  and  *  +  2  ;  we 
accordingly  assume 

ix  4-  3          A         B  0 


**+**-  2*        *        *  -   I         X  +  2 

Again,  ai  $(x)  =  x*  +  x*  -  a*,  we  have  <£'(*)  =  3*2  +  a*  -  2 ; 


Hence,  by  (3)  we  have 

A=-- 

consequently 


-       * 


J 
(*• 


+  *a)* 

Here 

' L_  /_! L_V 

(«»  +  o»)(*2  +  62)      a2  -  «a  Var2  +  4»      «»  -f  «2/ ' 
hence  the  value  of  the  required  integral  13 


f  a;<fa 

)  (»»  +  «)(*»  +  «)' 
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Substitute  z  for  *'  and  the  transformed  integral  ia 

f  i  dz 

}  2  (z  4  a)  (z  +  4)* 

Consequently  the  value  of  the  required  integral  is  ' 
i  _         (x*  +  b 

log 


\ 

4<  2  -  3*  +  2'  ^W*'  3*  +  »  log  (*  -  2)  -  2  log  (*  -  I). 

I 


1  -  -]x  +  6 
(ix  4-  i)  dx 

x2dx 


{x'dx  A/I         ,/*\       i  ,  (x  -  2\ 

-5 — ^ — 7T*  »»     tan     I  ~~T=-  J  +  »  loS  I )  • 

1  \<S  3/       7  \*  +  V 

J  a;"1 '(a  +  &»n) " 


Let  a*  =  -. 


40.  Hultiple  Real  Roots. — Suppose  <j>(%)  has  r  roots 
each  equal  to  a,  then  the  fraction  can  be  written  in  the  shape 


In  this  case  we  may  assume 

f(x)  Jf.  Mi  Mr         P 

(\f  I    I     \     —     /  »  _   T     /  \— _i     •     •    •    •      •    ~~~~~       •      ~7~,     \t 

x  -  a)r\l>  (x)      (x  -  ay       (x  -  ay~l  x  -  a  '    \fj(x) 

where  the  last  term  arises  from  the  remaining  roots. 

For,  when  the  expression  is  cleared  from  fractions,  it  is 
readily  seen  that,  on  equating  the  coefficients  of  like  powers 
at  both  sides,  we  have  as  many  equations  as  there  are 
unknown  quantities,  and  accordingly  the  assumption  is  a 
legitimate  one. 
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In  order  to  determine  the  coefficients,  M^  M^  &o.  .  .  .  Mr, 
clear  from  fractions,  and  we  get 


f(x)  =  M4(x]  +  M2(x  -  a)\j,(x)  +  M3(x  -  a)  V(3?)  +  &0.  .  .  .      (6) 
This  gives,  when  a  is  substituted  for  #, 

,orJf1=.  (7) 


Next,  differentiate  with  respect  to  ?,  and  substitute  a 
instead  of  x  in  the  resulting  equation,  and  we  get 

/(a)  =  Jty'(a)  +  M4(a)  J  (8) 

which  determines  71/z. 

By  a  second  differentiation,  M3  can  be  determined  ;  and 
so  on. 

It  can  be  readily  seen,  that  the  series  of  equations  thus 
arrived  at  may  bo  written  as  follows  — 

/(a)  = 


f"(a}  =  M^'(a)  +  3.  J/#"(a)  +  2.3.3/3f(a)  +  I.2.3  . 


+  1.2.3.4.^(0), 

in  which  the  law  of  formation  is  obvious,  and  the  coefficients 
can  be  obtained  in  succession. 

The  corresponding  part  of  the  integral  of 


evidently  is 

Mr-i        I      Mr-t                                      Ml 
Mr  log  (X  -  a) 7 T}  -  ...  -  7 r-f r— .       (o) 

x-a      2(x-a)*  (r  -  i)  (x  -  a)™ 

If  (f>(x)  have  a  second  set  of  multiple  roots,  the  cor- 
responding terms  in  the  integral  can  be  obtained  in  like 
manner. 
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41.  Imaginary  Roots.  —  The  results  arrived  at  in 
Art.  37  apply  to  the  case  of  imaginary,  as  well  as  to  real 
roots  ;  however,  as  the  corresponding  partial  fractions  appear 
in  this  case  under  an  imaginary  form,  it  is  desirable  to  show 
that  conjugate  imaginaries  give  rise  to  groups  in  which  the 
coefficients  are  all  real. 

Suppose  a  +  b  *,/-  i  and  a  -  b  \/-~i  to  be  a  pair  of  con- 
jugate roots  in  the  equation  $(x)  =  o  ;  then  the  corresponding 
quadratic  factor  is 

(x  -  fl)2  +  b*  ;  which  may  be  written  in  the  form  x1  +  px  +  q. 

We  accordingly  assume 

0(z)=  ( 
and  hence 

f(x]  _  '  Lx  +  M       P  t 
0  (x)      x2  +  px  +  q      Q  ' 

where  -^  represents  the  portion  arising  from  the  remaining 
*& 

roots,  and  —  -    is  the    part   arising   from  the   roots 
x2  +  px+  q 

a  ±b  v/-  r. 

Multiplying  by  </»(#)  we  get 

f(x]  =  (Lx  h  M)  +  (x}  +  (x*+px  +  q)^t  (*).         (10) 

If  in  this,  -  (px  +  q]  bo  substituted  for  a;2,  the  last  term 
disappears  ;  and  by  repeating  the  same  substitution  in  the 
equation 

f(x]  = 


it  ultimately  reduces  to  a  simple  equation  in  x  :  on  identify- 
ing both  sides  of  this  equation,  we  can  determine  the  values 
of  L  and  M. 

42.  In  many  cases  we  can  determine  the  coefficients  L,  J/ 
more  expeditiously,  either  by  equating  coefficients  directly, 
or  else  by  determining  the  other  partial  fractions  first,  and 
subtracting  their  sum  from  the  given  fraction. 

It  will  also  be  found  that  the  determination  of  many 

[4] 
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integrals  of  this  class  can  be  much  simplified  by  a  trans- 
formation to  a  new  variable,  or  by  some  other  suitable 
expedient. 

Some  elementary  examples  are   added  for  the  purpose 
of  illustration. 


EXAMPLES. 

Jxdx 
— . 
(t  +  x)  (l  4  a;2) 

Assume 

x  _    A        Lx  +  M 

(i+x)(i  -f  x"1)  ~  l  +  x       I  -f  a;2' 

clearing  from  fractions,  this  becomes 
Equate  the  coefficients,  and  we  get 

Hence 

~~  2'  ~ 2'  2' 

and  accordingly 

x  T     i         i  i  +  x 


f         x^x          _  ' 
•*•  I  .         r~.          jr  ==  ~'og 


I 

•h  -  tan"1*. 

2 


2. 

Let 


i      =    A          Lx  +  M 

+x3      l+x       i 


consequently,  A  =  -,  by  fortmila  (3).     Substituting  and  clearing  from,  fractions 

we 


ntly,  A  = 
re  have 

3  =  r  -  x  +  x"~  +  3  (Lx  +  M)(i  +  x) ; 
hence,  dividing  by  r  +  x,  we  hare 

2  -  x  =  3  (Lx  +  Jf). 
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Consequently 

I    (2  -  x)dx 


t    da    _  i  [  d*       I  [  (2 
JH-*8"  sJl  +  a?      3Ji- 

«  i  log  (I  +  *)  -  \  log  (i  -  x  +  *»)  +  -^=  tan-1  \^—^r  )  - 


f    <fo  I 

.       I  -  r.  .4ns.  ^logl  -  •—;+——  tan-1 

Ji-*»  6    & 


This  can  be  got  from  the  laat  by  changing  the  sign  of  x, 

dx 

In  this  case  wo  have 


Let  »*  =  e,  and  the  integral  becomes 

1  1    zdz 


f          xzdx 

]  (X  -  !)»(*»  +  I)' 

Assume 

A  3        Lx+M 


_L_  =  ^_J_       '   \ 

I  -  x6      2  \  i  -  a;3      I  +  *3/  ' 

f  of  die  I  .      (    (a:4-l)«   )  I  (2a;i+n 

<;.       I-;  -  .  u4««.  —  log{—  -  -  r*  —  >  -J  --  tan-1!  -  -}. 

J*"-I  24      bU8  +  «4  +  Ij  /~  (> 


To  find  Z  and  Jf,  clear  from  fractions,  and  by  Art.  41  the  values  of  L  and  M 
are  found  by  making  xz  =  -  l  in  the  following  equation  : 


This  gives  immediately  L  =  —  ,     M  =  o. 

Again,  by  Art.  40,  we  get  immediately  A  =  -. 


To  find/-S,  make  x  =  o  in  both  sides  of  our  identity,  and  we  get 

i 

[4.1 
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Finally 


II  III* 


(x  -  i)*(:t2  +  i)      2Gr-i)»      2  *  - 
x*dx  i      i          i,/ 


••       (S  -  .)*(*'  +  I)  "  -  ;  *—        i  -        -  ?  ' 

7.  f  _  rfg 

J  a*  +  a;7  -  *4  -  a:» 

Here  the  denominator  is  easily  seen  to  bo  »3(a:  -  l)(*  +  \)*(z*  +  i),  and  the 
expression  becomes 


Assume  *  =  - ,  and  the  transformed  expression  is  evidently 

z«dz 


The  quotient  is  easily  seen  to  be  z  -  i ;  and,  by  the  method  of  Art.  38,  we  may 
assume 

t« A         _S_          C        Lz  +  M 

(«-i)(« +  i)z(«'  + 1)  "        +  im  +  (7+ F)» +  ~i  +  ~^TT' 

Hence  (Aits.  37,  40),  wo  have 

A-'t,   ,-i. 

o  4 

Next,  L  and  M  arc  found  by  making  s2  =  -  i,  in  the  3<juation 
««  =  (Za  +  M)(i-  i)(*+  i)2; 


which  gives 


4  4 

In  order  to  find  the  remaining  coefficient  C,  wo  make  z  =  o,  when  we  get 

At      7}     .      n    i      TLT  .  »       t~1 * 


Multiple  Imaginary  Roots.  53 


hence  we  have 

8*  I  I  Q  Z   -    I 

(z-  l)(z-t- i)- (z2+ i)  ~"  8(3-1)      4(z-f  i)2      8(s+l)      4(z2-M)' 


4     log  (z  f  i)  -      log  (z8  +  I)  +  -  (an-'z. 
304 

dx  I        I  *  i  ,      i  -x9          x+i      i 


.  .—    . 

(a;  -  i)2  («  +  3)  2     °  x  +  3      a;  -  I 

43.  51  ulti  pie    Imaginary    Roots.  —  To   complete   the 

ftx\ 
discussion  of  the  decomposition  of  the  fraction  —±4,  suppose 

<j)(X) 

the  denominator  <fr(x)  to  contain  r  pairs  of  equal  and  imnginary 
roots,  i.  e.  let  the  denominator  contain  a  factor  of  the  form 
{(x  -  a)2  +  tf}r  ;  and  suppose  <t>(x)  =  ((x  -  a)2  +  bz}r  ^(x) 
In  this  case  we  assume 

f(x) 


Lrx 

.  .  .  +   ; 


the  remaining  partial  fractions  being  obtained  from  the  other 
roots. 

There  is  no  difficulty  in  seeing  that  we  shall  still  have 
as  many  equations  as  unknown  quantities,  L1}  M^  L2,  M2,  • . . 
when  the  coefficients  of  like  powers  of  x  are  equated  on  both 
sides. 

To  determine  L\,  M^  Z2,  &c.  ;  let  the  factor  (x  -  a)z  +  b* 
be  represented  by  X,  and  multiply  up  by  Xr,  when  we  get 

&c.  +  (£,»  +  Mr) Z-1  +  ^«     ( 1 1) 
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The  coefficients  Lv  and  Mv  are  determined  as  in  Art.  41. 
To  find  LI  and  Jf2 ;  differentiate  with  respect  to  #,  and  sub- 
stitute a  +  b^/  -  i  for  x  in  the  result,  when  it  becomes 


where  <r0  =  fl  +  i-v/  ~  *• 

Hence,  equating  real  and  imaginary  parts,  we  get  two 
equations  for  the  determination  of  Lt  and  Jf2.  By  a  second 
differentiation,  L3  and  M3  can  be  determined,  and  so  on. 

It  is  unnecessary  to  go  into  further  detail,  as  sufficient  has 
been  stated  to  show  that  the  decomposition  into  partial  frac- 
tions is  possible  in  all  cases,  when  the  roots  of  <j>(&)  =  o  are 
known. 

The  practical  application  is  often  simplified  by  transfor- 
mation to  a  new  variable. 

44.  The  preceding  investigation  shows  that  the  integra- 
tion of  rational  fractions  is  in  all  cases  reducible  to  that  of 
one  or  more  fractions  of  the  following  forms  : 

dx  dx  (A  +  B)dx         (Lx  +  M}dx 

~d!    (x-aY     (x-ay  +  l*     {(x  -  «)'  +  b*)r' 

The  methods  of  integrating  the  first  three  forms  have  been 
given  already.  "We  proceed  to  show  the  mode  of  dealing 
with  the  last. 

45.  In  the  first  place  it  can  be  divided  into  two  others, 

L(x-a}dx         (La  +  M}dx 


The  integral  of  the  first  part  is  evidently 

-L 


To  determine  the  integral  of  the  other  part,  we  substitute 
s  for  x  -  a,  and,  omitting  the  constant  coefficient,  it  becomes 

r      dz 
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Again 

Idz  I  f(s2  +  £>2  -  z^dz      i  f       dz  T  j"    2*efe 

(-*  -f-  a1)- = n    (s3  +  ay    =  FJ  („'  +  6»)^~i*  J  (?r  ay- 

But  we  get  by  integration  by  parts 

f    z2dz         f         zdz  i       f     7/        i        \ 

I   _    I    g       _  _  I      <»,1  \    1 

I   /    -1          I1\r    ~    I  "  '    /     1  L'i\f    —  I  \    I      *"    \    7^,  J9\r    l    I 

}(?+&?   J    (a2  +  ^)r     2(r-i)J     V(«2  +  ^)'V 

ga  +        I        f-iA-pT- 

Substituting  in  the  preceding,  we  obtain 

(7~~S      79W  =      7  \To  I  7~~9       TO\_  ,   "I"  — 7 \  ;•>/•>       riw"T •        \ '  ^ / 

(s2  +  #y      2(r-  i)62J  (s2  +  62)r~]      2(r  -  i)62  (s2  +  &')'"1 

This  formula  reduces  the  integral  to  another  of  the  same 
shape,  in  which  the  exponent  r  is  replaced  by  r  -  i.  By 
successive  repetitions  of  this  formula  the  integral  can  be  re- 
duced to  depend  on  that  of  7-5 — rrr. 

(s2  +  i2) 

The  preceding  is  a  case  of  the  method  of  integration  by 
successive  reduction,  referred  to  in  Art.  19.  Other  examples 
of  this  method  will  be  found  in  the  next  Chapter. 

The  preceding  integral  can  often  bo  found  more  expedi- 
tiously  by  the  following  transformation  : — Substitute  b  tan  0 

dz 

for  z,  and  the  expression  j— — "—^r  becomes,  obviously, 

(z    +  b  y 


The  discussion  of  this  class  of  integrals  will  be  found  in 
the  next  Chapter. 

f(y^\dx 

46.  We  shall  next  return  to  the  integration  of '     .  ,.  , 

$(&} 

which  has  been  already  considered  in  Art.  39  in  the   case 
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where  the  roots  of  ^(2)  are  real.     To  a  pair  of  imaginary 
roots,  a  ±  b  -y/-  i  ,  corresponds  a  partial  fraction  of  the  form 


x  - 


where  c*  =  «J  +  i*. 

In  order  to  integrate  this,  wo  assume  a  =  c  cos  2$,  when 
the  fraction  becomes 


X*  -  2Z?C  COS  2^)  +  C*' 

The  quadratic  factors  of  the  denominator  are  easily  scon 
to  be 

a?  -  2xv^c  cos  ^  +  c,  and  x*  +  2x  yc  cos  <f>  +  c. 
Accordingly  we  assume 
Ax*  +  B  Lx  +  M  L'x  +  M' 


X1  -  2X*C  COS  20  +  C1      X*  -  2X  </C  COS  (f>  +  C      **  +  2X  */C  COS  (ft  +  C 

hence  it  can  be  seen  without  difficulty  that 


_-, 

4  c1  cos  <f>  2c 

and  after  a  few  easy  transformations,  we  find 


(Ax"1  +  B)  dx  Ac  -  B  . "      x*- 2XV/CCOSQ  +  c 

(  ° 


X*  -  2X-  C  COS  2  dt  +  C1        8  COS  i 


47.  Integration  of 


(x  -  o)m  (x  -  b)*' 
This  expression  can  be  easily  transformed  into  a  shape 
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J  (x  -  a)m  (x  -  b)n 

which  is  immediately  integrable,  by  the  following  substitu- 
tion :  — 

Assume  x  -  a  =  (x  -  b)  z  ;  then 

a  -  bz  (a  -  b)z  a  -  b  (a-b}dz 

x  =  -  ;  .-.  x  -  a  =  —      —  ,  x  -  b  =  -  ,  ax  =  -.  -  h-j-  ; 
1-2  1-2  i  -  2  (i  -  zy 

and  the  expression  transforms  into 


(a  -  b)m+n-lzm' 

Expand  the  numerator  by  the  Binomial  Theorem,  and  the 
integral  can  be  immediately  obtained.     (Compare  Art.  4.) 
For  example,  take  the  integral 

dx 
(x-  ay(x-Vf 

Here  the  transformed  expression  is 


r(i  -z}3dz 
J  («  -  &)«F' 


or 


£C  ~*  CL 

Substituting  -  -   for  2,  the  integral  can  be  expressed  in 

Qs  ™*  0 

terms  of  x. 

#m+l 

48.  Integration  of 


-  -  —  . 
(a  +  cx*)n 

where  m  and  n  are  integers. 

Let  a  +  ex*  =  2,  and  the  expression  becomes 

(2  -  a)mds 


a  form  which  is  immediately  integrable  by  aid  of  the  Bino- 
mial Theorem. 
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It  is  evident  that  the  expression  is  made  integrable  by  the 
same  transformation  when  n  is  either  a  fractional  or  a  nega- 
tive index. 

It  may  be  also  observed  that  the  more  general  expression 

fix*}  xdx 

.  -  can  be  integrated  by  the  same  transformation,  where 

(a  +  crf)n 

denotes  an  integral  algebraic  function  of  x*. 


EXAMPLES. 

Ix^dx  a*  x* 

t  _      ,.  Ans.  _        +  -  +  a?  log  (a2  -  x*). 

Ix3dx  l  a 

(a  +  ex-)*'  "    ~ 4«» (a  +  ex*)*  +  6c?(ai  ae2)3' 

{yfidx                                                            I                    II 
_,  _  _  — ..  j loff  (x^  -4-  I\ 

(I  4  x*f  '     ar*-fi       4(«2+r)*     a     ' 

flte 
40.  Iiitosration  of    , 

-j1"  —   i 

M/  A 

where  n  is  a  positive  integer. 

Suppose  a  an  imaginary  root  of  x"  -  i  =  o,  then  it  is  evi- 
dent that  a"1  is  the  conjugate  root :  also,  by  (3),  the  partial 
fraction  corresponding  to  the  root  a  is 


or 


nan~l(#  -  a)'          n(x  -  a)' 

If  to  this  the  fraction  arising  from  the  root  a'1  be  added, 
we  get 

i  (     a  a'1     )          I  (     x(a  +  a'1)  -  2      \ 

_     J  __        I        _^__^_    I  QJ>    _     /     --  i  -  --       J 

n  \x  -  a      x  -  a'1)'        n  \o?  -  (a  +  a'1)  x  +  I) 
But,  by  the  theory  of  equations,  a  is  of  the  form 


2kir        /  -    . 
cos  —  +  y-  !  sin 
n  n 
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off  ~  i 


where  k  is  any  integer  ; 

2kir 


.'.  a  +  a~l  =  2  cos 

n 


Hence,  if  6  be  substituted  for  -—  ,  the  preceding  fraction 

becomes 

2         x  cos  9  -  i 


n  '  a?  -  2x  cos  0  +  i* 
The  integral  of  this,  by  Art.  7,  is 

cos  0,                             ,.     2  sin  0  .      .(x  -  cos  9 
log  ( i  -  2x  cos  0  +  a?) tan"1 


n  n  V    sin0 

There  are  two  cases  to  be  considered,  according  as  n  is 
even  or  odd. 

(i).  Let  n  =  2r  :  in  this  case  the  equation  s?r  -  i  =  o  has 
two  real  roots,  viz.,  4-  i  and  -  i  ;  and  it  is  easily  seen  that 

dx          i   .      x  -  I        i    ,          kir  ,  kir 


i   .      x  -  I        i    ,  ir  ,  ir       ,x 

=  —  log  -  +  —  S  cos  —  log  (i  -  z#  cos  —  +  <r) 

° 


Ja^-i      2r     °*+  i      2r  r  r 

Ckir\ 
V  -  COS  —  \ 
r   \  ,     N 
i i                   03) 
.    KIT 
sin  — 
r 

where  the  summation  represented  by  S  extends  to  all  integer 
values  of  k  from  i  to  r  -  i. 

(2).  Let  n  =  2r  +  i,  we  obtain 

)  — - — =  -^ -  + Scos log(i-2#cos—   -+#2 
or**-!        2r+i        2r+i           2r+i    °\  2r+i 

2  ATT 
a?  -  cos 


7  »    K/    —    WWB    

2  .         2&7T      ,  /  2r  +    I    \  /       x 

-  Ssm tan-1     — ; ,        (14) 

2r  -f  i  2r  +  i  \       .       2kir 

sin 
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where  the  summation  represented  by  S  extends  to  all  integer 
values  of  k  from  i  up  to  r. 

xm~ldiK 
50.  Integration  of  -  -,  where  m  is  less  than  »  +  i. 

xn  -  i 

As  before,  let  a  be  a  root,  and  the  corresponding  partial 
a"'"1  am 

fraction  is  -  —.  --  r  or  —  -  -  r  ;  hence  the  partial  fraction 
nan~l  (x-a)      n(x  -  a) 

arising  from  the  conjugate  roots,  a  and  a'1,  is 

am  a"*1     N       I    x  (am  +  a"*1)  -  (a1""1  +  a^"1"1 

_      i  1    _  *  _  _  i  _  J 


n\x  -  a      x  -  a~l        n  x3  -  (a  +  g"')a;  +  i 

2  a?cosw0  -  cos(m  -  i)B 


n       x*  -  2x  cos  0  +  i 

where  6  is  of  the  same  form  as  before. 

The  corresponding  term  in  the  proposed  integral  is  easily 
seen,  by  Art.  7,  to  be 


,- 

-  20COS0+  i)  -  2  sin  tnO  tan"1  —  ?—  75-  >.      (15) 

sm  0 


n 


By  giving  to  k  all  values  from  i  to  —  i,  when  n  is  even,  and 


—•    I 


—• 

from  i  to  -  when  n  is  odd,  the  integral  required  can  be 


written  down  as  in  the  preceding  Article. 
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EXAMPLES.  4 

,   /-  i- 


t      i      U       •* 
f  *  A  *1  X    4     Z\     ' 

I.       I  .        ^1»«.  -log  I ) . 

)n?  +  6x+B  2     b  \*  4-  4/ 


»     alog(*-a) 


^.  La-Ab 

»     —log  x  +  -  jr—  log  («+**»). 


,   ,  ,, 
4-  *a;2) 

I      x  -  i 


, 


f    (2*  -  s)(fo  7  n 

]  (ar+3)(*+  I)2'  "     2  (*  +  I)  +  4    ° 

f          &  _  _  1_  J_t      /     ^2      \ 

J  c  (a  4-  to2)2'  2a  (a  4-  **»)      2«2     °\a  +  l&)  ' 


r       dx  i  .     /_«"    \  i 

J  x  (a  4-  to')*  "    »»a-  °SU  +  ^'7       ««(«  +  to")' 

{rfa; 
a;  (a  4-  to»)r* 


Let  a  4-  bxn  =  £"z,  and  the  transformed  expression  is 


I0      f  _  —  -  .  AM.  -log(«»+  i)--log(*+  i)  4-  - 

Jzs  +  #24-*+  i  4  2 

f  dx  *  T      (x  +  2)*  ,    3  *      i». 

"•  )  ^n^-f  5^  +  4^+4  »  ^s  log  ^rr  +  ^tan'  - 


12.     Apply  the  method  of  Art.  47  to  the  integration  of       _  ^  - . 


.       (i  4-  z)-"- 
The  transformed  expression  is 2)(  t  n 
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14.  Prove  that 

f        dx                                     t  (i  +  e)«+»-»<fo 
-  transforms  into  -  I  * '- . 


if  we  make  x  = 

i  -f 


I«fo  I  .       f  I  £ 

-:  -  :  -  j  -  .  .     An»,  -  ,  log  sin  ---  -  log  cos  - 
B\nx(a  +  i>coax)  a  +  b    '         2      a-b    '         2 


_ 


loS  («  +  *  cos  a:). 


Multiply  by  sin*,  Bubstitote  u  for  cos  2,  and  the  integral  becomes 

f  __  -*< 

]  (i  -  u*)(a  +  bu)' 

Id*  I  x  xi 

—  :  --  •  —  :  -  •     Ans.  -  log  sin  —  log  cos  -  +  -  log  (3  +  2  cos  x). 
3  em  x  +  sin  ix  5  2  25 


Lot  x*  =  -,  &c. 

• 

1  8.  Trove  that 


f      dx  I  (j*-!)*,       / 

—  =  --  2  cos  --  log  I  i  - 
J  i  +  **»        2n  2«  b  \ 

i        .    (2k  -  i)ir         , 
•f  -  2  sin  *  --  s.-  tan-1 


-  , 

zx  cos  5  -  1-  +  *a 


t   , 

2n  .    (2k- 

sin  s 


where  A;  extends  through  all  integer  values  from  I  to  n,  inclusive. 

dx        log(i+ar)         i  (zk-i)-*. 

2-^  ^  -  i 


f      dx 
19.    -  _-  = 

Jl-f*2n+1 


2»  +  I  2»  +  I  \  2M+1 


a;  -  cos 


2M+  I 

-    —  — 


where  A;  assumes  all  integer  values  from  I  to  «  inclusive. 


CHAPTER  III. 

INTEGRATION    BY   SUCCESSIVE    REDUCTION. 

51.   Cases  in  which  sinm0  cosnOdO  is  immediately  In- 

icgrable.  —We  shall  commence  this  Chapter*  with  the  dis- 
cussion of  the  integral 

JsinM0cosn0rf0; 

to  which  form  it  will  be  seen  that  a  number  of  other  expres- 
sions are  readily  reducible. 

In  the  first  place  it  is  easily  seen  that  whenever  cither  m  or 
n  7s  an  odd  positive  integer  the  expression  sinm0  cosnOdO  can 
be  immediately  integrated. 

For,  if  n  =  2r  +  i,  the  integral  becomes 

J  sin"1  9  cos  2m  9  dd,  or,  /  sin™  9  (cos2  9)r  d  (sin  B)  . 
II  we  assume  x  =  sin  0,  the  integral  transforms  into 

-x*}rdx\  (i) 


and  as,  by  hypothesis,  r  is  a  positive  integer,  (i  -  <t?)r  can 
be  expanded  by  the  Binomial  Theorem  in  a  finite  number  of 
terms,  each  of  which  can  be  integrated  separately.  In  like 
manner,  if  the  index  of  sin  0  be  an  odd  integer,  we  assume 
x  =  cos  0,  &o. 

A  few  examples  are  added  for  the  purpose  of  making  the 
student  familiar  with  this  principle. 


*  It  may  be  observed  that  a  large  number  of  the  integrals  discussed  in  this 
Chapter  do  not  require  the  method  of  Successive  Seduction:  however,  since 
other  integrals  of  the  same  form  require  this  method,  it  was  not  considered 
advisable  to  separate  the  discussion  into  distinct  Chapters. 
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EXAMPLES. 


cos30 


cos0. 


'•  1 


cos50<?0. 


8ins0cos70rf0. 


sin0cos30«/0. 
sin*0<70 


ren 

J  V/COS0 

fcos»0(f0 

J 


.  2   .  sin80 

,  ,     Bin  9  --  sin3  8  -j  ----  . 

COS100        COS80 


I                                    COS30 
•    +  2  COS0 . 

cos0  3 


2  sin*  0      2  sin^  0 
3  ~  7 

2  COS^0 
2  COS*  0. 


52.  Again,  whenever  m  +  n  is  an  even  negative  integer 
the  expression  sin'"  0  cos"  0  dO  can  be  readily  integrated. 
For  if  we  assume  x  =  tan0,  we  have 


COS0  = 


v/ 1  +  a?  -v/i  +  x 

and  the  expression  transforms  into 

xmdx 


x  dx 

,  and  ay  = 


(i  +  *2)  ^ 
Hence,  if  w»  +  n  =  —  2r,  this  becomes 

#'"(i  +^)r-Vfe, 
a  form  which  is  immediately  integrable. 


Cases  in  which  sinmO  cos"0  dO  is  immediately  Intcgrable.    C5 

Take,  for  example,       r^-. 

J    cosfi0 

Let  x  =  tan  0,  and  we  get 

f   2.  tans0     tan50 

x*(i  +  x-)dz, 


or 
3 

IB 


Next,  to  find  -^—7; — r^. 

J  sin  8  cos50 

Making  the  same  substitution,  we  obtain 

'(i  +  x*}\lx 


x 

Hence,  the  value  of  the  proposed  integral  is 
tan40 


,fl  ,.      a 

+  tan*0  +  log  (tan0). 


Again,  to  find      .  ,..  -  r^ 
J  sm'0  cos'0 

Here  the  transformed  ex 
cordingly  the  value  of  the  proposed  integral  is 


Here  the  transformed  expression  is  -  -  ^-  —  ,  and   ac- 


3 

In  many  cases  it  is  more  convenient  to  assume  x  =  cot  0. 

For  example,  to  find   -  r-^>. 
J 

d9 

aicotv)  =  --. 
B] 

integral  is 

-     (i  +  xz)dx,  or  -  cot  0  - 


Since        of  (cot  0)  =  -  -^— r^,  if  cot  0  =  x,  the  transformed 
sm20 

C0t80 


3 

The  following  examples  are  added  for  illustration : — 
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EXAMPLES. 

f8ins0rf0  tan4* 

1.  r— -.  Ant.  . 

J    cos5  0  4 

f    de  2tans0      tan»0 

2.  1 — — .  „     tan0  + -I-  . 

J  008«0  3  5 

Id$  tan»0 
•                                                  „         —  +  log  (tan  0). 
sin  0  cos8  0  2 

Cam*  OdO  2 

4-  — T--  ..     -tan«0. 
*    cos5  0 

5-  ls3TZ3i.  »     -8  cot  20 --cot8  z0. 


6.          -.  2  tan»  0 


(,  +  sf). 


When  neither  of  the  preceding  methods  is  applicable,  the 
integration  of  the  expression  sinm0  cos,nOdO  can  be  obtained 
only  by  aid  of  successive  reduction. 

We  proceed  to  establish  the  formulae  of  reduction  suitable 
to  this  case. 

53.   Formulae  of  Reduction  for  sinm  0  cos"  0  dO. 


\  sinm0  co&»6dO  =  |  cos^'fl  sinM0o?  (sin  0)  : 

consequently,  if  we  assume 

n-lfl  m" 

«  =  cos*"1  0,  v 


m+ 


the  formula  for  integration  by  parts  (Art.  21)  gives 

(r>na.n~l  ft  Hir»m+1  fl       «  —  i  f 
sin-d  oo^flrfO-  +  — -    sin^O  cos^OdB. 

m + i  m+ i J 
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In  like  manner,  if  the  integral  bej  written  in  the  form 


we  obtain 

(  <m—  T  f  RinTO~10p<W+10 

sin'»0cos»0rf0=^-^    sin-'fl  cosw+W0  -  S        "C°S       .    (3) 
J  w+  1  J  w+i 

It  may  be  observed  that  this  latter  formula  can  be  de- 
rived from  (2)  by  substituting  —  $  for  0,  and  interchanging 

the  letters  m  and  n  in  it. 

54.   Case  of  one  Positive  and  one  Negative  Index. 

—  The  results  in  (2)  and  (3)  hold  whether  m  or  n  be  positive 
or  negative  ;  accordingly,  let  one  of  them  be  negative  (n  sup- 
pose), and  on  changing  n  into  -  n,  formula  (3)  becomes 

^0  sin"*-1  0  m-i  fsinOT-20  ,    , 

~       "-'  ^        ' 


in  which  m  and  n  are  supposed  to  have  positive*  signs. 

sin'"  0 

By  this  formula  the  integral  of  -  ^dO  is  made  to  de- 

cos"  0 

pend  on  another  in  which  the  indices  of  sin  0  and  cos  0  are 
each  diminished  by  two.  The  same  ^method  is  applicable  to 
the  new  integral,  and  so  on. 

If  m  be  an  odd  integer,  the  expression  is  integrable  im- 
mediately by  Art.  51.  If  m  be  even,  and  n  even  and  greater 
than  m,  the  method  of  Art.  52  is  applicable  ;  if  m  =  M,  the 
expression  becomes  J  tanm0«?0,  which  will  be  treated  subse- 
quently ;  if  n  <  m,  the  integral  reduces  to  that  of  sin"*""  0  dO. 

Again,  if  n  be  odd,  and  >  my  the  integral  reduces  to        n_mf)  ; 

j  COS       v 


*  The  formulae  of  reduction  employed  in  practice  are  indicated  by  the  capital 
letters  A,  Bt  &c.  ;  and  in  them  the  indices  m  and  n  are  supposed  to  have  always 
positive  signs.  By  this  means  the  formulae  will  be  more  easily  apprehended 
and  applied  by  the  student. 

[6  a] 
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f  sin"'""*1 0  d0 

and  if  n  <  w,  it  reduces  to     7. — .     The  mode  of  find- 

J       cos0 

ing  these  latter  integrals  will  be  considered  subsequently. 

Again,  if  the  index  of  sin  0  be  negative,  we  get,  by 
changing  the  sign  of  m  in  (2), 

rcos"0    -  cos""1 0  n-  i  fcosn-20 

J  smm0  (m  -  i)  sin"1'1 0     m-  i  J  sinOT~20  *    ' 

We  shall  next  consider  the  case  where  the  indices  are 
both  positive. 

55.  Indices  both  Positive.— If  sin'"0  (i  -  cos20)  be 
written  instead  of  sin"1*2  0  in  formula  (2),  it  becomes 

1 


M  +  I 

cos"-1 6  sin"1"  6 


m  +  i 


+  —  -  fan" 6  (cos»-20  -  cos"0)  dO  = 
w+  i  J 

+  !LHJ  [  sin«  o  cos"-2  0  dO  -  ^— -  f  sin*"  0  cosw  0  d6 : 
m  +  i  J  m  +  i  J 

hence,  transposing  the  latter  integral  to  the  other  side,  and 


,     m+n 

dividing  by ,  we 

fe    J 


f  sin"1 0  cos"  0  dO  =  — — +  - — -  f  sinm  0  cos"-20</0.  (C) 

J  m+n  w+wj 

In  like  manner,  from  (3),  we  get 


sin"'  0  cos"  0  d0  =  -         sin"-2  0  cos"  0  d0  -  -  ^-^ .  (D) 

m  +  n j  m  +  n 

By  aid  of  these  formulae  the  integral  of  sinm  0  cos"  0  d0  is 
made  to  depend  on  another  in  which  the  index  of  either 
sin  0,  or  of  cos0,  is  reduced  by  two.  By  successive  appli- 
cation of  these  formulae  the  complete  integral  can  always  be 
found  when  the  indices  are  integers. 
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56.  Formulae  of  Reduction  for  s\n"OdO  and  cos"i 
These  integrals  are  evidently  cases  of  the  general  formulae 
(C)  and  (D) ;  however,  they  are  so  frequently  employed  that 
we  give  the  formulae  of  reduction  separately  in  their  case, 

cm  if  r>n<;^~"*  n          it  if 

Cos«  0  dO  =  +  —±    cos"-2  61  dO.  (4) 

J  n  n    j 

f  ,  cos  0  sin""1 0     n  -  i  f   .  ,,  ,  . 

BufOdO  = + siiin-2OdO.         (5) 

J  n  n    J 

The  former  gives,  when  n  is  even, 

f      na  JQ      sin  0  f         a 
GOBnvdv  =  cos"  J0 


-    2 


(n  -  2)(n  -  4) 

n  (n  -  2)(n  -  4)  ...  2~ ~ 

A  similar  expression  is  readily  obtained  for  the  latter 
integral. 

EXAMPLES. 

Jsin  0  cos  9  I  .  3\        3  „ 

sin*OdO.  Ans.  -  — —  f  sm2fl  ^  f )  +  |  »• 

I                                          sin  0  cos  0  I  sin4  0      sin*  0       i  \       0 
cos20  sin*0  d9.         ,,     ( ^  1  +  rr« 
2         \    3            l2        o/      10 

[  cos20  +  -  J  +  4^lsin0cos0+  0}> 
\  4/       |6\  / 


57.  Indices  both  Negative. — It  remains  to  consider 
the  case  where  the  indices  of  sin  0  and  cos  0  are  both 
negative. 

Writing  -  m  and  -  n  instead  of  m  and  n,  in  formula  ((7), 
it  becomes 

dO  -  i  n+  iC         dO 


c        dO  -  i n+  i  f 

j  8inmOcosn0  =  (m  + n)'oos>l+iersm'w-ie  +  m  +  nj  sin 
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or,  transposing  and  multiplying  by  -  , 

dO  i  m  +  n  r       dB 


f         dO  ___  i  _     m  +  n  r 

J  sinm0  cosn+20  ~  (»  +  i)  coswtl0  sinm-'0  +  n  +  i  J  sinw0cosn0' 

Again,  if  we  substitute  n  for  w  +  z  in  this,  it  becomes 
dB  i 


/  \  4 

I  *1     —      T   1   Or^B 

if*  1  J  v/Uo 

\  / 

m  +  n-2f a 

n  -  i     J  sin"^  i 


Making  alike  transformation*  in  formula  (J9),  it  becomes 


f-.- 

Jsmw 


0co8"0      (m  -  i)  sin 


m-'        "- 


m  -  i    J  sinm~-0  cosn0' 

In  each  of  these,  one  of  the  indices  is  reduced  by  two 
degrees,  and  consequently,  by  successive  applications  of  the 
formulae,  the  integrals  are  reducible  ultimately  to  those  of 

one  or  other  of  the  forms  — T.  or  - — 7. :   these   have  been 

cos  v       sin  0 

already  integrated  in  Art.   17. 

The  formulae   of  reduction  for   -: — -n  and  ^    are    so 

smn0          oosn0 

important  that  they  are  added  independently,  as  follows : — 


*  It  may  be  oLserved  that  formulae  (S),  (L),  and  (F)  can  be  immediately 
obtained  from  (A),  (C),  and  (E),  by  interchanging  tho  letters  m  and  n,  and 

substituting 0  instead  of  0.     For,  in  this  case,  sin  9,  cos  9,  and  dO,  transform 

into  coi  $>,  sin  <f>,  and  -  dip,  respectively. 
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f   dO sin0  n  -2  f    dd 

Jcosw0  ~  (n  -  ijcos"-^  +  n  -  iJcosn-20' 

r   dO  -cos 9  n  -  2  r    d8 

J  sinn  0  ~  (n  -  i)  sin"-1 0  +  n  •-  i  J  sin"-20' 

It  may  be  here  observed  that,  since  sin20  +  cos20  =  i ,  we 
have  immediately 

f       d9         =  f        d9  f        dO 

J  sinm0  cosn0  "  J  sinw~20  cos"0  +  J  sinmO  cosn-20  ' 

and  a  similar  process  is  applicable  to  the  latter  integrals. 
This  method  is  often  useful  in  elementary  cases. 

EXAMPLES. 

f        dO            fsinOdO      f   dO           I                      0 
l^       i .  —  i i   i  _____  — . i  _Qrr  tan 

Jsin0cos20      J  cos*0       Jsin0      cosfi  2' 

f       dO  temOdO      f 

'•  1      •  j  -    "~    I  "  *  .  ~    ~T    I    ' 


J  sine  cos4  a      J   cos40       J  sine  cos2  0* 
and  is  accordingly  immediately  integrated  by  the  last. 

f   dO  cos0        i  .  9 

3.        I  -^-=7:.  -4«*. r-rr:  +  -  log  tan  -. 

Jsm30  2sm*0      2  z 


,'        dO  i  cos  0       3,  0 

4.        I  ~— — .  „ — -  +  -  log  tan  -. 

J8ins0co820  '     eos0      2sm20      2  2 

58.  Application   of  Method  of  Differentiation. — 

The  formulae  of  reduction  given  in  the  preceding  Articles 
can  also  be  readily  arrived  at  by  direct  differentiation. 
Thus,  for  example,  we  have 

d  /sinOT0\      wsin"*"^     n  sinm"0 

__         i  -  -   -  -.    I    —      '  i  , _  _    • 

and,  consequently, 

J  cosrt+10       ~  n  cosM0      n  J  cos^1 0 
This  result  is  easily  identified  with  formula  (A). 
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Again, 

d 
-JQ  (smw0  cosn0)  =  m  sin"1'^  cosn4l0  -  n  sinm+10  co8nH0. 

If  we  substitute  for  cosn+10  its  equivalent  cos""^  (i  -  sin20), 
we  get 

— =  (sin'"0  cos"0)  =  m  sin™'^  cos""^  -  (M  -f  n)  sinmtl0  cosn~^ ; 
hence  we  get 

fsin-»0  «*«•<*•  =  -  BlnOTgcos>1(>  +  _!!L  f  rfn-'floos*-' Od9, 
J  m  +  n          m  +  nj 

a  result  easily  identified  with  (D). 

The  other  formulae  of  reduction  can  be  readily  obtained 
in  like  manner. 

fffi 

50.  Integration  of  tan"0rf0  and ;.. 

tann0 

These  integrals  may  be  regarded  as  cases  of  the  preceding : 
they  can,  however,  be  arrived  at  in  a  simpler  manner,  as 
follows : — 

Since  tan20  =  sec'0  -  i,  we  have 

[  tanw0(/0  =  [  tan"-20  (seo'0  -  i)  dO  =  [  tann-?0  d  (tan  0) 

-  f  tan«-'0  dO  =  t-^-0  -  f  tan"-20  dB.     (10) 

J  n  -  i      J 

By  aid  of  this  formula  we  have,  at  once, 

f  fnn"-^       fnnn"3fl       fnnn~!fl 

f  i         .,  n     7/1         LHI1        v          IU11        V          Ittll        "          p  /        \ 

tan"0  dO  = + &o.          (i  i) 

J  n  -  i        w-3        w-5 

(i.)  If  n  =  2r  +  i,  the  last  term  is  easily  seen  to  be 

(-  i  ^  log  (cos  0). 
(2.)  If  n  =  2r,  the  two  last  terms  may  be  represented 

by  (-  i)r+I(tan0-0). 
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In  a  similar  manner  we  have 

r  do  =  fBccwe  _  r  do    =      -  i       _  r   <io    , 

}  tan"0  ~  J  ~tau"0       J  tan'"20  ~  (« -  i)  tan"-1 6     J  tan"-20'  v 


EXAMPLES. 
-      i 


tnn30 

tan40  dd,  Ans. tan  0  +  0. 

3 


{ 


cot*0  rftf.  „     --  -I-  cot  0  +  0. 


60.  Trigonometrical  Transformations.  —  Many  ele- 
mentary integrations  are  immediately  reducible  to  one  or 
other  of  the  preceding  formulae  of  reduction  fey  aid  of  the 
transformations  given  in  Art.  26.  For  example,  if  we 

assume  #  =  a  tan  0,  the  expression  -  -  transforms  into 

(a1  +  a;2)5 
BinmO  cosn~m~20rf0  (neglecting  a  constant  multiplier). 

In  like  manner,  the  substitution  of  a  sin  0  for  x  trans- 


forms  the  expression   -      -  into  -  r^  -  :  and,  if 
(a«  _  gff  eosrl6 

a  ,,  xmdx  ,         .  .    cosn-m-*0de 

x  =  a  sec  0,  the  expression  -  -  transforms  into  -  :  —  r^— 

(x*-c?}l  sm"-^ 

(neglecting  the  conbtant  multiplier)  . 

A  similar  transformation  may  be  applied  in  other  cases. 

o?*dx 

For  example,  to  find  the  integral  of  -.  —  :  -  rr,  ; 

(2ax  -  x*}* 

let  x  =  20,  sin20,  then  dx  =  4«  sin  0  cos  0  d6, 

and  the  transformed  integral  is 


accordingly  the  formula  of  reduction  is  the  same  as  that  in  (5)  ; 
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EXAMPLES. 


f     x*dx 

An*   l   '  3  sin-la:-*^ 

I  -a;2  . 

f        dx 

2  .  4 

g            U   1   *x  )• 

'loc'-^1-' 

?      V/  1  -  a? 

f       * 

"     210g            « 

* 

2a?      ' 
a;3 

J  (a»  +  *»)!' 

"    a*  (a*  +  a;2)*      3<»« 
-*1       ,3/ 

(«2  +  »«)|' 

f      x*dx 

—   f2/I*          T^M    1  * 

J  (tax  -  «:»)»*  \2       2  /       * 

The  integrals  considered  in  this  Article  admit  also  of 
a  more  direct  treatment.  We  shall  commence  with  the 
following : — 

#"*  da 
61.  Cnses  in  which  -          — -  is  immediately  inte- 

grahlc.  (a  +  ca?}* 

We  have  seen,  in  Art.  48,  that  the  proposed  expression  is 
integrable  immediately  when  in  is  an  odd  positive  integer. 

Again,  when  m  is  an  even  integer,  if  we  assume  a  +  ex* 
=  a?2  «2,  the  transformed  exprosssion  is 


This  is  immediately  integrable  when  n  -  m  -  i  is  even 
and  positive,  i.e.  when  m  is  either  an  even  negative  integer, 
or  an  even  positive  integer,  less  than  n  -  i. 

»-» 

dx          ,  (2*  -  c)  2  dz 

For  example,    ;    becomes  -  •* — ,.,          ,     and 

(«+«*')'  flT>4 

accordingly   is   always   integrable  by  this  transformation, 
since  n  is  an  odd  integer,  by  hypothesis. 


Binomial  Differentials.  76 

EXAMPLES. 

Jdx                                               x         (          ex*      ) 
:.  -Ans.  -r- —  jl — J. 
(«  +  «»»)*                                     W\*+-mW\      3(«  +  w2)) 

^(a  +  cxrf'  '     a2  (a  +  C*2)1   13      5(«+'*2)> 

3-        I  «•  »»    ""  jT* 

3  (a"-  +  a;2)5  3  («2  +  «*)a 

f         dx 

J  a^  (a  +  e*2/ 

The  differentials  considered  in  this  Article  are  cases  of  a 
more  general  class  called  binomial  differentials. 

62.  Binomial  Differentials. — Expressions  of  the  form 


in  which  m,  n,  p  denote  any  numbers,  positive,  negative,  or 
fractional,  are  called  Binomial  Differentials. 

Such  expressions  can  be  immediately  integrated  in  two 
cases,  which  we  proceed  to  determine  by  transformations 
analogous  to  those  adopted  in  the  preceding  Article: — 

(i).  Let        a  4  baf1  =  z  ;  then  x  =  " 

i  _ 

i  fz  -  a\n   l 

and  ax  =  —=•[  —=—        dz ; 

nb  \    b    J 


hence         xm(a  +  bxn)pdx  = 


Consequently,  whenever  -  is  a  positive  integer,  the 

TV 

transformed  expression  is  immediately  integrable   after  ex- 
pansion by  the  Binomial  Theorem. 
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(2).  Again,   if  we  substitute  -  for  x,  the  differential 

becomes 

-  if*p-™-*(ay»  +  by  dy. 

This  is   immediately  integrable,   as    in   the  preceding 

-  (np+m+  i)  . 
ease,  whenever  -  -  is  a  positive  integer  ;  i.  e.  when 


+  p  is  a  negative  integer.     In  this  latter  case  the  inte- 


gration is  effected  by  the  substitution  of  s  for  oar"  +  b. 

EXAMPLES. 


(r  +*»)»* 

dx 


Jdx 
(I7^i 

Jdx 
w^> 

••  i 


When  neither  of  the  preceding  processes  is  applicable,  the 
expression,  if;;  be  a  fractional  index,  is,  in  general,  incapable 
of  integration  in  a  finite  number  of  terms.  Before  proceed- 
ing with  this  investigation  we  shall  discuss  a  few  simple 
forms  of  integration  by  reduction,  involving  transcendental 
functions. 

63.  Redaction  of  emrxndz, 

where  n  is  an  integer. 

Integrating  by  parts,  we  have 

„   f 

(13) 


m        m 


By  successive  applications  of  this  formula  the  integral 

(emx 
emx  dx,  i.  e.  on  —  . 
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femx 
Again,  to  find    —  dx. 

Assuming  u  =  emx,  v  =  -. T^TIJ   an(^  integrating  by 

parts,  we  have 

femxdx_      -  emx  m    Cemxdx 

J    a?      =  (n-  i)xn~l  +  n-  J  xn'1  ' 

By  means  of  this  the  integral  is  reduced  to  depend  on 

femxdx 
j     x 

The  value  of  this  integral  cannot  be  obtained  in  a  finite 
form ;  it  however  may  be  exhibited  in  the  shape  of  an 
infinite  series  ;  for,  expanding  emx  and  integrating  each  term 
separately,  we  have 

(emxdx      .  mx      mzx*         m3a? 

=  log  x  +  —  + + +  &o.         (15) 

J     x  i        i .  22      i  .  2  . 32 

The  integral  of  axxndx  is  immediately  reducible  to  the 
preceding,  since  a*  =  e*10&a.  Consequently,  by  the  substitu- 
tion of  log  a  for  m  in  (13)  and  (14),  we  obtain  the  formulae 
of  reduction  for 

f  (a* 

a*x"  dx  and    —  dx. 
J  Jarn 

In  like  manner  we  have  immediately 

64.   Reduction  of      [xm  (log*) n dx. 

Let  y  =  log  a;,  and  the  integral  reduces  to  that  discussed 
in  the  last  Article. 

The  formula  of  reduction  is 

xm  (log  x]ndx  = — —— xm  (log  x)*~ldx.       (17) 

J  m+  i          m +  i  J       v    ' 
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EXAMPLES. 

1.  \x*i«*dx.  Ant.  —  [a?  --x*  +^-V^  X-  3  '  V  '{. 
J  a  (         a  a*  a3      ) 

2.  J*3(log*)«*r.  „    ^(log^-l^  +  ij. 

Jfdx  «•(  i         i         l\  i       (e'dx 

-*"'  "   ~Tf^+^  +  5ij  +  ri77J"7~< 

65.  Redaction  of        fa?  cos  ax  dx. 

</     . 

.      a?  Bin  ax     n  f         . 

Here       #n  cos  rtiraa;  =  -  -^-  ---    a;""1  sm  rante  ; 
J  a  a]  -^ 

again  y-     v 

f  ,  ,   .  a^1-1  cos  or     n  -  i  f  M2  , 

a?1'1  sm  ax  dx  =  --  +  -    «w~2  cos  «a;  dx, 
J  a  (f     J 

hence 

f  ,  a;""1  («a?  sin  ax  +  n  cos  ax]      »(n-i)f     , 

^008^^=  -  --  -  —  =—  '  •  \xn-*coBaxdx. 

)  a2  a*     J 

The  formula  of  reduction  for  x"  sin  axdx  can  be  obtained 
in  like  manner. 

Again,  if  we  substitute  y  for  sin'1  .r,  the  integral 

/(sin~'^)ncte 
transforms  into 


and  accordingly  its  value  can  be  found  by  the  preceding 
formula. 

EXAMPLES. 
r.       I  a?  cos  xdx.     Am.  as8  sin  z  +  3**  cos  x  -  3  .  2  .  *  Bin  x  -  3  .  2  .  i  .  cos  x. 

2.       I  x4  sin  £<fe. 
^m.  -  a*  cos*  -f  4*?  sin  a:  +  4  .  3  .a;2  cos*-  4.  3  .  3  .  a;  sin*-  4  .  3  .2  .  i  .  cos* 
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66.  Reduction  of    JV*  coana;<&;. 
Integrating  by  parts,  we  get 

,  0L  *~  flu         V 

cosna;  eax     n  f 

eax  oosTxdx  =  +  -   ea*-Qosn-lx  sina?c?a?. 

J  a          a] 

j.  Again, 

I  e?x  cos^a?  sin  xcfo 


*"i/j«  giTi  ;u     i  r 

_  ---    gar-  {cos*1  a?  -  (n  -  l)  C08n-23?8m?#W/;r 

a  aJ 

-  i)  f  «  f 

r2   eax  coBn-*zdx  -  -\e"x  cosw  xdv  : 
a      J  a) 


eax  cos^1^  sin  a; 


a 
substituting,  and  solving  for  \eax  cosnxdx,  we  get 

f  n       _  eax  coan~lx  (a  cos  x  +  n  sin  x) 

J  «3  +  w2 

w (n  —  i)  f 

H — : 1  e°*  C08"~  xdx.  ( 1 8} 

a2  +  nz  J 

The  form  of  reduction  for  eux  sinna?da;  can  be  obtained  in 
like  manner. 

67.  Reduction  of    J  cos*" a;  sin  nxdx. 
Integrating  by  parts,  we  get 

cos"*aj  cos  nx     m  f 

cos^a?  sin  nxdx  = cosm~Ja;  cos  nx  sin  xdx : 

J  n  nj 

replacing  cos  nx  sin  x  by  sin  nx  cos  x  -  sin  (n  -  i )  x,  after  one 
or  two  simple  transformations  we  get 

fcosma;  cos  nx 
coamx sin  nxdx  =  - 


m  +  n 


f 

+ cosm~1a;sin(tt  -  i)  xdx.  (19) 

m  +  nJ 

The  mode  of  reduction  for  cos™ a;  cos  nxdx,  sinm#  cos  nxdx, 
and  sinma:  sin  nxdx  can  be  easily  found  in  like  manner. 
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EXAMPLES. 

> 

Itf"  sin  x       , 
e"  8in**<f*.  Ana. —  (a  sin*  -  2  cos*)  + 

4  +  «^ 

i.  .    ,           cos2*  cos  43  cos  x .  cos  3*  cos  2* 
cos1*  sin  4*d*.      „ — — . 
6         12       24 

Ir* 
r*  cos2*<f*.         „ (cos2*  -  sin  2*  +  2). 

68.  Reduction  by  Differentiation. — "We  shall  now 
return  to  the  discussion  of  the  integrals  already  considered  in 
Arts.  60  and  61 ;  and  commence  with  the  reduction  of  the 

#"*  dx 

expression  -. ^-r.     This,  as  well  as  other  formula?  of  re- 

(rt  +  ex*)* 

duction  of  the  same  type,  is  best  investigated  by  the  aid  of  a 
previous  differentiation. 
Thus  we  have 


— 
dx 


\  =  (m  -  i  )*"•*  (a  4 
} 


(m  -  i)  a™"2  (a  +  ex*)  +  ex™ 
(a 


(m  —  i)  «^'~*        mcxm 


hence,  transposing  and  integrating,  we  obtain 

f     tfndx        xm~1(a+  cxz)*      (m  -  i)af   xm~*dx 
}(a  +  ca?2)4  me  me       ]  (a  +  ex2)*' 

By  this  formula  the  integral  is  reduced  to  one  or  more 
dimensions ;  and  by  repetition  of  the  same  process  the  ex- 
pression can  be  always  integrated  when  m  is  a  positive 
integer. 

The  formula  (20)  evidently  holds  whether  m  be  positive 


Jx™  dx 
1  -  -»\='  81 

(a  +  ex*}" 

or  negative  ;  accordingly,  if  we  change  m  into  -  (m  -  2),  we 
obtain,  after  transposing  and  dividing, 

dx  (a  +  ex*}*        (m-2)cC         dx 

'         ' 


xm(a  +  cx^~     (m-i}axm~l      (m  - 
69.  Hlore  generally,  we  have 

—  {xm~l  (a  +  cx*)n}  =  (m  -  i)xm~z  (a  +  cx*)n  +  2ncxm  (a  +  cx*}n~l 

=  (a  +  car5)"'1  {  (m  -  i  )axm~2  +  (m  +  2n  -  i)  cxm]  . 

"  1a  +  g^n 


(a 


2n- 


(m  +  2n- 


(a  +  cx^dx.      (22} 


Consequently,  when  m  is  positive  the  integral  can  be 
reduced  to  one  lower  by  two  degrees.  If  m  be  negative, 
the  formula  can  be  transformed  as  in  the  preceding  Article, 
and  the  integration  reduced  two  degrees. 

We  next  proceed  to  consider  the  case  where  n  is  negative. 

(xm  dx 
-.  -  rr-. 
(a  +  cxz)n 

m  and  n  being  both  positive. 

xmdx          f  xdx 


IT 


_  f  M  ! 
~r    '  (a 

r        {EcJ/'vG 

Let  xm-1  =  M,  and       ,  -  rr-  =  v, 
J  (a  +  cx*)n 


2(n-  i)o(a  +  ex*)"-1       ' 
and  we  get 

f    xmdx         __  ~xm~l  _         m  -  1     f    xm~*dx 
"  2\n-i)c(a  i-cx*)"-1  +  2~(n  -  i)cj  (a  +  ex*)"'1' 
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By  successive  applications  of  this  form  the  integral  admits 
of  being  reduced  to  another  of  a  simpler  shape.  We  are  not 
able,  however,  to  find  the  complete  integral  by  this  formula, 

unless  when  n  is  either  an  integer,  or  is  of  the  form  -,  where 
r  is  an  integer. 

71.  Reduction  of 


f  2bx  + 
By  differentiation,  wo  have 


d 

—  (xm'l(a  +  2bx  +  or2)*}  =  (m  - 

uX 

af-^b  +  cx)        (m-  i)c 

i)^"*  (a  +  2bx  +  i 
<xm-~  +  (2m-  i)  bx' 

*~1  +  mcx™ 

(a  +  2bx+cx*)b 
f        o^dx             t 

(a+  2bx  +  cx*)l 
p"*'1  (a  +  2bx  +  cx^ 

\ 

.  • 
(•* 

(2w-i)Jf       x™~ldx            (n 

me 
i-  i)af       (tF^dz 

me      J  (a+  2bx  -f  cx-}^ 

me      )(a  +  2bx  + 

2\j'      v 

This  furnislies  the  formula  of  reduction  for  this  case  :  by 
successive  applications  of  it  the  integral  depends  ultimately 
on  those  of 

xdx  dx 

and 


(a  +  2bx  +  e#*)i          (a  +  2  bx  +  cx^)^' 

These  have  been  determined  already  in  Arts.  9  and  12. 

dx 

Again,  the  integral  of  —  ;  -  \       —^-,  can  be  reduced  to 
xm(a+  1 


the  preceding  form  by  making  x  =  -. 
72.   The  more  general  integral 


(a  +  2bx  +  cx*)n 
admits  of  being  treated  in  like  manner. 
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J (a  +  2bx 


For  if  a  +  ibx  +  c&  be  represented  by  T,  we  have,  by 
differentiation, 


<L  (—  \  - 

~ 


\  J*V  ~        Tn~l  Tn 

(m  -  1)0?"-*  (a  +  2bx  +  ex*)  -  2  (n  -  i}xm~l  (b  +  ex) 


(m -  i)  oo^1"2      2b(m  -  n)  xm~l      (2n  -  m  -  i)  cxn 


Hence,  we  get  the  formula  of  reduction 

Jx™  dx  _  -  xm~l  2  (m  -n)b    f  xm~l  dx 

*~T»  =  (2n-m-i}cTn~l  +  (2n-m-i}c\    Tn 

(*M      -            T    1    ff                  \      /y*Wl— 2  /'/•y* 
m       l>a       \x S        (zrt 

(211  -  m  -  iW        7f»    '      ^  5^ 
\4iii       nil  —  i  j  v  j      j. 

Xm  dx 

By  aid  of  this,  the  integral  of  ,  when  ?w  is  a  positive 
integer,  is  made  to  depend  on  those  of  -=^  and  -=^.  Again, 
it  is  easily  seen  that  the  integral  of  -^  is  reduced  to  that  of 


dx  £ 
for 


Jx  dx  _  i  f  (b  +  cx}dx      b  f  dx 
rjift          ~   I  'T^w  •  /»  I  'T^w 

V  •/ 

»  7i    I      y*7/*« 

(26) 


-  i  b  f  dx 

2(n-  i)cT»-1  "  ~c]  ~Tn' 
[6  a] 
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f  dx 

73.  Reduction  of  |  ,_  .   .,.    .   „,. 

In  order  to  reduce    -=-,  we  have  . 


dx 

TJT, 

7" 


d  fb+c£\  _    c       2n (b  +  ex)* 
—^)  =  Y»~       Tn" 

c       2n(ac-b*)      2nc     2n(ac-b*}      (211- 


f  dx  b  +  ex  (211  -  i}c  f  dx 

Hence        J  ^  =  2n(ac-Vi)T*  +  2n(ac  -  b*)  I  T»'          ^ 

By  aid  of  this  formula  of  reduction  the  integral  of  -=^  can 
be  found  whenever  n  is  an  integer,  or  when  it  is  of  the  form 
-  (r  being  an  integer) . 

C          dx  /"  d* 

74.   Reduction  of       -. ; —, 

J  (a  +  b  cos  a-)"'  J    U~ 

when  n  is  a  positive  integer. 


T   L  TT  j  it,  .    .  U  -  a 

L/et  U=  a  +  b  cos  x.  then  —^  =  -  b  sm  a?,  cos  a;  =  — = — 

dx  b 

Again,  by  difforentiajion, 
siuar       cos  a;       n- 


dx  I  U»-         U»-  Un 

_  cosx      (n-  i)b      (n  -  i)b  cos8*  ^ 

Bubst  tute  — r —  for  cos  x  in  the  numerators  of  these  fractious, 
0 

and  we  get 

d  (sin a;)          i  a         (n-i)b      n  -  i      2(n-  i)a 

dx  ( U"-1}  =  bU"-*  ~  bU"~l  +       Un         bU"-*  +     bU^1 
(n  -  i)a2  _  -  (n  -  2)      (211  -  3)3      (n-  i)(dl=rb*) 
bW~        bU"-*     +     bUn~l  ~bU"         ' 


Jdx 
7 ; r*»  85 

(a  +  bcosx)" 

Hence,  transposing  and  integrating,  we  get 

(dx  -bsinx  (211  -  3)^       f  dx 

U*  =  (n-  i)(a'-62)CrB-1  +  (n  -  i )  («2  -  b*)  J  ~U^ 

n  -  2         t  dx  .     . 

*13' 


By  this  formula  the  proposed  integral  can  be  reduced  to 
depend  on 

dx 


cos  « 


the  value  of  which  has  been  found  in  Art.  18. 

75.  The  integral  considered  in  the  last  Article  can  also 
be  found  by  aid  of  a  transformation,  whenever  a  is  greater 
than  6,  as  follows  :— 

dx  dx 


(a  +  b  cos  x\*      (,       ,v       2  x     ,       i\  •  »*) 
I  (a  +  b)  cos2  -  +  (a  -  b)  sm2-| 

Cg,\U 
I  +  tan2  -  ]  dx 
2) 


(t*  f\n      /  flj\* 

A  cos-  -  +  I?  sin2  -  )       (A  +  B  tan2  - 
2  2)         \  2j 

(where  A  =  a  +  5,  B  =  a  -  b).       .    • 
Next,  assume  tan  -  =    /-^-  tan  <£,  then 

f  i  +  tan2  -  j  dx  =  2    I—  (i  +  tan2^) cfy  : 
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and  we  get 


aj\*  /      A 

tan8-  \  dx  r-j  (  i  +  — 

2/  «    i-4  \       f* 


-*  'B 


Hence,  replacing  A  and  ^  by  a  +  b  and  a  -  ft,  we  get 
dx  fa-  b  oos  2<>"-1  d<> 


When  n  is  a  positive  integer,  the  integral  at  the  right- 
hand  side  can  be  found  by  expanding  (a  -  b  cos  2^>)n~1,  and 
integrating  each  term  separately  by  formula  (4). 

Again,  if  in  (29)  we  make  b  =  a  cos  a,  and  2  <f>  =  y,  we 
obtain 

)n-ldy,    (30) 


where  tan  -  »  tan  -  tan  -. 

2  22 

Hence,  if  we  take  o  and  -  as  limits  for  x.  we  have 

2 


•  * 

f* 

J  o 


;  -  ;       .  ,„  i 
(  i  +  cos  a  cos  x}*     sin2"'1* 


a      ^<z-  ^ 

/ 
i  -  cosa 


76.  Integration  of  - 

0 

We  shall  conclude  this  Chapter  with  the  discussion  of  the 
above  form,  where /(a?)  and  $(x)  are  supposed  rational  alge- 
braic functions  of  x. 

If /(*)  be  of  higher  dimensions  than  ^(#),  the  fraction 
may  be  written  in  the  form 

f(x]  R 
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$  (x}  </a  +  2\>x  +  co? 

Again,  since  Q  is  of  the  ioimp  +  qx  +  rx*  +  &o.,  the  inte- 
gration of  —  •  —  can  be  found  by  the  method  of 

i/a  +  zbx  +  ex* 
Art.  71. 

R 

The  fraction  — r-r  can  be  decomposed  by  the  method  of 
Afflf) 

partial  fractions  (Chap.  II.).     To  any  root  a,  which  is  not  a 
multiple  root,  corresponds  a  term  of  the  form  -   — ,  and  the 

•C  ™~  Gt 

corresponding  term  in  the  expression  under  discussion  is 


(a?  -  o)  \/a  +  2bx  +  ca? 

The  method  of  integration  of  this  has  been  given  in  Art.  13. 
Next,  to  a  multiple  root  correspond  terms  of  the  form 

Bdx 


(x  -  CLf*a  +  2bx  +  ex* 

This  is  reducible  to  the  form  of  Art.  71  on  making 
x  -  a  =  -.  Again,  to  a  pair  of  imaginary  roots  corresponds 
an  expression  of  the  form 

(fa  +  m)dx  _ 
{  (x  -  of  +  /32  }  -/a  +  2bx  +  ex* 

If  a  be  substituted  for  x  -  o,  the  transformed  expression 
may  be  written 

(Lz  +  M)  dz  __ 


where  L,  M,  A,  B,  C,  are  constants. 

To  integrate  this  form  ;  assume*  2  =  /3  tan  (9  +  7),  where 

*  For  this  simple  method  of  determining  the  integral  in  question  I  am 
indebted  to  Mr.  Cathcart. 
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0  is  a  new  variable,  and  7  an  arbitrary  constant,  and  the 
transformed  expression  is 

(£/3  sin  (0  +  7)  +  M cos  (0  +  y}\dO 

/3/ Aco^lB >  +  7)  +  2 J?/3  cos(0  +  7)  sin  (0  +  7)  +  Cp  sin' (0  +  7) ' 

Again,   tlio  expression  under  the  square  root   is   easily 
transformed  into 

+  Oft*  +  (A- Op)  cos  2(6  +  7)  +  27?/3  sin  2(6  +  y}} 
+  Cp*  +  cos  20  {(^4  -  (7/3J)  cos  27  +  2.E/3  sin  27} 

+  sin  20  {2#j3  cos  27  -  (A  -  <7/32)  sin  lyM. 

Moreover,  since  y  is  perfectly  arbitrary,  it  may  be  assumed 
so  as  to  satisfy  the  equation 

2.B/3  cos  27  -  (A  -  <7/3a)  sin  27  =  o,  or  tan  27  =     .  _  ^  „  : 

and  consequently  the  proposed  expression  is  reducible  to  the 
form 

(.Z/GOS0  +  M'  BinO)d9 

</P  +  Q  COS  20 

(in  which  L',  M',  P  and  Q  are  constants),  or 


each  of  which  is  immediately  integrable. 
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EXAMPLES. 


I.        I  cos80  sin  20^/0.      Ans. cos60. 


J 

5 

2. 

1  sin20  coss0rf0. 

sins0      sin'0 

3- 

1  sin50  cos'0</0. 

»     -^{C°82* 

2                      I                ) 

COS3  20  +  -  COS5  205. 

3               J            ) 

4- 

rcOS«0rf0 

COS30 

,.,    +  cos  0 

+  log  (tan-J. 

J    sin0 

5- 

rcos*0<?0 

,,       fc08S0--CO 

)i         ^               /0\ 

J    sin3fl  " 

.        —  —  loff  tan  [  —  ]  . 
sin^0      2               \2/ 

6. 

Jdx 

(4.2          4 

\         x 

(l  +  s2)*' 

5-3         3 

r//,  +a;2)i' 

8.       I  «-«cos8x^. 


„     —  { 3  (sin  x  —  cos  ar)  +  cos2  x  (3  sin  a;  -cos  x)  { 
lo  I  ) 

f          d°         -  A  B  f  -      d° 

}  sin"'  6  cos"  0  ~  sin"1"1  Q  cos"'1 0  J  sin"1'2  &  cos"  fl' 


determine  the  values  of  A  and  B  by  differentiation. 

[«2  —  c?)d 
(*2  +  «2)a 


'0<      J    (a;2  +  a2)3  ' 


{sin20  dO  0 

^ — .  Am.  2  tan  -  -  0. 

(I+COS0)2  2 

12.  Prove  that  the  integral  I —  transforms  into  2m'n*1    I 

where  0  =  2*. 
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dx 


-isin*  aa  ,(/«-*\'        *) 

Ann,   —  —  —  -  -  -  -  -  4.  -  -  tan-1  \(  -   -  )   tun  -f  . 
(a3  -  A*)(a  +  b  cos  *)      ^2  _  j«)5  (  \a  +  b)          j  J 

e 

t      coaOdO  5  sine  8  I   &U  2\ 

14.  I  ;  -      —  rrv        ^»«.  -  .  -  -  --  tan-1  1  —  ). 
J  (5  +  4  cos  0)3  9      5  +  4  cos  0      17  \    3    / 

15.  I  (sin'1*)4  dx  =  x  {(sin"1*)4  -4.3.  (sin-1^)8  +4.3.1.1} 


-  x»  sin"1* {(sin'1*)8  -3.2}. 

/(cos  x)  dx 

ID.  Prove  by  Art.  74.  that  any  expression  of  the  form  -^ — j — - — r-  is 

(a  +  b  cos  *)" 

capable  of  being  integrated  when  /(cos  x)  consists  of  integral  powers  of  COB  x. 
17.  Show,  in  like  manner,  that  the  expression 

/(cos*,  sin  x)dx 
(a  +  b  cos  *)" 

can  he  integrated  when  /(cos  *  sin  x)  consists  only  of  integral  powers  of  cos  * 
and  sin  «. 

Ig.        T,        .        (4  +  * 


a  +  bx  +  ex* 
find  the  values  of  P,  Q,  and  R. 

(a  -  V)  sin  aft 


(a  cos?  0  +  *  sin*  «)»*  a  (oA)*  4  («6)8 

where  tan  ft  =    /*  tan  0. 

*  ao.  Find  the  values  of  n  for  which  f  .     -  is  integrable  in  finite 

J  <y  a*»  -  *2» 
terms. 

21.  Prove  that 

—  =.  i      .     f    (i  -  cos  a  cos  y)*~ldy. 

0  (i  +  cos  a  cos  a;)"      sin2"'1  a  J  o  v 


CHAPTER  IV. 

INTEGRATION    BY   RATIONALIZATION. 

77.  Integration  of  monomials.  —  If  an  algebraic  expres- 
sion contain  fractional  powers  of  the  variable  x  it  can 
evidently  be  rendered  rational  by  assuming  x  =  zn,  where  n 
is  the  least  common  multiple  of  the  denominators  of  the 
several  fractional  powers.  By  this  means  the  integration  of 
such  expressions  is  reduced  to  that  of  rational  functions. 
For  example,  to  find 

f  (i  +  x*)dx 
}     i  +a£ 

Let  x  =  a4,  and  the  transformed  expression  is 
g3(i 


fg3(i  +&) 
J      i+*° 
n 

-  2  log  ( 


Consequently  the  value  of  the  integral  is 
-  +  2x*  -  4#* 

i 

Again,  any  algebraic  expression  containing  integral 
powers  of  x  along  with  irrational  powers  of  an  expression 
of  the  form  a  +  bx  is  immediately  reduced  to  the  preceding, 
by  the  substitution  of  z  f  or  a  +  bx. 

EXAMPLES. 


x  -  i  5-7 

xdx  2   (2fl  +  bx) 


f 
3. 

J 


dx  /  -  ?       a 

tan 


,- 
V  3  »        y  3 
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78.  Rationalization  of  F(x,  ^/a  +  2bx  +  cx*)dx.  It 
has  been  observed  (Art.  28)  that  the  integration,  in  a  finite 
form  of  irrational  expressions  containing  powers  of  x  beyond 
the  second,  is  in  general  impossible  without  introducing  new 
transcendental  functions.  We  shall  accordingly  restrict  our 
investigation  to  the  case  of  an  algebraic  function  containing 
a  single  radical  of  the  form  v/rt  +  2bx  +  ex*,  where  <J,  bt  c  are 
any  constants,  positive  or  negative. 

Integrals  of  this  form  have  been  already  treated  by  the 
method  of  Reduction  (Art.  76).  We  shall  discuss  them  here 
by  the  method  of  rationalization. 

•e  fx\  flx 

The  expression*   —7-7     ,  can  be  made   ra- 


tional  in   several  ways,   which  we  propose  to   consider  in 
order  :  — 

(i).  Assume        */a  +  2bx  +  ex3  =  *  -  x  y^.    —  \T'  ^(H) 


Then  a  +  2bx  -  z*  -  2xz  */c ;  .'.  bdx  =  zdz  -  v/c  (xdz  +  zdx), 

j^— '  ^ 

or          dx(b  +  z  */c)  =  dz  (z  -  x  </c)  =  dz  v/a  +  2bx  +  ex* ; 

dx  dz 


a  +  2bx  +  cx*     b  +  z 
z*-a 


A  i 

Als° 


This  substitution  obviously  renders  the  proposed  ex- 
pression rational  ;  and  its  integration  is  reducible  to  that  of 
the  class  considered  in  Chapter  II. 


*  It  will  be  shown  subsequently  that  the  integration  of  all  expressions  of 

the  form  

I(x,  */a  +  ibx  -f  ex*)  dx 

is  reducible  to  that  of  the  above  when  F  is  a  rational  algebraic  function. 

It  may  also  be  observed  that,  in  general,  the  moat  expeditious  method  of  in- 
tegration in  practice  is  that  of  successive  Reduction  (Arts.  71,  72,  76). 
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When  b  =  o,  we  get 

dx  dz  z*  -  a  . 

=,  and  x  =  -  — ^z.  (see  Art.  9). 
c#* 


By  aid  of  the  preceding  Bubstitution  the  expression 
dx 


transforms  into 


(x  -  p)  «y/a  +  2bx  +  ex9 
dz 


(Art.  13) 


For  example,  to  find 

J 


9     ^»    T 

Here    x  = .  and 

22 


-  2zp  -yc  -  a  -  2pb 


(p  +  qx)  -v/  1 


f  dx  i        .. 

—  -7  =  —  log 


/ 

g*  +  p  +  v  ^2  +  <? 

When  the  coefficient  c  is  negative  the  preceding  method 
introduces  imaginaries :  we  proceed  to  other  transformations 
in  which  they  are  avoided. 

(2).  Assume*       \/a  +  2bx  +  ctf_=^fa_±jcz^  (4) 

Squaring  both  sides,  we  get  immediately 
2b  +  ex  =  22  \/a  +  xz* ; 
.*.  dx(c  -  sa)  =  2dz(\/a+  xz]  =  2dz'\/a  +  2bx  +  ex9. 

.„  dx  2dz 

Hence  =  = .  (5) 

c-z* 


*  This  is  reducible  to  the  preceding,  by  changing  x  into  -,  and  then  em- 
ploying the  former  transformation. 
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And  x  = \    *       '.  (6) 


C  -** 


This   substitution   also  evidently  renders  the  proposed 
expression  rational,  provided  a  be  positive. 
For  example,  to  find 

dx 


x* 
Assume  \i  -  x*  =  i  -  xz,  and  we  get 


f       «»  f<&     .  ,      /i-\ 

/—  =  -    —  =  logs  =  log    -  . 

jx^/i  -x*     j  &  &\         x         J 

(3).  Again,  when  the  roots  of  a  +  2bx  +  cm?  are  real,  there 
is  another  method  of  transformation. 

For,  let  a  and  )3  be  the  roots,  and  the  radical  becomes 
of  the  form 


*/c(x-a)(x  -0), 


or 


according  as  the  coefficient  of  a;2  is  positive  or  negative. 

In  the  former  case,  assume  */x  -  o  =  »  */x  -  |3,  and  we 
get 


x  =  -    £y ;  hence  x  -  (3 

x  —  <•  *•  —  f~/         »   —  • 

x7/K  t  /?9 

(7) 


1  -S?    '  "'          I  -Z»       '   3-/3        I  - 

Accordingly 

t£r  (fa!  2       as 


In  the  latter  case,  let  -v/#  -  a  =  2  v/3  -  ^>  and  we 


and  -—- «  — p .  (8) 


Rationalization  of  F(x,  \/a  +  2bx  +  cx^dx.  95 

For  example,  the  integral 

dx 


f 

j 


transforms  into 


](p+ 


on  making  x  =  — . 


The  student  can  compare  this  method  of  integrating  the 
preceding  example  with  that  of  Art.  13,  and  he  will  find  no 
difficulty  in  identifying  the  results. 

It  may  be  observed  that  in  the  application  of  the  fore- 
going methods  it  is  advisable  that  the  student  should  in  each 
case  select  whichever  method  avoids  the  introduction  of 
imaginaries. 

Thus,  as  already  observed,  the  first  should  be  em- 
ployed only  when  c  is  positive :  in  like  manner,  the  second 
requires  a  to  be  positive;  and  the  third,  that  the  roots 
be  real. 

It  is  easily  seen  that  when  a  and  c  are  both  negative,  the 
roots  must  be  real ;  for  the  expression 


-  a  +  2ox  -  cx*,  or 


/ 
^i 


~  ac  ~  (cx 


is  imaginary  for  all  real  values  of  x  unless  bz  -  ac  is  positive  ; 
i.e.  unless  the  roots  are  real. 

Accordingly,  the  third  method  is  always  applicable  when 
the  other  two  fail. 

From  the  preceding  investigation  it  follows  that  the 
expression 


can  be  always  rationalized  ;  F  denoting  a  rational  algebraic 
function  of  x  and  of  \/a  +  ibx  +  ctf. 
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EXAMPLES. 


'(2  + 


Ant.  — -^  log 


(2+3*)v/4-**  4V/2 

dx 
[(a*  +  «a)i  +  ar]l' 

Assume  z  =  (a*  +  a:1)*  +  *,  and  we  get  for  the  value  of  the  proposed  integral 


/ 

.        I  <fj;  V 

.       f  *"»{(« 


x  +  </  2 


Mating  the  same  assumption  as  in  Ex.  2,  the  transformed  expression  is 
(g«  -  a2)"*  (a?  +zz)jlz 

2«i+l  2»»-n*2  ' 

which  is  immediately  integrahle  when  w  is  a  positive  integer. 


f 
>       J 


dx  [(i  +  x*)i  +  g]»tl      [(i  +  s 


s 


_  dx^  _ 
•/a  +  2bx  +  ex*  (\/a  +  zbx  +  ex3  ±  x*/~f)*' 


Let  \/a  +  zia;  +  ex*  ±  x  \/e  =  z,  then,  as  in  Art.  78,  we  get 
dx  dz 


hence  the  proposed  expression  transforms  into 

dz 


—  ;  .-.  &c. 

z»(b±  zy  c) 
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79.  General  Investigation.  —  The  following  more 
general  investigation  may  be  worthy  of  the  notice  of  the 
student. 

Let  R  denote  the  quadratic  expression  a  +  2bx  +  ex1  ; 
then,  since  jthe  even  powers  of  \/  11  are  rational,  and  the  odd 
contain  vR  as  a  factor,  any  rational  algebraic  function  of  x 
and  of  </R  can  evidently  be  reduced  to  the  form 

P  +  Q-/R 


where  P,  Q,  P',  Q'  are  rational  algebraic  functions  of  x. 

On  multiplying  the  numerator  and  denominator  of  this 
fraction  by  the  complementary  surd  P'  -  Qf  \/R,  the  deno- 
minator becomes  rational,  and  the  resulting  expression  may 
be  written  in  the  form 


where  M  and  N  are  rational  functions. 

The  integration  of  Mdx  is  effected  by  the  methods  of 
Chapter  II. 

(NRdx 

\  — -- 

which  is  of  the  form 


<j>  (x)  -v/#  +  2bx  +  ex* 

Let,  as  before,  \/a  +  2bx  +  ex*  =  vc(x  -  a)(x  -  j3),  and 

substitute  T/  —  -,  -  ^  instead  of  x.  when  the  radical  becomes 
A  i-2/s-f  vV 


+  (y- 


K'  +   2u'z  +  J/Z2. 

(9) 

Again,  if  the  quadratic  factors  under  this  radical  be  made 
each  a  perfect  square,  the  expression  obviously  becomes 
rational. 

'        [7] 
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The  simplest  method  of  fulfilling  these  conditions  is  by 
reducing  one  factor  to  a  constant,  and  the  other  to  the  term 
containing  sj. 

Accordingly,  let 

X  -  aX'  =  o,     [i  -  af/  =  o,     fjL  -  flfi  =  o,      v  -  /3i/  =  o  ; 
or  fj.  =  o,      ^'  =  o,      X  =  aX',       v  =  /3i/. 

On  making  these  substitutions  the  expression  (9)  becomes 


-  u«  e-          t 

X'  +  vV  A  +  vV 

In  order  that  v/-  t'AV  should  be  real,  X'and  v  must  have 
opposite  signs  when  c  is  positive,  and  the  same  sign  when  c 
is  negative. 

It  is  also  easily  seen  that  without  loss*  of  generality  we 
may  assume  X'  =  i,  and  v  =  ±  i. 

Hence,  when  c  is  positive,  wo  get  x  =  -  •—  ,  and  when 


-  . 


a 
c  is  negative,  x  = 

These  agree  with  the  third  transformation  in  the  preced- 
ing Article. 

More  generally,  when  the  factors  in  (9)  are  each  squares, 
we  must  have 

(jj.  -  a/)8  -  (X  -  aX')(i>  -  ai/)  =  O, 
or        /*'  -  X  v  +  (Xi/  +  i>X'  -  2/i/)  a  +  GX"  -  XV)  o8  =  O,          (  i  o) 


and  a  similar  equation  with  /3  instead  of  a. 

Moreover,  by  hypothesis,  a  satisfies  the  equation 

a  +  2ba  +  Co*  =  O. 


I/Z2 

*  For  the  substitution  of  y2  for  —7-  transforms 


. 

;  -  ;-T-  into  -  =• 
A.'  +  v'z1  I  +  y2  ' 
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Accordingly  (10)  is  satisfied  if  we  assume  the  constants 
X,  p,  &c.,  so  as  to  satisfy  the  equations 


jU2-Xv  =  a,     A'v  +  \v'-2fjin'=2b,  '   p9-\'v'  =  c.       (n) 

Again,  solving  for  z  from  the  equation 

X(\f  +  2f/Z  +  vV)  =  A  +  2/1)5  +  VS2,  (l2) 

we  obtain 


(v  -  xv  }  z  +  fji  -  xn'  =  vV  -  AIM  (A  v'  +  A'v  -  2/V)  x  +  (ju'2  -  A  V)  #2 


=v/V+  2&ar-f  ex*.  (13) 

Also,  by  differentiation,  we  get  from  (12), 
(A'  +  2fjLZ  +  vV)  dx  =  2  {fi  +  vz  -x(/jf  +  v'z] }  dz 
=  2  \/a  +2bx  +  cx>dz ; 

//,-*•  o  /let 

*'•'  i-ll/i  y  . 

•'•   T^-T 1  =  vT  7^T7~^'  (I4^ 

V«+2^+ca?2      A  +2us  +  v2 


Now,  since  we  have  but  three  equations  (n)  connecting 
A,  ju,  &c.,  they  can  be  satisfied  in  an  indefinite  number  of 
ways. 

We  proceed  to  consider  the  simplest  cases  for  real  trans- 
formations. 

(i).  Let  a  be  positive,  and  we  may  assume  v  =  o,  and 
//  =  o ;  this  gives 

fi  =  yd,     At/  =  26,     AV  =  -  C. 

Again,  without  loss  of  generality,  we  may  assume  i/= -  i, 
which  gives 

A  =  -  20,    A'  =  c ;  whence  a?  =  - 


e&p  2dz 

and 


v/a  +  2&»  +  ex3 

These  agree  with  the  results  in  (5)  and  (6). 
[7aJ 
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(2).  In  like  manner,  if  c  be  positive  we  may  assume 

v  =  o,    ju  =  o,     and     v  =  I, 
which  gives 

,    A  =  -  a,    and    X'  =  26  ; 


z~  -  a  dx  dz 

.-.  x  =  —  -  -=-,  and  —7= 


2  (b  +  z*fc}  va  +  2bx  +  ca?     b  +  ss\/c 

as  in  (2)  and  (3). 

It  may  be  observed  -that  since  these  results  do  not  contain 
the  roots  a  and  )3,  they  hold  whether  these  roots  be  real  or 
imaginary ;  as  already  shown  in  Art.  78. 

It  is  easily  seen  that  if  we  make  /«  =  o,  and  JJL  =  o,  we 
got  the  third  transformation. 

80.  If  the  expression  to  bo  integrated  be  of  the  form 

'  f(x]  dx 


where  f(x)  is  a  rational  algebraic  function  of  xt  it  is  often 
more  convenient  to  proceed  as  follows  :  — 

The  substitution  of  z  -  -  for  x  transforms  the  proposed 

•4  -  ;)*  ac-V 

into  ——===-,  where  a  =  -  . 


If  the  even  and  odd  powers  be  separated  in  the  expan- 

sion of  /(  »  --  ),  it  can  plainly  be  written  in  the  form 
\      CJ 

<!>(**)  +  *+(**), 
and  the  proposed  integral  becomes 


-y/a'  +  c*8 

The  former  of  these  is  rationalized  (Art.  24),  by  making 
,  and  the  latter  by  making  \/a?  +  cz1  =  y. 
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It  may  be  observed  that  in  general  the  expression 
/(**)       dx 


is  also  made  rational  by  the  transformation 


•v/  a  +  cxz  =  xy. 

81.  Case  of  a  Recurring  Biquadratic  under  the 
Radical  Sign. — As  the  solution  of  a  recurring  equation  of 
the  fourth  degree  is  immediately  reducible  to  that  of  a 
quadratic,  it  is  natural  to  consider  in  what  case  an  Elliptic 
Integral  (Art.  28),  in  which  the  biquadratic  under  the  radi- 
cal sign  is  recurring,  is  reducible  by  the  corresponding  sub- 
stitution. 

Writing  the  expression  in  the  form 

^      X          —,  or  v\x)cx 


and,  assuming  x  +  - = z,  the  radical  becomes  -v/as5 
x 

dxf 
and  also  —  [m- 

x  \ 

Consequently,  in  order  that  the  transformed  expression 
should  be  of  the  required  type,  it  is  obvious  that  ^»(te)  must 
be  reducible  to  the  form 


,*--l/[*  +  -l<fe 

In  this  case 


transforms  into 


\/a  +  2  bx  +  ex*  +  2b%*  +  ax4 
' 


2bst  +  c  -  2a 
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In  like  manner,  the  expression 

( x  +-)/(«-  -]dx 
\       *)    \      «) 

*i/a  +  2bx  +  ca?-2bx*+axt 

transforms  into    -,—         —  ,     by    the    assumption 

V  a£  -  2bs  +  2a-c 


When  6  =  0  the  expression  can  in  some  cases  be  reduced 
by  assuming  either 


, 

+  -r  or  or  — -  =  z. 
y?  #2 

EXAMPLES. 


(*»  +  i)dx  a:a  -  i  +  \A  +  ** 


t         r(a£j_^d* 

,    ft 


I  -  x*       dx  i 

2 


+  *»  y'''  +  ***  -V/s 

I  +*» 


Ii  4-  a;*       dx 
i  -a^-v/iT** 


'  /- 

</  2  1  -X9 


Thia  and  the  preceding  were  given  by  Euler  (Calc.  Int.,  torn.  4)  :  the 
connexion,  however,  of  llieir  solution  with  the  method  of  recurring  equations 
does  not  appear  to  have  been  pointed  out  by  him. 


f 
' 

J 


Let         «*  +  4  =  *,  Ac. 


a< 

.       [  -  («»-')** 

J  x\/(z*  +  oa;  +  i)  (**  +  #c  +  i)* 

A/a:*  +  a*  +  i  +\/^r-H87+~l 
*  -      -  ~  -  — 


-*"••  alog  ri-      ^.~' 


I(\-x*)dx  •    i/     *     \ 
.r                •                                  -4'1*'    BU1      i         .     .»)• 
(I   f*1)  \/ I   f  **  +  **  *  ' 
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r  i  +  x"  ax  i 

J i  -  a;2  \/ 1  +  x*  +  x*  '     \/3 


*  +  **  +  «*  +  * 


-a:2 


f                   dx .    !/      *      \ 

}  (i+^)((i  +  ^)»-^}»-  r  \(I  +  W ' 

Assume  r  =  (i  -t-  s4)*  sin  0,  &o. 

(rfa:  .  ,/  x  \ 
„  *X*l -A. 
(t  +  x*»){(i  +  *2")"  -  *»}»  \(i  4*2»)2V 


xdx 


+  *)'  +  (i  +  *)i* 
Assume  i  +  a;  =  ze. 

a;2  (fa 


-  . 

:  log  v  -  =  -  -  —  +  —  —  tan" 


—  :  og  -  -  -  —  +  —  —  -  -^-. 

\/2  !-«:»  4V  2  a;\/  1 


(r  -  «*)*  (I  -  **)» 

r 
IS- 


' 


A/1 


r  pvH-**4*v*»        T  i    *v  z 

4w». log  f  ^ — — i—  U  — —  tan-1  ^. 

i  -a^  rfar 


.  i  -  oa;2 


"•H 


+  oa;2  \/ 1  +  2cx*  +  a*  x* 


n,.    — '==  b  »(^0  +  V1  ±  iSf-if?**,  when  C  >  .. 

X/  2  (c  -  a)  i  f  aa;2 

^  ,  /*  v  2  («  —  c)\  . 

sin-1  ( -i — 5— 5—' ) ,  when  a  >  «. 

"      T^        \    '^^    / 
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CHAPTER  V. 

MISCELLANEOUS    EXAMPLES    OF    INTEGRATION. 

(A  cos  x  +  B  sin  x  +  C)dx 


82.  Integration  of 


a  cos  x  +  b  sin  x  +  c 


-r  i  - 

.Let  a  coax  +  b  sin  x  +  c  =  u,  then  -  a  sin  a;  +  b  cos  a"  -  -7-. 

dx 

Next  assume 

t$M 

^4  cos  x  +  1?  sin  #  +  (7  =  Aw  +  u  -r-  +  v, 

air 

and,  equating  coefficients,  we  have 

A  =  \a  +  fib,    B  =  Xb  -  /ua,     (7  =  Ac  +  v. 
Solving  for  X,  yu,  v,  we  get 

Aa  +  Bb  Ab-  Ba  (Aa  +  £b)  c 

~1?^V~'    *"      aa  +  68  '  a»  +  62     ' 

f  (A  cos  #  +  1?  sin  x  +  C)dx 
Hence  ,    . 

a  cos  a?  -f  6»  sin  x  +  e 

(Aa+Bb)x     Ab-Ba 

=    a'  +  y    +  o»  +  y     g  (a  cosa:"f   8ma?  +  c) 

(««  +  63)  (7-  (Aa  +  Bb)cf dx 

a*  +  b2  }a  cos  x  +  b  sin  #  +  c 

• 

The  latter  integral  can  be  readily  found ;  for,  if  we  make 
a  =  r  cos  a,  b  =  r  sin  a,  we  get 

a  cos#  +  b  sin  x  =  r  (cos  a;  cos  a  +  sin  x  sin  a)  =  roos  (x  -  a) 


7  ,        ,  .        ,,   /(cos  x,  sin  x)  dx 
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a  cos  x  +  o  sin  x  +  c 

On  making  x  -  «  =  9,  the  integral  reduces  to  the  form  con- 
sidered in  Art.  18. 

As  a  simple  example,  let  us  take   *. 

((A  +  B  tan  x)  djc 
a  +  I  tan  x 

A  +  B  tan  x     A  cos  x  -t  B  sin  x 
Here  --  ;  -  =  -- 

a  +  o  tan  #        a  cos  #  +  i  sm  a? 

and  we  evidently  have 

nA  +  £iimx)d-f     (Aa  +  Bl}x     Ab-Ba. 
-  7-7  -  =  -  i  —  £r—  +  —  I  —  n~  log  (a  cos*  (  bsmx). 
}      a  +  btanx  a*  +  b*  az+b* 

/(cos  x,  sinx)dx 
83.  Integration  of    -^  -  '  —  j—^  -  ; 

a  cos  x  +  b  sm  x  +  c 

where  /is  a  rational  algebraic  function,  not  involving  frac- 
tions. 

As  in  the  preceding  Article,  assume  x  -  0  +  a,  and  the 
expression  becomes  of  the  form 

0  (cos  B,  sin  9)  d9 
A  cos  9  +  B 

Again,  since  sin2  9  =  i  -  cos2  9,  any  integral  function  of  sin  9 
and  cos  9  can  be  transformed  into  another  of  the  form 

0,  (cos  9)  +  sin  9  <f>2(cos  9). 

Accordingly,  the  proposed  expression  is  reducible  to 

02  (cos  9)  sin  9d9 


Acos9  +  £         A  cos  9  +  B 
The  latter  is  immediately  integrable,  by  assuming 
A  cos  9  +  B  =  z. 

To  integrate  the  former,  we  divide  by  A  cos  9  +  E,  and 
integrate  each  term  separately. 
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84.  Integration  of 

/(cos  x)dx 

(«!  +  bi  cos  x)  (aa  +  bt  cos  #)....(«„  +  bn  cos  a;)' 

where/,  as  before,  denotes  a  rational  algebraic  function. 
Substitute  z  for  cos  x  and  decompose 


(a,  +  5,  s)  (a,  +  62e)  ....(«„  +  bnz) 

by  the  method  of  partial  fractions :  then  the  expression  to  be 
integrated  reduces  to  the  sum  of  a  number  of  terms  of  the  form 

dx 


A  +  B  cos  x' 
each  of  which  can  be  immediately  integrated. 


coa*{5 

dx 


EXAMPLES. 

/      x\ 

dx  i  / 1  +  sin  ar\      3  (        2} 

r.     Ant.  —  log  ( : —  I  -  —  tan-1  \ /. 

+  3  cos  x)  IO         \  i  -  sin  x)     10  \    2    / 


I 

f  dx 

I   .  ,    .  -  r  -  -,  when  a  >  *. 

J  sin**  (a  4  b  cos  x) 

b  -  a  cos  *  4*  .  Ib  +  a  cos  * 

' 


Ans. 


I 
I 

\ 


(a1  -  i2)* 

dx 


Idx  tana;      b  /*    x\     bz  f 

coslx(a  +  bcoax)'  a        a*  \4     i)     a2  J 


a  +  icos*' 


85.  Integration  of     (f(x)  +f(x)}tifdx. 


The  expression  e*Pdx  is  immediately  integrable  whenever 
P  can  be  divided  into  the  sum  of  two  functions,  one  of  which 
is  the  derived  of  the  other. 

For,  let  P  =  f(x)  +/(*), 

then  /  fPfa  =  I  ff(x)  dx  +  J  «*/(*)  <**• 
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Again,  integrating  by  parts,  we  have 


Accordingly, 

JI/W+/W) 
For  instance,  to  find 


Here 


(i  +  a-)2      i  +  x      (i  +  a)" 

e* 
consequently  the  value  of  the  proposed  integral  is 


i  +  x 


EXAMPLES. 
i .       I  e*  (cos  x  +  sin  *)  dx.  Ana.  e*  sin  *. 

II  4  *  log  x 
e*  dx, 
* 

3.        [,.±±1*; 
J       (*+l)2 


.. *- 


86.  Differentiation  under  the  Sign  of  Integra- 
tion. —  The  integral  of  any  expression  of  the  form  <^)(.r,  a)r/#, 
where  a  is  independent  of  x,  is  obviously  a  function  of  a  as 
well  as  of  x. 

Suppose  the  integral  to  be  denoted  by  F(x,  a),  i.  e.  let 


then 
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Again,  differentiating  both  sides  with  respect  to  a,  we 
have,  since  x  and  a  are  independent, 

d* .  F(x,  q)       d  .  0(ar,  q) 
da  d<c  da 

or  (Art.  119,  Diff.  Oalc.), 

d  (d .  F(x,  a)\  _  d  .  fy  (x,  a) 


dx\       da       J  da 

Consequently,  integrating  with  respect  to  x,  we  get 

d  •  F(r,  a)  _  f d_Ltfaa) 

~~j  ~7          a*> 

da  J          da 

•      d  f  \  f  ^0  (PI  a) 

1.6.  —     d»  (#,  q)  «#  =  I  — — - dx,  ( i ) 

rfa  J  J        da 

In  other  words,  if 


du      Cd<j> 

then  -r-  =  I-*-  dxt 

aa      J  aa 


provided  q  be  independent  of  x ;  in  which  case,  accordingly,  it 
is  permitted  to  differentiate  under  the  sign  of  integration. 

By  continuing  the  same  process  of  reasoning  we  obviously 
get 

./  // /»•  I  O  1 

—  ax,  (2) 


where  u  =  j  $(x,  a)dx,  a  being  independent  of  x. 
For  example,  if  the  equation 


<— 

a 
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be  differentiated  n  times  with  respect  to  «,  we  get 


» t    -7-         -  I- 

daj  \a 

(See  Art.  49,  Diff.  Gale.). 

Again,  in  Art.  2 1  we  have  seen  that 

Ie?*  (a  sin  mx  -  m  cos  mx) 
e°*  sm  mx  dx  =  -  — . 

»»'  +  a2 

Accordingly, 

f  .  /  c?  ^fe"*  (a  sin  w*  -  m  cos  mx] 

J  \        /      \ 

We  now  proceed  to  consider  the  inverse  process,  namely, 
the  method  of  integration  under  the  sign  of  integration. 

87.  Integration  under  the  Sign  of  Integration. — 

If  in  the  last  Article  we  suppose  $(x,  a)  to  be  the  derived 
with  respect  to  a  of  another  function  v,  i.e.  if 


then  9  =  J0(«,  a}  da. 

Also  by  the  preceding  Article  we  have 

-7-  (    vdx  }=\-r  dx  =\  <b(x,  a)  dx  =  F(x,  o). 
da  \J         /      J  da  J 

Ilence         It?  dx  =  \  F(x,  a)  da. 
In  other  words,  if 

F(tet  a)  -  U>  (^,  a)  dx, 
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then  I  F(x,  o) da  =  \  [  J  0  (#,  a)  da]  dx.  (3) 

It  may  be  remarked  that  the  results  established  in  this 
and  in  the  preceding  Article  are  chiefly  of  importance  in 
connexion  with  definite  integrals.  Some  examples  of  such 
application  will  be  given  in  the  next  Chapter. 

88.  Integration  by  Infinite  Series. — It  has  been 
already  observed  that  in  most  cases  we  fail  in  exhibiting  the 
integral  of  any  proposed  expression  in  finite  terms.  In  such 
cases,  however,  we  can  often  represent  the  integral  in  the 
form  of  a  series  containing  an  infinite  number  of  terms. 

An  example  of  an  integral  exhibited  in  such  a  form  has 
been  given  in  Art.  63. 

The  simplest  mode  of  seeking  the  integral  of /(#)<&;  in  the 
form  of  an  infinite  series  consists  in  expanding  f(x)  in  a 
series  of  ascending  powers  of  x,  and  integrating  each  term 
separately :  then  if  the  series  thus  obtained  be  convergent,  it 
represents  the  integral  proposed. 

It  can  be  easily  seen  that  if  the  expansion  of/(#)  be  a 
convergent  series,  that  of  $f(x}dx  is  also  convergent. 

For  let 

f(x)  =  «0  +  0l# 

then 


J 


fix}  dx  =  a0x  + + +  .  .  .  + +  .  . . 

2          3  n  +  i 

Now  (Diff.  Calc.,  Art.  73),  the  expression  for  f(x)  is 
convergent   whenever    '    -  is  less  than  unity  for  all  values 

an-\ 

of  n  beyond  a  certain  number ;  and  the  latter  series  is  con- 
vergent provided  -        -?—  be  less  than  unity,  under  the  same 

W  +    I  &n—\ 

conditions. 

Accordingly,  the  latter  series  is  convergent  whenever  the 
former  is  so. 
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EXAMPLES. 

r.      [     *       gg  +  i*  +  lL3g.+  '-3'.5*!;  +  fa> 
Jy^i  —  a£     i      26      2.411       2.4.616 

f«fo               /-•: —  /         r  sin2«      i  .  3  sin4*  \ 

=  2  V  81n  *    (   '    + +  ~  +•••). 
Vain  a;                      \        25         2.4     9  / 

IS.                        /I       J9C     xn         p  (p  —  q)  c2     a;2"  \ 

(i  +  cxn\QXm~^dx  =  j/m  I  — h  —  — ~~ -~  H h  &c.  I . 
\  m       q  m  +  n       i  .  2  .  q2  m  +  2n          / 

89.  Expansion  of  log  (i  +  2  m  cos  a?  +  m*}  dx. 

We  shall  conclude  by  showing  that  the  integral 

log  (i  +  2ff*COS#  +  W2) 


can  be  exhibited  in  the  form  of  an  infinite  series. 
For  we  have 

i  +  2mGoax  +  m8  =  (i  +  me1  ~l)(i  +  me-*''-1). 
Hence 
log  (i  +  2mG08x  +  w2)  =  log.(i  +  me*"1*1)  +  log  (i  +  me~*''-1) 


«  m  (^  +  e-"11)  -  —  (e***~l  +*e**ci)  +  &o. 

(  m'  m8  \ 

=  2    m  cos  a?  --  cos  ix  +  —  cos  3*  -  &o.  . 

\  2  3  / 

Accordingly 

in  \x  \   . 
^  --  1.  (4) 


,  sn  2x      .  sn  \x 
=2l  2  3 


This  series  becomes  divergent  when  m  is  greater  than 
unity.  In  that  case,  however,  the  corresponding  series  can  be 
easily  obtained. 
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For         i  +  2tn  cos  x  +  m2  =  m2 [  i  + )(  i  + 

V         m  J\ 

and  accordingly 

fcosx    cos  2x    cos  3#     «    \ 

log  ( I  +  2mGOSX  +  m2)  =  2  log  W  +  2 —  + ~ &0.    . 

\  m        2m?       3>»3  / 

Consequently,  when  m  >  i ,  we  have 


I,      ,                        z\»         i             /sina?    sin2^    sin 30? 
loefi  f  2mcos«4m2)ad;=2arlos:m  +  2 -T-+    ,    . — . 
\  m       2zm*      32;/»s 

From  the  above  it  is  easily  seen  that  the  integral 

/  log  ( i  +  a  cos  x)  dx 
can  be  exhibited  in  the  form  of  an  infinite  series  when  a  is 

less  than  unity  :  for  making  a wo  have 

i  +ma 

log  (i  +  a  coax)  =  log  (i  +  2m  cos  a?  \  ;»J)  -  log  (i  +  w2). 
The  relation  between  m  and  a  admits  of  being  exhibited 
in  a  simple  form ;  for  let  a  =  sin  a,  and  we  get  m  =  tan  -. 
Making  this  substitution  in  (4),  we  get 

log  (i  +  sin  a  cos  x)  dx  =  2x  logf  cos  -  J 

(a   .  ,  a  sin  2x  \ 

tan  -  Bin  x  -  tan2  -         -  +  &o.  .  (5) 

2  2       2*  J 


+  2 


Exampks.  ]  13 


EXAMPLES. 

f  (2  cos  x  +  3  sin  x)  dx  ux       5  • 

i.       |i  -  -=  —  r—  -  —  .        -<4«*.  ---  —  log  (3  cos  x  +  2  em  x). 
]      3cosz+2Bin*  13        13 

„    Itan0  + 


-  .  „ 

sin4  e  2  zy  2 

x3  +  x  +  \}dx  e*x 


,  ,  , 

-  -  :  —  =  7log(i  +  cos0)  +  -  log  (r-  cos  0)  --log(r-  2cos0). 
sin  26  -smO      6  2  3 

(:  ir..  t..         /      .0\  /  /-  •  0     \ 

Bin  -  tan  -cW  /  i  -  sm  -  \  /  V  2  sin  -  H    I  \ 

22  /  a\i  /v  2\ 

--  —   =  log     -  —   J  +  -  -  log  I  -  --  -    I. 

eos  0  b  .61  -   •   9 


eos  0 


6.  When  .^  <  r,  prove  that 


f       rf^       _  x      i  #*      i  .  3  a;9      I-3-S  «13 
J  \/i  +*1      i      ^5      2.49      a.  4.  6  13 


md  whan  a;'  >  I 


dx  I,11       *  •  3    i       i  •  3  •  5 

'_'  "  —  ""•  —  T  ™"  "~*  "    ~          '"   T 


x     2  5«5     2     4  gs9     2.4.6  13-c13 

7.  Provtthat 

a  A  +  x        a2    (b-\-  .r)3 


. 

= 


and  determine  when  tho  series  is  convergent,  and  when  divergent. 
8.  Prove  that 


i-~ 


aw  = 


1.2         ^+3 

H-  .  . 


1.2.3.4       /*  +  5 
Substitute  u>  for  8in-:ia;  in  the  expansion  of  e*"in  **(Diff.  Calc.,  Art.  87),  &c. 

f  /<•>  _  <r 
0.        | 

J  2 


1.2.3/1  +  4 


( 

1.2.3.4.5      /x  +  6 


[8] 


CHAPTER  YI. 


DEFINITE      INTEGRALS. 

90.  Integration  regarded  as  Summation.  —  We  have  in 
the  commencement  observed  that  the  process  of  integration 
may  be  regarded  as  that  of  finding  the  limit  of  the  sum  of 
the  series  of  values  of  a  differential  /  (x)  dv,  when  x  varies  by 
indefinitely  small  increments  from  any  one  assigned  value  to 
another. 

It  is  in  this  aspect  that  the  practical  importance  of  inte- 
gration chiefly  consists.  For  example,  in  seeking  the  area  of 
a  curve,  we  conceive  it  divided  into  an  indefinite  number  of 
suitable  elementary  areas,  of  which  we  seek  to  determine  the 
sum  by  a  process  of  integration.  Applications  of  finding 
areas  by  this  method  will  be  given  in  the  next  Chapter. 

We  now  proceed  to  show  more  fully  than  in  Chapter  I. 
the  connexion  between  the  process  of  integration  regarded 
from  this  point  of  view  and  that  from  which  we  have  hitherto 
considered  it. 

Suppose  $  (x)  to  represent  a  function  of  x  which  i&  finite 
and  continuous  for  all  values  of  #  between  the  limits  X  and  a*0  ; 
suppose  also  that  X  —  x0  is  divided  into  n  intervals  Xi  -  x0> 
aft  -  #„  x3  -  #2,  .  .  .  X  -  xn-i  ;  then  by  definition  (Biff.  Oalc., 
Art.  6),  we  have 


in  the  limit  when  Xi  =  x0  ;  accordingly  we  havo 

+  to), 
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where  EO  becomes  infinitely  small  along  with  %i  -  a?0.     Hence 
we  may  write 


o    +  Co 

=  (as,  -  id) 


-  <p  (a^-i)  = 

where  «0)  d  .  .  .  ew-i  become  evanescent  when  the  intervals  are 
taken  as  infinitely  small. 
By  addition,  we  have 

<j>  (X)  -  $  (a-o)  =  (a?i  -  a?0)  <J>'(x0)  +  (xt  -  a?,)  0'(#,)  +..... 

+  (  X  -  X 


Now  if  r]  denote  the  greatest  of  the  quantities  e0,  fi,  .  .  .  f»-i, 
the  latter  portion  of  the  right-hand  side  is  evidently  less 
than  (X  -  x0)  »/  ;  and  accordingly  becomes  evanescent  ulti- 
mately (compare  Diff.  Calo.,  Art.  39). 

Hence 

$  (X)  -  0  (#0)  =  limit  of  [(a>i  -  a?0)  $'(%<>)  +  (a?2-  #1)  0'(^i)  +  .  .  . 

(t»M.1)]l    (i) 


when  «  is  increased  indefinitely. 

This  result  can  also  be  written  in  the  form 


where  the  sign  of  summation  S  is  supposed  to  extend  through 
all  values  of  x  between  the  limits  XQ  and  X. 

gi.  Definite  Integrals,    JLiiuits    of  Integration.  — 

The  result  just  arrived  at,  as  already  stated  in  Art.  31,  is 
written  in  the  form 

(2) 

where  X  is  called  the  superior,  and  x*  the  inferior  limit  of  the 
integral. 

[8  a] 
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Again,  the  expression 


rx 

J"o 


is  called  tlie  definite  integral  of  $(x)dx  between  the  limits  x<. 
aud  X,  and  represents  the  limit  of  the  sum  of  the  infinitely 
small  elements  <j>  (x)  dx,  taken  between  the  proposed  limits. 
From  equation  (i)  we  see  that  the  limit  of 


when  xt  -  tr0,  x2  -  x\,  .  .  .  X  -  #n-i  become  evanescent,  is  got 
by  finding  the  integral  of  f(x]  dx  (i.  e.  the  function  of  which 
f'(x]  is  the  derived),  and  substituting  the  limits  xa,  X  for  x  in 
it,  aud  subtracting  the  value  for  the  lower  limit  from  that  for 
the  upper. 

If  we  write  x  instead  of  X  in  (2)  we  have 

f(x)-f(x0)  =   '  f(x)dx,  (3) 


in  which  the  upper  limit*  x  may  be  regarded  as  variable. 
Again,  as  the  lower  limit  x0  may  be  assumed  arbitrarily,  f(xQ] 
may  have  any  value,  and  may  be  regarded  as  an  arbitrary 
constant.  This  agrees  with  the  results  hitherto  arrived  at. 

In  contradistinction,  the  name  indefinite  integrals  is  often 
applied  to  integrals  such  as  have  been  considered  in  the  pre- 
vious chapters,  in  which  the  form  of  the  function  is  merely 
taken  into  account,  without  regard  to  any  assigned  limits. 

As  already  observed,  the  definite  integral  of  any  expres- 
sion between  assigned  limits  can  be  at  once  found  whenever 
the  indefinite  integral  is  known. 

A  few  easy  examples  are  added  for  illustration. 


*  The  student  should  observe  that  in  (3)  the  letter  x  which  rtands  for  the 
superior  limit  and  the  x  in  the  element  f'(x)  dx  must  be  considered  as  being 
entirely  distinct.  The  \vant  of  attention  to  this  distinction  often  causes  much 
confusion  in  the  mind  of  the  beginner. 
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EXAMPLES. 


i.        I    a^'rf1*. 


••  r 

Ja 

w 

{f  sin  0rf9 
~. 
0  cos-  9 

3.   r   __i* r. 

•^  o  x/*  +  «  +  \X* 

4-  Cjjf*  , 

j-   !":/=• 

6.  #'°*rfa:  (a  positivo). 

Jo 

f1  ^» 

Jo  i  +  za;  cos  ^>  +  «** 


dx 


22  COS  0  4    *a 


8.  f    _ 

Jo    i  + 

f* 

9.  I   e~ax  sin  m*  <?*. 
Jo 


era 

Jo 


*  cos  wza:  dx. 
dx 


4       - 


2  sin  0 


:,  when  ac  —  b"1  is  positive. 


92.  To  prove  that 


r  r1 

I       (f?*1      (I  —   1tl"*~"^//7i   —    I       /vTO—  l^w 
I      ^         \  A          »t/l          it-**'    —    I      **'  I   — 

Jo  Jo 

m  and  n  are  positive,  and  m  is  an  integer. 


*-»<fe,    t.^j.;.^-j;. 

w(^^+  i). .  (n  +  m  -  i) 


1.2.3.      .  (w  -  i)  ,  . 

•—.  -  ^  -  ^  -  '—,  -.          (4 
h(n  +  i)  .  ..  .  (n  +  m-  i) 
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The  first  relation  is  evident  from  (34),  Art.  32. 
Again,  integrating  by  parts,  we  have 

v/ 

I  AM  x»        <*-          m-  i  f 

a-*-1  (i  _  <K\*^dai  -  —  (i  -xY^}  +  -     Wi  -  x)m-*dae. 
n      —•  n     J 

Moreover,   since  n  and  m  -  i  are  positive,  the  term 

a?(i  -  a)*1"1  vanishes  for  both  limits  ; 

(,s 

.-.  Pa^i-  *)"•-'<&  =  ^  Paf(i  -x)~*dx. 

The  repeated  application  of  this  formula  reduces  the  in- 

I1  *  i 

$m+fl~2  dx,  the  value  of  which  is  -  . 
,      .  m+n-i 

Hence  we  have 

I1 
, 

This  formula,  combined  with  the  equation 
j  a?-1  (i  -a?)"-1  dx  =  J  x™~1  (i  -  a?)'*-1  dxt 

shows  that  when  either  m  or_»  is  an  integer  the  definite 
integral 

[  x»~l(i  -x^d* 

can  be  easily  evaluated. 

When  m  and  n  are  both  fractional,  the  preceding  is  one 
of  the  most  important  definite  integrals  in  analysis. 

We  purpose  in  a  subsequent  part  of  the  Chapter  to  give 
an  investigation  of  some  of  its  simplest  properties. 

EXAMPLES. 

Ii 
sP(\-x)*dt.  Ant. 

o 

f1 
2.      \  **(i  -  x}idie.  „ 

Jl 


.  '3 
" 


S.7.9. 


Elementary  Examples.  119 


f?  •  fr 

Jo  Jo 


93.   Values  of     sinn x dx  and     co&nxdat. 


One  of  the  simplest  and  most  useful  applications  of 
definite  integration  is  to  the  case  of  the  circular  integrals 
considered  in  the  commencement  of  Chapter  III. 

We  begin  with  the  simple  case  of 

r*'  .  *'**" 


emnxdx. 
i 

If  in  the  equation  (Art.  56) 

(.                   cos^sin"-^     n  -  i  f  . 
sinn#  dx  = +  ainn~2xdx 
n                  n    J 

,  ,  ,  TT  ,,      ..    .,     ,,  cos  a;  sin"-1^        .  , 

we  take  o  and  -  for  limits,  the  term vanishes 

2  n 

for  both  limits,  and  we  have 


J**"            w  —  i  r* 
smnxdx  = sinn~ 
o                            »      Jo 


Now,  if  n  be  an  integer,  the  definite  integral  can  be 
easily  obtained ;  its  form,  however,  depends  on  whether  the 
index  n  is  even  or  odd. 

(i).  Suppose  the  index  even,  and  represented  by  2m, 
then 

I*  .                  2m  —if*'. 
&m*mxdx  = I  sin 
o                        2m    J0 

Similarly, 

»  » 

f2m  —  i  f^  . 
3w?m~*xdx=  sin 

2m-  2j0 

and  by  successive  application  of  the  formula,  we  get 

i  .3  .5  (2m-  i)  _  TT        (5) 

2.4.6....      2m        2 
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(2).  Suppose  the  index  odd,  and  represented  by  2m  +  i, 
then 

w  w 

(*" .  21)1    r^ 

sin  ""ajrfk  =  —  I  8m?'"~1#d;». 

o  2W  -»-    lJ0 

Hence,  it  is  easily  seen  that 

IT 

I*  .  ,OTfI     .      2.4.6..  .  .      2m 
o81'  ~3  •  5  •  7 (2m  +  i)' 

Again,  it  is  evident  from  (35)>  Art.  32,  that 

n  (7 . 

Qosfxdx  -      em*xdxt 
Jo  Jo 

and  consequently  (5)  and  (6)  hold  when  cos  x  is  substituted 
for  sin  x. 

fT  . 

94.  Investigation  of     6inmxcoB*xdx. 
J« 

From  Art.  55,  when  m  and  n  are  positive,  we  have 

IT  W 

f  ^  .  ,       n  -  i  f  ?  . 

I  sinmar  cosna?o;c  =  « smma;  cos"~2ar^a?, 

Jo  >»  +  «Jo 

W  IT 

and  sinma?cosna;c?a?  = e,mm~9xcoanxdx. 

Jo  m  -»-  wJ0 

Hence,  when  one  of  the  indices  is  an  odd  integer,  the 
value  of  the  definite*  integral  is  easily  found. 


*  The  result  in  this  case  follows  also  immediately  from  Art.  92,  by  making 
cos2  x  =  z ;  for  this  substitution  transforms  the  integral  into 
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For,  writing  2m  +  i  instead  of  m,  we  have 


fi"  27W  f? 

sin2mtl#eosM#£fo  =  -     m 

Jo  2m  +  W  +  I  J  o 


Hence 


f » .  , 

sin2" 
Jo 

2m  (2m  -  2)  ....  2  fa  . 

= ^—          — r—      •— —    —     smz 

i) («+3)Jo 


2.4.6     ...       (2m) 
~  (n  +  i)(n  +  3)  .  .  .  (w  +  2m  +  i)' 
In  like  manner, 

IT  W 

.fa  2W  —  I      f  a  . 

Hence 

IT  ff 

Ia  .                             1.3.5...  (2M  ~  l)    f^  • 
sm2OTa:  cos2"  a;  ax  =  -. r -. '-\ 
0                              (2m  +  2)  ...  (2m  +  2w)J 


0 
-i      TT 


in  which  m  and  w  are  supposed  both  positive  integers. 

Many  elementary  definite  integrals  are  immediately  re- 
ducible to  one  or  other  of  the  preceding  forms. 

For  example,  on  making  x  =  tan  0,  we  get 


_  .    W'-W  =  '•3-5-"(2"-3)  .  E. 

l  +  Xz)n       J0  2.4.6...  (2M-2)      2 

Ja  ™ 

a;n  (a2  -  x*}2  dx  transforms  into 
» 

IT 

0n+mti  f  *  8^n  ^  C08mti  Q  JQ 
'J° 
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fa  * 

In  like  manner      |   (20$  -  xz)  *dx, 

0 

on  making  x  =  a  (i  -  cos  0),  becomes 


m 
ft 

am*      an 
Jo 


The  expressions  for  these  integrals,  when  m  and  n  are 
fractional  in  form,  will  be  given  in  a  subsequent  Article. 


- 
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BID?  je  cos*  x  dx,  Ant,  

•  3-5-7 


U 

f »"  •    9              *        .  S   .    10  .   20  .   30  .   40 

i.       I  sin9  x  cos* x  ax.  „ — — . 

Jo  '9.19.29.39.49 

[7 .  ,  1.2.3...        ('"-') 

3.  I  sin^-^cos*"-1****.  „    — - — ±- H Lr- 

J°  '    n.  (n+i)  ..  .  (n-}  m-  i) 

f1.  2.4.6...       (2«) 

4.  I  (i  —  x*}ndx.  ,.     — -i ^ — - — . 

V^                                  J»  '      3.S.  7.  .   .    (2/J+  !) 

f»     ««•<&  I  .  3  .  5  ...(»»-  0     » 

5-            —             *  ||                                       —  •  ~« 

Jo-V/I  -«*  2.4.6...        2»          2 
^ 

f1  x*Httd#  a  .4.  6  ...       2n 

Jo-/i  -*2*  '    3.5  .7.  ..  (2»+  i) 
•ir 

7.  Deduce  Wallis's  value  for  w  by  aid  of  the  two  preceding  definite  integrals. 

/••      a^<fT  .       2  .  4  .  6  .  .  .  (M-  i)        i 

I    /        i  ->\5+1  ?  .  <  .  7  .  .     .    »       A/  «6utl 
Jo  (o  +  ox) 

when  n  is  an  odd  integer. 
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95.  Value  of  1    en  a*  dx,  when  n  is  a  positive  integer. 

Jo 

In  Art.  63  we  have  seen  that 


\e~*af>d%  =  -e-*a;n  +  n\ 


w-1  dx. 


Again,  the  expression  —  vanishes  when  x  =  o,  and  also 

(s 

when  x  =  <x>  (Diff.  Calo.,  Art.  94,  Ex.  2). 


Hence 


tr"x*dx=*n      e*  a»~l  dx.  (10) 

Consequently      \  e~*xn  dx  =  i  .  2  .  3  .  .  .  n.  (i  i) 

J> 

Many  other  forms  are  immediately  reducible  to  the  pre- 
ceding definite  integral. 

For  example,  if  we  make  x  =  ax  we  get 


in  which  a  is  supposed  to  be  positive. 

Again,  to  find     a™  (log  x}ndx;  let  x  =  «"*,  and  the  in- 
tegral becomes 


(-  i)»| 
Jo 


i .  2  .  3  . . .  n 


Since  log  aj  =  -  log  ( -  ],  this  result  may  be  written  in  the 

Vv 
form 
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The  definite  integral      e~*  x*~l  dx  is  sometimes  known  as 


lite  integral 

Jo 


The  Second*  Eulerian  Integral,  and  is  fundamental  in  the 
theory  of  definite  integrals.  Being  obviously  a  function 
of  w,  it  is  denoted  by  the  symbol  r(«),  and  is  styled  the 
Gamma-Function. 

It  follows  from  (10)  that 

F(w  +  i)  =  wr(»).  (14) 

Also,  when  n  is  an  integer  we  have 

r(n  +  i)  =  i  .2.3  .. .».  (15) 

Again,  when  x  is  less  than  unity,  we  have 

-  i 

i  -  x 

Idx        f1 
logx =      loga?(i  +#+«*+  ...)<** 
i  -  x     Jo 

f,     1+IH      V    t. 
\       f     3'       ")        6' 

(by  a  well-known  result  in  Trigonometry). 
In  like  manner  we  get 


j 


1  log  X  dx  7T* 

I   +  X  12 


An  account  of  the  more  elementary  properties  of  Gamma- 
Functions  will  be  given  at  the  end  of  this  Chapter. 


•  The  integral  [  xm'1  (i  -  as)"-1  dx,  considered  in  Art.  92,  is  sometimes  called 

Jo 

the  First  Eulerian  Integral;  we  shall  show  subsequently  how  it  can  be  ex- 
pressed in  terms  of  Gamma- Functions. 


Examples.  125 


EXAMPLES. 


r*xndz. 


2'       I"' "       (log, 

,         f    lQg*  dx  *' 

3-     1.1-***  »   -g- 


T1    llv  flnrr  iAJ"" 

|     «*  V10o  *V 
4- 


y 

96.  J/M  #»rf  v  fo  io#/i  functions  of  x,  and  if  v  preserve  the 
same  sign  while  x  varies  from  x0  to  X,  then  we  shall  have 

rX  rx 

ttvdx  =  U  \    vdx, 

tchcrc  U  is  some  quantity  comprised  between  the  greatest  and  the 
least  values  ofu,  between  the  assigned  limits. 

For,  let  A  and  B  be  the  greatest  and  the  least  values  of 
«,  and  we  shall  have,  when  v  is  positive, 

Av  >  uv  >  Bv ; 

when  v  is  negative, 

Av  <  uv  <  Bv. 

Consequently,  for  all  values  of  x  between  x0  and  X  the 
expression  uvdx  lies  between  Avdx  and  Bvdx,  and  accord- 
ingly, if  the  sign  of  v  does  not  change  between  the  limits, 

I*      •  fx  rx 

uvdx  lies  between  A       vdx  and  B       vdx, 

which  establishes  the  theorem  proposed. 
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COR.  If  f(x]  be  finite  and  continuous  for  all  values  of  x 
between  the  finite  limits  x0  and  X,  then  the  integral 


will  also  have  a  finite  value. 

For,  let  A  be  the  greatest  value  of  f(x\  and  B  the  least, 

tx 

then       /(a?)  efo  evidently  lies  between  the  quantities 
^*o 

tx  ex 

A       dx  and  B\    dx\ 
J*0  -K 

fA' 
.'.       /(a?)  dx>B(X-  x0)  and 

J*o 


597.  Taylor's  Theorem.  —  The  method  of  definite  inte- 
gration combined  with  that  of  integration  by  parts  furnishes 
a  simple  proof  of  Taylor's  series. 
For,  if  in  the  equation 


IX-th 
^  f(x}dx 

we  assume  x  =  X  4  h  -  s,  we  get  dx  =  -  ds,  and  also 

(X+h  rh 

f(x)dx  =  \  f(X  +  h-*}d*i 

JX  JQ 

/.  f(X  +  h)  -f(X)  =  \hf(X  +  h-  &)dz. 

Jo 

Again,  integrating  by  parts,  we  have 
J/'(Z4  h-z)dz  =  sf(X  +  h-z)  -f  [*f'(X  +  h-  *)rf 
llcucc,  substituting  the  limits,  we  have 

[  /(Z  +  h  -»)  dz  =  7/'(Z)  +  f  s/"(X  +  A  -  «)  dii. 

•°  Jo 


Taylor's  Theorem.  127 

In  like  manner, 


which  gives 


and  so  on. 

Accordingly,  we  have  finally 


—  I 


This  is  Taylor's  well-known  expansion.* 

98.  Remainder  in  Taylor's  Theorem  expressed 
as  a  Definite  Integral.  —  Let  Rn  represent  the  remainder 
after  n  terms  in  Taylor's  series,  then  by  the  preceding  Article 
we  have 


fh 

= 

Jo 


\n  —  i 


There  is  no  difficulty  in  deducing  Lagrange's  form  for 
the  remainder  from  this  result. 
For,  by  Art.  96,  we  have 


, 

i  .  2  .3  .  ..  (n-  i)  i  .2  ...  n 

where  Z7  lies  between  the  greatest  and  least  values  which 
+  h  -  z)  assumes  while  z  varies  between  o  and  h. 


*  The  student  will  observe  that  it  is  essential  for  the  validity  of  this  proof 
(Art.  90),  that  the  successive  derived  functions,  f'(x},f"(x),  &c.,  should  be 
finite  and  continuous  for  all  values  of  x  between  the  limits  X  and  X  -f  h. 
Compare  Articles  54  and  75,  Li/.  Gale. 
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Hence,  as  in  Art.  75,  Biff.  Calc.  (since  any  value  of  2  between 
o  and  /*  may  be  represented  by  (i  -  6)  h,  where  0  >  o  and  <  i)  ; 
we  have 


I   •  2  •  •  •  iv 


where  0  is  some  quantity  between  the  limits  zero  and  unity. 

99.  Bernoulli's  Series.  —  If  we  apply  the  method  of 
integration  by  parts  to  the  expression  f(x)  dx  we  get 


Jo 
In  like  manner, 


I  .2 


t 

- 

Jo 


and  so  on. 

Hence,  we  get  finally 


-&o....(i8) 

Compare  Art  66,  Diff.  Calc.,  where  the  result  was  obtained 
directly  from  Taylor's  expansion. 

100.  Exceptional  Cases    in  Definite    Integrals. — 

In  the  foregoing  discussion  of  definite  integrals  we  have  sup- 
posed that  the  function  /(#),  under  the  sign  of  integration, 
has  a  finite  value  for  all  values  of  x  between  the  limits.  We 
have  also  supposed  that  the  limits  are  finite.  We  purpose  now 
to  give  a  short  discussion  of  the  exceptional  cases.*  They  may 

*  The  complete  investigation  of  definite  integrals  in  these  exceptional  cases 
ia  due  to  Cauchy.  For  a  more  general  discussion  the  student  is  referred  to 
M.  Moigno's  Caktil  Integral,  as  also  to  those  of  M.  Serret  and  M.  Bertrand. 
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be  classed  as  follows:  —  (i).  When/(.r)  becomes  infinite  at 
one  of  the  limits  of  integration.  (2).  When  f(x)  becomes 
infinite  for  one  or  more  values  of  x  between  the  limits  of 
integration.  (3).  When  one  or  both,  of  the  limits  become 
infinite. 


In  these  cases,  the  integral      f(x]dx  may  still  have  a 

J*o  . 

finite  value,  or  it  may  be  infinite,  or  indeterminate  :  depend- 
ing on  the  form  of  the  function  /  (x)  in  each  particular  case. 
The  following  investigation  will  be  found  to  comprise  the 
cases  which  usually  arise. 

101.  Case  in  which  /(#)  becomes  infinite  at  one  of* 
the  Limits.  —  Suppose  that  f(x]  is  finite  for  all  values  of  x 
between  x0  and  X,  but  that  it  becomes  infinite  when  x  =  X. 

The  case  that  most  commonly  arises  is  where  f(x]  is  of 

uj  (  f  ]  f/V 

the  form  T-JLV      .  ,  in  which   \f/(x)  is   finite   for   all  values 
(JC  —  x) 

between  the  limits,  and  n  is  a  positive  index. 

Let  a  be  assumed  so  that  \^(x)  preserves  the  same  sign 
between  the  limits  a  and  X  ;  then 


"X 


The  former  of  the  integrals  at  the  right-hand  side  is 
finite  by  Art.  96.  The  consideration  of  the  latter  resolves 
into  two  cases,  according  as  n  is  less  or  greater  than  unity. 

(i).  Let  n  <  i,  and  also  let  A  and  B  be  the  greatest 
and  least  values  of  i//(#)  between  the  limits  a  and  X  :  then, 
by  Art.  96,  the  integral 

dx  ^  (x      dx 


Moreover,  since  n  <  i  ,  we  have  evidently  . 
dx       _  (X  -  a)1"* 


i-n 


and  consequently,  in  this  case,  the  proposed  integral  has  a 
finite  value. 

w 
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(2).  Let  n  >  i,  and,  as  before,   suppose  A  and  B  the 
greatest  and  least  values  of  i/»(#)   between  a  and  X\  then 


,.     ,                .  ,,  p 

lies  between  .4       = r-  and  2? 


Again,  we  have 

f      dx 


(X-x)»      (n- 


Now  -7= r — -  becomes  infinite  when  x  =  X,  but  has  a 

(A  —  x)n~] 

finite  value  when  x  =  a ;  consequently  the  definite  integral 
proposed  has  an  infinite  value  in  this  case. 

I  fi^f 

When  n  -  i,  I  7^ r  =  -  log  (X  -  x).    This  becomes 

J  (JL  -  x) 

infinite  when  x  =  X ;  and  consequently  in  this  case  also  the 
proposed  integral  becomes  infinite. 

The  investigation  when  f(x]  becomes  infinite  for  x  =  x0 
follows  from  the  preceding  by  interchanging  the  limits. 

1 02.  Case  where  f(x)  becomes  infinite  between 
the  Limits. — Suppose  f(x]  becomes  infinite  when  x  =  a, 
where  a  lies  between  the  limits  x0  and  X;  then  since 

\*f(x)  dx  =  \*f(x)  dx  +  [/(*)  dx, 

J  *0  J  *0  J  a 

the  investigation  is  reduced  to  two  integrals,  each  of  which 
may  be  treated  as  in  the  preceding  Article. 

Hence,  if  we  suppose  f(x)  =  f     ^  *       it  follows,  as  in 

I* 
the  last  Article,  that       f(x)dx  has  a  finite  or  an  infinite 

J*o 

value  according  as  n  is  less  or  not  less  than  unity. 

The  case  in  which /(ar)  becomes  infinite  for  two  or  more 
values  between  the  limits  is  treated  in  a  similar  manner. 
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For  example,  if 

/(«0  -  oo,    /(«2)  =  oo,  ...  f(an)  =  oo, 
where  aly  a*  .  .  .  an  lie  between  the  limits  X  and  x0 ;  then 

'         r*>          fa»  r* 

f(x)  dx=      f(x)  dx  +      f(x)  dx  +  &c.  +       f(x)  dx, 

each  of  which  can  be  treated  separately. 

103.  Case  of  Infinite  Limits. — Suppose  the  superior 
limit  X  to  be  infinite,  and,  as  in  the  preceding  discussion,  let 

fix}  be  of  the  form  .        '.  ,  where  \L(x)  is  finite  for  all  values 
(x  -  a)n 

of  x. 

As  before,  we  have 

f* 

f(x)dx  +  \  f(x)dx. 

Jo. 

The  integral  between  the  finite  limits  xa  and  a  has  a  finite 
value  as  before.  The  investigation  of  the  other  integral  con- 
sists again  of  two  cases. 

(i).  Let  n  >  i,  and  let  A  be  the  greatest  value  of  T//(^) 
between  the  limits  a  and  oo,  then 

(\Li\y\  fi  3*                               C        ciy 
,         .    is  less  than  A     -. r-. 
«(*-«)"                        J0(*-«)n 

T»  i          f  *  dx        i   r    i  i     "i 

But  7 Ni 7 N=3  -  -FF x^T    • 

J«  (x  -  a)"     n  -  i\_(a-  a)"-1      (X  -  a^J 

The  latter  term  becomes  evanescent  when  .3T=  oo  :  accord- 
ingly in  this  case  the  proposed  integral  has  a  finite  value. 

^  In  like  manner  it  is  easily  seen  that  if  n  be  not  greater  than 
unity,  the  definite  integral 

dx 


[9a] 
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has  an  infinite  value  ;  and  consequently 


.  (*-«)* 

is  also  infinite,  provided  i/<(#)  does  not  become  evanescent  for 
infinite  values  of  x. 

Hence,  the  definite  integral 

(\jj(x}dx 
r0  (x  -  a)n 

has,  in  general,  a  finite  or  an  infinite  value  according  as  n  is 
greater  or  not  greater  than  unity  :  i//(#)  being  supposed  finite, 
and  y0  being  greater  than  a, 

If  X  become  -  oo,  a  similar  investigation  is  applicable;  for 
on  changing  x  into  -  x,  we  have 


in  which  the  superior  limit  becomes  oo. 
0  104.   Principal  and  General  Values  of  a  Definite 

Integral. — Wo  shall  conclude  this  discussion  with  a  short 
accouut  of  Cauchy's*  method  of  investigation. 

Suppose /(a?)  to  be  infinite  when  x  =  a,  where  a  lies  be- 

J'jr 
/  (#)  dx  is  re- 
*o 
gardod  as  the  limit  towards  which  the  sum 


(a-fie  (Jf 

f(x}dx+        f(x)dx 
*o  Jo+w 


approaches  when  t  becomes  evanescent ;  /u  and  v  being  any 
arbitrary  constants. 


*  This  and  the  four  following  Articles  have  heen  taken,  with  some  modifica- 
tions, from  Moigno's  Calcul  Integral. 
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This  value  depends  on  the  nature  of./(u?),  and  maybe 
finite  and  determinate,  or  infinite,  or  indeterminate. 

If  we  suppose  p  =  v,  the  limiting  value  of  the  preceding 
sum  is  called  the  principal  value  of  the  proposed  integral  ; 
while  that  given  above  is  called  its  general  value. 

f-T       ffy, 
—  . 
-*o    X 

{*  dx  [  (xdx      [->"dx} 

Here  —  -  limit  -  + 


-*0 
But 


dx  .  fX\ 
—  =  log  —  . 
x  \vej 

Also,  making  x  =  -  2, 

dx      (>effe 

—  =       —  =  log 


Accordingly,  the  principal  value  of        -  is  log  (  —  ]  j  while 

i-*9  X  %0 


its  general  value  is  log  (  —  )  +  log  f  -  ].     The  latter  expres- 
\%o  /  \v/ 

sion  is  perfectly  arbitrary  and  indeterminate. 

Again,  let  us  take         -r. 
J-*o  ^ 

A    v  t  f*  *     v     i  nx<fx      f-"«  dx~\ 

As  before,  —  =  limit  -  +        —  . 

J-^o  &  U«  **      J-^o  *  J 

f  *  dx      i       i  [-1"  dx      i        i 

But  ^-  =  --  -^;  and  -; 

Jve  x2      ve      X  J^0  a?      iU£      a?0 

f  x  dx     ,.    .,    f  i        i        i        i~l 
.*.        -r  =  limit     —  +  --  —  --  . 
J-*0  x  If**     v*     •*     ^oJ 


Consequently,  both  the  principal  and  the  general  value  of  the 
integral  are  infinite  in  this  case. 
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In  like  manner, 

f*  dx  i  /  i           i          i         i  \ 

—  =  limit  of  -  f  —  -  T1  +  ^T-^} 

Hence  the  general  value  of  the  integral  is  infinite,  while 

.,        .     .     ,      ,      .    i  /  i        i  \ 
its  principal  value  is  -    —  -  -=r  . 

2  V^o         XV 

It  may  be  observed  that  the  principal  value  of 


f  x  dx  . 

-is  equal 
J^  *" 


x  dx 
to      -. 


Tliis  liolds  also  whenever  f(x)  is  a  function  of  an  odd 
order:  i.e.  when/(-  x)  =  -/(*). 
For  we  have 


°  f(x)dx  =  [°f(x)dx  +  f     f(x}dx. 
*o  J°  •'••o 

But      /(»)«fo--f  /(-*)<**  =  r/(-«j)A»j 

J-*o  J*o  Jo 

.-.  r°  /(*)(&  =  r°  {/(»>  +/(  -  «)  )**. 

J-*0  Jo 

Accordingly,  if/(-  a?)  =  -/(a?),  we  get 

f*0 

/(*)cb  =  o. 
J-«0 

Again,  if/(«)  be  of  an  even  order,  i.e.  if  /(-a?)  =/(#),  we 
have 


&  105.  Singular  Definite  Integral.  —  The  difference 
between  the  general  and  the  principal  value  of  the  integral 
considered  at  the  commencement  of  the  preceding  Article  is 
represented  by 


Jtt+j»« 
/ 
•  •fl* 

in  which  /(a)  =  oo,  and  e  is  evanescent. 
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Such  an  integral  is  called  by  Cauchy  a  singular  definite 
integral,  in  which  the  limits  differ  by  an  infinitely  small 
quantity.  The  preceding  discussion  shows  that  such  an  in- 
tegral may  be  either  infinite  or  indeterminate. 

5106.  Infinite  Limits. — If  the  superior  limit  be  infinite, 

i 

(*  PM* 

f(x)  dx  as  the  limit  of     f(x)  dx,  when  e  becomes 

evanescent. 

f"  I*'* 

Also     f(x)  dx  =  limit  of        f(x)  dx  when  e  is  evanescent. 

j  -•  j  —  — 

JM 

In  the  latter  case  the  value  of  the  definite  integral  when 
fi  -  v  is,  as  before,  called  the  principal  value  of 


In  this  we  assume  that/  (x)  does  not  become  infinite  for 
any  real  value  of  x. 

f(x\ 

107.  Example.  —  Suppose  _  ,  .  to  be  a  rational  algebraic 

Jb  (x) 

fraction,  in  which/  (x}  is  at  least  two  degrees  lowering  than 
F(x),  and  suppose  all  the  roots  of  F(x)  =  o  to  be  imaginary, 
it  is  required  to  find  the  value  of 


From  the  foregoing  conditions  it  follows  that  ^Trr  cannot 

£  (X) 

become  infinite  for  any  real  value  of  x  :  accordingly  the  true 
value  of  the  integral  is  the  limit  of 


when  e  vanishes. 
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f(x\ 
To  find  this  value,  suppose  '-=^-4  decomposed  by  the  me- 

thod of  partial  fractions,  and  let 


A  -  B   /i         .   A  +  B  * 
—  and 


_ 
x  -  a  -    ^/-  i         x  -  a  +  by-  I 

bo  the  fractions  corresponding  to  the  pair  of  conjugate  roots 

a  +  fry/-  i  and  a  -  b*/-  i,  of  F(x)  =  o  ; 
then  the  corresponding  quadratic  fraction  is  the  sum  of 


A  -  B^-  i         ,   A 
and  — 


x  -  a  -  b^/-  i         x-a  + 

2A  (x  -  a)  +  2Bb 
l'6'      (x-ay  +  b* 

2Bbdx  .(x  —  a 


i; 


2Bbdx  «    ,  .  , 

when  f  vanishes. 


a?  - 

Also 


•'*  J.i  (*  -ay  +  r~A  log  U2  (i  +  a/.£)z  +  p 

I.  M« 


2  A  log-,  when  e  =  o. 
v 


f*    f(x) 
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{2A(x-a)  +  2B}dx  AA 

Hence  —7  -  ~—  ^-  -  =  2  A  log  "   +  2-nB.     (20) 

-  z  ° 


Now,  suppose  F(x]  to  be  of  the  degree  2n  in  x,  and  let  the 
values  of  A  and  J5,  corresponding  to  the  n  pairs  of  imaginary 
roots,  be  denoted  by  A},  At,  .  .  .  An,  and  EI,  Bz,  .  .  .  J5n,  re- 
spectively ;  then  we  have 


r~m     ftr\ 

Ui^ 


+  2ir(Bl  +  ft*  -f  .  .  .  +  Bn). 
Again,  since  f(x)  is  of  the  degree  2w  -  2  at  most,  we  have 

AI  +  Az  +  .  .  .  +  An  =  o. 
For,  if  we  clear  the  equation 

f(x]  =  2Al(x-al}  +  2BJ)l  2  An  (x  -  an]  +  2Bnbn 

~  ' 


from  fractions,  the  coefficient  of  x*n~l  at  the  right-hand  side  is 
evidently 


which  must  be  zero,  as  there  is  no  corresponding  term  on  the 
other  side. 

Accordingly  we  have,  in  this*  case, 

j-<*>F(x\ 


*  It  may  be  observed  tbat  when  f(x]  is  but  one  degree  lower  than  F(x)t 

the  principal  value  of  1  dx  is  still  of  the  form  given  in  (21). 

J  - «  1  (x) 
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We  proceed  to  apply  this  result  to  an  important  example. 

r"  gfmdx 

1 08.  Yalne  of      —  when  m  and  «  are  Positive 

Jo  I  +  0?* 
Integers,  and  n  >  m. 

Let  a  be  a  root  of  a?n  +  i  =  o,  and,  by  Art.  37,  we  have 

2«  *ro+i 

A  - 


2n 
Again,  by  the  theory  of  equations,  a  is  of  the  form 

(2k+i}ir        / —   .    (2k,+  I)TT 
cos  • —  +  •/-  i  sin J — , 

2«  .  2» 

in  which  k  is  either  zero  or  a  positive  integer  less  than  n ; 

n     (2m  +  O*" 

.    where  9  =  '— . 

an 

Hence  B  =  — —  ;  and  accordingly  we  have 

an 

Bi  +  Bi  +  .  .  .  +  JBn  =  —  {sin  0  +  sin  30  -f  . . .  +  sin  (2»  -  i) 0} . 

To  find  this  sum,  let 

8  =  sin0  +  sin  30  +  .  .  .  +  sin(2n  -  i)0; 
then 

28 sin  0  =  2  sin*0  +  2  sin  0  sin  30  + . . .  +  2  sin  0  sin  (an  -  i)  0 

=  I  -  COS  20  +  COS  20  -  COS  40  +  .  .  .  +  COS  (2n  -  2)  0  -  COS  2W0 

7T 

-  I  -  cos  2W0  =  ?.  sinsn0  =  2  sin*(2w  +  i)  -  =  2  ; 


sin  0      fiin  (zm  +  i)ir 
2n 
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1  +  9?n 


Accordingly,  we  have 

us 

Hence,  by  (19), 


I)TT 
wsin  -  — 


p  a?mdx       i["  a?mdx      w  I 

Jo  i  +#2"  ~  2J_i  +»2n  ~~2n   .    (2m  +  I)TT' 

^  ^~ 


8111 

2W 


"We    now  proceed  to    consider  the    analogous  integral 

("  xzmdx 
-  —  ,  where  m  and  w,  as  before,  are  positive  integers, 
0  1  —  x 

and  n  >  m. 

r"  o?m 

too.  Investigation  of     -  r^« 

Jo1  -# 

*v, 

We  commence  by  showing  that 
dx 


This  is  easily  seen  as  follows  : 

["*   dx     _  f1    dx        f*    (fe 
Jo  i  -a?2     Jo  i  -«*     Jii-a'*' 

Now,  transform  the  latter  integral,  by  making  x  =•  --,  and 

we  get 

dx        f°    dz  dz 


f"   dx 
•'•     -  .  =  °- 

Jo  I  -^ 

A.gain,  proceeding  to  the  integral 
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wo  observe  that  i  +  x  and  i  -  x  are  the  only  real  factors  of 
i  -  x"1,  and  that  the  corresponding  partial  quadratic  fraction 
in  the  decomposition  of 


n  ( i  -  #2)  * 

Consequently,  the  part  of  the  definite  integral  which  corre- 
sponds to  the  real  roots  disappears. 

Moreover,  it  is  easily  seen  that  the  method  of  Arts.  107 
and  1 08  applies  to  the  fractions  arising  from  the  n  -  i  pairs 
of  imaginary  roots,  and  accordingly 


j 


where  B^  S2,  .  .  .  Bn-i  have  the  same  signification  as  before. 
Again,  since  the  roots  of  a?n  -  i  =  o  are  of  the  form 

kir         s —    ,     kir 
cos  —  ±  */-  i  sm  — , 
n  n 

it  follows,  as  in  Art.  108,  that 

Z?i  +  BI  + . . .  +  Bn-i  =  —  [sin  20  +  sin  40  +  . . .  +  sin  2 (n  -  i)0], 

2  ft 

n      (2m  +  I)TT        ,    . 

where  v~= —,  as  before. 

211 

Proceeding  as  in  the  former  case,  it  is  easily  seen  that 
sin  20  +  sin  40  +  .  .  .  +  sin  2  (n  -  i)  0 
cos0  -cos(2«-  i)0        .(2 

= r-=3 — 

2  sin  u 

f "    x*mdx       7T      ,zm+i 

Hence  — ^  =  -  cot TT  ; 

J  _.  i  -  a?n      n  2n 

f"  X^dx  7T         ,    2m  +   I  .       . 

.-.  -  =  —  cot 7T.  (23) 

J,i  -a?2w      2»  2» 
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Again,  if  we  transform  (22)  and  (23)  by  making  x*n  =  z 


.         2m  +  i 

and  a  = .  we  get 

2n 


fV-'rf3        7T  fV-'rfs 

^          -  =/r »  -  =  ircot«jr.  (24) 

f      J  0   I   +  S      *Sin  «7T  J  o  I    -    Z 


The  conditions  imposed  on  m  and  n  require  that  a  should 
be  positive  and  less  than  unity. 

Moreover,  since  the  results  in  (24)  hold  for  all  integer 
values  of  m  and  n,  provided  n  >  m,  we  assume,  by  the  law  of 
continuity,  that  they  hold  for  all  values  of  a,  so  long  as  it  is 
positive  and  less  than  unity. 

1 1  o.  The  definite  integrals  discussed  in  the  two  preceding 
Articles  admit  of  several  important  transformations,  of  which 
we  proceed  to  add  a  few. 

For  example,  on  making  u  =  za  in  (24),  we  get 

(du           air               f"    du 
i  = ;  ],  =  air  cot  air. 
o  i  +  ua     sin  air          J  o  i  -  w* 

If  -  =  r.  these  become 
a 

(du                   7T  f"      (IU  7T         ,    7T 

7+tf  = £'     I    iTf?  =  ~r        7-'  ^5^ 


rsm- 
r 


where  r  is  positive  and  greater  than  unity. 
Again 


["  aTdx  _  P  xndx 
J0  1  +#2  ~J0i  + 


Now,  if  in  the  latter  integral  we  make  x  =  -,  we  get 


f    *"<&:       f1^n  +  a;-»  , 

.'.       :  =       r-^a;.  (26) 

J0  I  +X?      J0    I  +02 
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Moreover,  from  (22),  when  n  is  less  than  unity,  we  have 


x"dx 


2  COS  — 

2 


Accordingly 

J1  g*  +  **"*  *!  _      **  C  Q\ 

o  x  +  or1    x               nir'  ' 

t  nna  


2  COS  — 
2 


In  like  manner,  it  is  easily  seen  that 


of*  -  x~*  dx     TT  .      nir 

=     tan— .  (29) 


x  -  arl  x      2 


It  should  be  noted,  that  in  these  results  n  must  be  less  than 
unity. 

Again,  transform  (28)  and  (29)  by  making  x  -  er**  and 
«TT  =  a,  and  we  get 

f"   aO»     i      A-O«  I  //  f*   />**    —    P~°S  I  // 

|t>T^O  ,  1  C#  ^  ^  T  *j  **  /^x^\ 

.cfs=-seo-,         «s=-tan-.        U°/ 

J  o  c"z  +  e-*'         2       2'    J  o  e«z  -  e~*'         2       2 

We  add  a  few  examples  for  illustration. 

EXAMPLES. 

r*      dx  ir 

0  («n  _  -guy*  n  sin- 

("  dx  ir 
^±_ — ^_.                                                  M     __1 — 


{3                                                                                                                                  T 
i&nn0dO,  where  n  lies  between  +  I  and  -  i.      „     . 


2  cos  — 

2 
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,  where  n  >  m. 
* 


C 
\ 

Jo  x"+  or*  x 


r « 
o. 

Jo 


i: 


(e**  4-  e~a*}(d>*  —  e-*1) 

•dx. 


Jo  «**  -  6-*x  '      COS «   -f  COS  A" 

It  should  be  observed,  that  in  these  we  must  have  a  +  b  <  T. 
8.  Hence,  when  b  <  T,  prove  that 


Am.  ir  cot  air . 

a 


in.  Differentiation    of  Definite  Integrals. — It  is 

plain  from  Art.  86  that  the  method  of  differentiation  under 
the  sign  of  integration  applies  to  definite  as  well  as  to  in- 
definite integrals,  provided  the  limits  of  integration  are 
independent  of  the  quantity  with  respect  to  which  we  dif- 
ferentiate. 

On  account  of  the  importance  of  this  principle  we  add  an 
independent  proof,  as  follows  : — 

Suppose  u  to  denote  the  definite  integral  in  question,  i.e. 
let 


rt 

u  =      ^(#,  a)daft 

J  a 


where  a  and  b  are  independent  of  a. 

wtJ 

To  find  —  let  Aw  denote  the  change  in  M  arising  from  the 
(td 

change  Aa  in  a  ;  then,  since  the  limits  are  unaltered, 
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f* 

=       \<j>(z,  a  +  Aa)  -  $(#,  a}}dx\ 

Jo 

(#,  a  +  Aa)  -  0  (a?,  a) 

-  - 


* 

AM 


.    Aw       f  * 
.  .  — 
Aa      J« 


Aa 

Hence,  on  passing  to  the  limit,*  we  have 

A»_(*rfl(rr«)A 


dx. 


clx. 


da       \a        da 


Also,  if  we  differentiate  n  times  in  succession,  wo  ob- 
viously have 

d"n  _  p  </"</>(#,  a) 

flu"       ja 


da" 


The  importance  of  this  method  will  be  best  exhibited  by  a 
few  elementary  examples. 

112.  Integrals    deduced    by     Differentiation.-  If 

the  equation 


e-°*  dx  =  - 
a 


be  differentiated  n  times  with  respect  to  a,  we  get 


as  in  Art.  95. 

Again,  from  ihe  equation 


- 

o  a?  +  a     2  a? 

we  get,  after  n  differentiations  with  respect  to  a, 


dx 


^  »"  i  .3  .5...(2i»-  i)    i 

" 


o    (&  -f  a)*1*1  "  2  2.4.6..  .       2» 
which  agrees  with  Art.  94. 


*  For  exceptions  to  this  general  result  the  student  is  referred  to  Bertrand's 
Caleul  Integral,  p.  i  S  i . 


Differentiation,  under  the  Siyn  of  In  ley  ration.       ~  145 

Again,  if  we  take  o  and  <x»  for  limits  in  the  integrals  (23) 
and  (24)  of  Art.  21,  we  get 

(a          f  *                                m 
e~ax  cos  mx  dx  =  — ;,  e"0*  sin  mx  dx  =  — -0.        ( * 1 ) 

o  a?+m-     J0  az+m* 

Now,  differentiate  each  of  these  n  times  with  respect  to  «, 
and  we  get 

•"*  xn  cos  mx  dx  =  (-  i  Y  ( — - 

\da. 


Jo 

\n  . cos(w 


T~> 


f"  _  . 

e-ar.  xn  g 

Jo 


,       I  n  .  sin  (n+  i)B 

_  L__ 

"_±J   » 
(«»  +  m2)  2 


where  w  =  a  tan  0.     (See  Ex.  17,  18,  Diff.  Calo.,  pp.  58,  59.) 
Next,  from  (24)  we  have 

r  ir"-1^ 

-   =  7T  COt  «7T. 
Jo        l-X 

Accordingly,  if  we  difrerentiate  with  respect  to  a,  we  have 

f"  a^-'loggfto^        7ra 
Jo         i  -  a;  sin2  «7r* 

Again,  if  the  equation 


bx 
bo  transformed,  by  making  y  =  -  —  ,  it  evidently  gives 


tt  +  OX 
j"°        0^~ldiK 

Jt  (a  +  bx}n 


fiol 
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Now,  differentiating  with  respect  to  a,  we  have 


l 


x"-ldx 


If  we  proceed  to  differentiate  m  -  i  times  with  regard  to 
a,  we  have 

f"       xn~*dx  i  .  2  .  3  .. .  (»»-i)  i 


Jo    (a  -f  bx)m>n     n.(n+  i)(«  +  2)  . . .  (n  +  m  -  i)  '  ambn' 

113.  By  aid  of  the  preceding  method  the  determination 
of  a  definite  integral  can  often  be  reduced  to  a  known  integral. 
We  shall  illustrate  this  statement  by  one  or  two  examples. 

Ex.  i.  To  find 


I 


log  ( i  +  sin  a  cos  x]  . 
— — ax. 


Denote  the  definite  integral  by  «,  and  differentiate  with 
respect  to  a  ;  then 


du      ("       cosadx 

—  = ;—     —  =  TT  (by  Art.  18). 

da      J  0  I  +  Sin  a  COS  X 


f  *  dx  log  (i  +  sin  a  cos  x] 

I  =  Tra. 

J o  cos  * 

No  constant  is  added  since  the  integral  evidently  vanishes 
along  with  a. 

'x  e~ttx  sin  mx 


"I 

Jo 

(hi       f*  a 

—  =       c'**  cos  mx  dx  =  — ; ; 

am     J0  a  +  m 


Ex.  2.  u  =  \      dx. 

In  this  case 


f    dm        ,        fm\ 

.•.  u  =  a\ =  tan'1 1  —  . 

J  a  +  nr  \aj 

No  constant  is  added  since  u  vanishes  with  m. 
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Ex.  3.  Next  suppose 

riogf.^)^ 

Jo          I  +  P& 

du      f*  2atfdx 

da    J0    (i  +  aV)(i  +62^2) 


7T  P     6^!  7T  ,          ,  ,, 

.'.  w  =  r    -  r  =  T  log  (a  +  o)  +  const. 
i  J  a  +  6      5 

To  determine  the  constant  :  let  a  =  o,  and  we  obviously 
have  u  =  o. 


Consequently,  the  constant  is  -  r 


TT 


The  method  adopted  in  this  Article  is  plainly  equivalent 
to  a  process  of  integration  under  the  sign  of  integration. 
Before  proceeding  to  this  method  we  shall  consider  the  case 
of  differentiation  when  the  limits  a  and  b  are  functions  of 
the  quantity  with  respect  to  which  we  differentiate. 

114.  Differentiation   where    the    Limits    are    Ya- 
'  riable. — Let    the  indefinite    integral    of    the    expression 
fy(x,  a)dx  be  denoted  by  F(x,  a) ;  then,  by  Art.  91,  we  have 


r6 

M  = 

J  a 


>(#,  a)  dx  =  F(b,  a)  -  F(a,  a); 
du     d  .  F(b,  a) 


'  db 


,  a), 
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du        dF(a,  a)         A/      < 
ana  —  =  --  ,        =  -  d»  (a,  a). 

da  da 

Again,  taking  the  total  differential  coefficient  of  t*  re- 
garding a  and  b  as  functions  of  a,  we  have 

)  du  db      du  da 

db  da      da  da 


du      f6  (fy>(#,  a 
da     ja      da 

(*>  dd)(x, 
,*% 


By  repeating  this  process,  the  values  of  —^  y-j,  &c.,  can 


bo  obtained,  if  required.  » 

1  15.  Integration  under  the  Sign  of  Integration.  — 

Returning  to  the  equation 


I* 

«  =        <t>(x,  a)dxy 

Ja 


where  the  limits  are  independent  of  a,  it  is  obvious,  as  in 
Art.  87,  that 

uda  =  0  (x,  a)  da\  dx, 

provided  n  be  taken  between  the  same  limits  in  both  cases.. 
If  we  denote  the  limits  of  a  by  a0  and  ai,  we  get 

rat  rbr  pa,  -| 

uda  =  £(.r,  a)  da    fa, 

jo0  JaLJa0  J 

<j>(xt  a)  dx  Ida  =  '  <}>(v,  a)  da\dx.       (34) 

This  result  is  easily  written  in  the  form 

(ij  rb  rb  pa! 

</>(#,  a)dxda=\         $(x,  u)dudx.  (35) 

a.  Ja  Ja  J  a. 


or 
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These  expressions  are  called  double  definite  integrals,  as  in- 
volving successive  integrations  with  respect  to  two  variables, 
taken  between  limits. 

It  may  be  observed  that  the  expression 


(«i  r6 
<f>(x,  a)dxda 
a.Ja 


is  here  taken  as  an  abbreviation  of 


</>(:?•,  a)dx    da, 


in  which  the  definite  integral  between  the  brackets  is  sup- 
posed to  be  first  determined,  and  the  result  afterwards 
integrated  with  respect  to  a,  between  the  limits  a«  and  a\. 
The  principle*  established  above  may  be  otherwise  stated, 
thus  :  In  the  determination  of  the  integral  of  the  expression 

»(r,  a)dxda 

between  Jfie  respective  limits  a?0,  a?i,  and  a0,  ai,  we  may  effect  the 
integrations  in  either  order ',  provided  the  limits  of  x  and  a  are 
independent  of  each  other. 

In  a  subsequent  chapter  the  geometrical  interpretation  of 
this,  as  well  as  of  a  more  general  theorem,  will  be  given. 

We  now  proceed  to  illustrate  the  importance  of  this 
method  by  a  few  examples. 

1 1 6.  Applications  of  Integration  under  the  Sign  /. 

Ex.  i .  From  the  equation 


!x*~l  dx  =  — 
•  a 

we  get 

fa^  da     ,      /aA 

-  =  log(-j. 

Ja0    a  \aO/ 


*  It  should  be  noted  that  this  principle  fails  whenever  <f>(x,  a),  or  either  of 
its  integrals  with  respect  to  a,  or  to  x,  becomes  infinite  for  any  values  of  x  and  a 
contained  between  the  limits  of  integration.  The  student  will  find  that  the 
examples  here  given  are  exempt  from  such  failure. 
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Hence 


f  '  a»i-1  -  a--1  ,       .      fai\ 

—  -  -  dx  =  log  -). 

J0      logs  &V«o/ 

Again,  if  we  make  x  =  e~*  in  this  equation,  we  get 

f  e-">*  -  e-"°~- 

-*•* 

Jo 

Ex.  2.  We  have  already  seen  that 


f 

Jo 


er0*  cos  mxdx 


jo  »    +W 

Hence 

"~*» 

1  cos 

U      •'    La, 


or 


+  mf 


aa  +  m 


(*    ^li*  _  e-«o*  I 

-  cosm#dk  =  -log 

Ex.  3.  Again,  from  the  equation 

r  m 

e""*  sin  mxdx  =  — 5, 

Jo  0    4  W 

we  get 

(*  fai                              fa'    w«?a 
e"**  sm  mxdadx  =       — -\ 
0     J  a0                                               J  a0 

sin  w#cfo  =  tan'1!  — )-  tan"1  ( —  \ 

Jo  *  A»V  \m/ 

Compare  Ex.  2,  Art.  113. 

Tf  we  make  a0  =  o  and  01  =  oo  in  the  latter  result,  we 
obtain 


I     sin  i 
o        <c 


mx  ,       TT 
au;  =  -. 
2 
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f*eb. 

Ex.  4.  To  find  the  value  of 

f  e~**dx.     . 
Jo 

Denoting  the  proposed  integral  by  &,  and  substituting 
ax  for  #,  we  obviously  have 


Hence 


But 


Hence 


r 


(36) 


This  definite  integral  is  of  considerable  importance,  and 
several  others  are  readily  deduced  from  it. 
117.  For  example,  to  find 


Here 


(A)        «= 

'    J 


-458  — 


du 


-x*-0^    dx 


=  ~  2  \   e      *  'a  — . 
da  I  o  *? 


Again,  let  z  =  -,  and  we  get 
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*  b* 


C  ^ •**  ,?adx  =  f    *    .^  =  u  ?      ^ 

Jo  «          Jo 

rftt 

.*.  -r-  =  -  2u  ;  hence  u  =  Ce~*a. 
da 

To  determine  (7,  let  «  =  o,  and,  by  the  preceding  example, 
M  becomes  — — . 

2 

Consequently 

\o*"T*dx  =  ~re~*a'  (37) 

Again,  to  find 

(B)        u  =  f  «r«**'cos  25ar<fe. 


Here 


.  i    %>        x  sin 

ao 


rftt        r 

sr-'J/ 

But,  integrating  by  parts,  we  have 
f^-rin»<.»i,.-*"  yto  +  1*  p 

f"  2*  r 

•  ff~&    %     RlTfe     vJlWPfl'*  —   _  yjr^**^1 

•   •     I  nlll    4<fJUtCtlJG  —  I       c; 

Jo  a    Jo 


xt 


Hence 

C?M  _     2bu          du        2bdb 
db         a* '          M  a* 


Hence                               u<=  Ce  "". 
Also,  when  J  =  o,  u  becomes , 


r/~    - 
e-at*'coB2bxdx=¥-?ia'.  (38) 

2a 
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Again,  if  we  differentiate  «  times,  with  respect  to  a,  the 
equation 


«-»-•?£ 

Jo  2-v/o 

and  afterwards  make  a  =  i,  we  get 


o 

Next,  to  find 
.-p.. 

We  obviously  have 


f "   --•  w          l 

2  \    a  G     *•       'd/ci =-  "-T"      "    _  t 

«  I  A-2       * 

Jo  I    +   Of! 

f"  f"       ./,.,«  f"  coBmvdx 

.'.2  ae~a  i'+JC  'coBmxdxda.  =  I    — . 

Jo  Jo  Jo     i  +  y 

But,  by  (38),  we  have 

,r^, 

Jo 


•—  j  OOR  W11T  (J.'Y 

.;  V/TT     e-*a~wda  = — . 

Jo  Jo      I  +* 

Hence,  by  (37),  we  have 

f"  oosmxdx     TT 
Jo     i  +a?    ~  2* 

Again,  differentiating  with  respect  to  m,  we  obtain 

)"  xsmmxdx      TT 
-_  =  _  er".  (40) 
0      i  H-ar8          2 
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EXAMPLES. 


i.   r^t 

Jo  «"*- 


xdx.  Am.  -  sec*  -. 

4         2 


TF~ioi?  "   log(tany) 

when  a  >  0  and  <  i. 

i  s«  +  z-°  -  2    ih 


(  1  5"  +  2-"  - 

'•    Jo  -rn 


f—                 » 
J  log  (i  4  cos  0  coax) , 
o                               cos  * 

S'       \0GOaxl°S(^)dX- 


flloj 
Jo     i  + 


*  i; 


sin  — 
zrlogzaz  *•* 

4        orir" 
cos-  — 


4  «a  +    I 


1  1  8.  The  values  of  some  important  definite  integrals  can 
be  easily  deduced  from  formula  (34),  Art.  32. 
For  example,*  to  find 


W  V 

Here  ['  log  (sin  0)  dO  =  f  *  log  (cos  6)  d(t. 

Jo  Jo 

Hence,  denoting  either  integral  by  u,  we  have 

«• 

2u  =      {log  (sin  9)  +  log  (cos  0)  }  dO 

'  n 


*  These  examples  are  taken  from  a  Paper,  signed  "H.  G.,"  in  the  Cambridye 
Mathematical  Journal,  Vol.  3. 
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IT 
*v— 

=  I    log  (sin  2  0W0-- log  2. 

Jo  2 

Again,  if  z  =  20,  we  have 

ir 

2  log  (sin  20)dO  =  -  ['fog  (sin  z)ds 

Jo  2  J  o 

IT 

I   f~2  j  fir 

=  -      log  (sin  z)cfe  +  -      log(sinsys; 

JO  f,  J   IT 

a 
but,  since  sin  (IT  -  z)  =  sin  2, 

IT 

log  (sin  «)<?*  =  [ 2  log  (sin  2)  <fe. 

J  «•  Jo 

2 

Consequently 

n  v 

2  log  (sin  20)^0  =  V  log  (sin  0W0 : 

Jo  Jo 

ir 
Jo  2        3   »    /  IT~    y 

Again,  to  find 

J  o 
re 

01og(sin  9)dO  =  \"  (ir  -  0)  log(sin  0)^0; 
J°  Jo 

01og  (sin  0)(/0  =  -  I  "log  (sin  0)^0  =  -  -  w  (2). 

Jo  2 J  o  2 

119.  Theorem  of  Frullani.— To  prove  that 

~ -fa  =  $ 

Jo  x 


Here 
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Let  u  =  f *  ^W  "  *'°)  dz ;  substitute  ax  for  a,  and  we  get 
Jo          2 


If  we  substitute  b  for  a,  we  get 

A 


fi<b(ax)dx      tb<t>(bx)dx       ..[adx      ./\i      *     /,,\ 

]!.   -j.'V— ^JiT"^**? (42) 


TT  «  d>  ( ax I  -  to  I  OX)   ,        \»  m\ux)  uu,          ,      - /c/\          /      \ 

Hence      — — ' — « — i  d!»  -  — —  -  #(o)  log  I  -  I.       U3  J 

S 
If  wo  suppose  h  -  oo,  we  get 

(•.x\             j  /  Ji     \  /  JL\ 
th^dcc]  —  ip\oxj                 -     /'M 
cto  =  0(o)  log    -  ,  (44) 
o              *                                  \aj 

A 

provided  — — -  dx  =  o  when  A  =  oo. 

I A       j* 
«/  — 

For  example,  let  $(x)  =  cos  a?,  and,  since  the  integral 
A 
[b<^—dx 

h  * 

evidently  vanishes  when  h  =  oo,  we  have 

\ 

(cos  ax  -  cos  bx  .  b 
dx  =  log-  -. 
o              x                       6  a 
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Frullani's  theorem  plainly  fails  when  <j)(ax)  tends  to  a 
definite  limit  when  x  becomes  infinitely  great.  The  formulae 
can  be  exhibited,  however,  in  this  case  in  a  simple  shape,  as 
was  shown  by  Mr.  E.  B.  Elliott.* 

For,  in  (42)  let  h  =  ab,  and  it  becomes 

(45) 


Again,  if  0(  oo)  denote  the  definite  value  to  which  $(ax) 
tends  when  x  increases  indefinitely,  then  when  h  becomes 
infinite  we  may  substitute  $(oo)  instead  of  <jt(bx)  in  the 
integral 


F 


*        X 


dx\ 


in  which  case  it  becomes 

A 


dx        ,     v  ,      AA 
—  -  f(e»)bg  r). 


On  making  this  substitution  in  (43),  we  get 


/7 

ij. 


For  example,  let  <}>(ax)  =  ia,u.~l(ax)  then  we  have 


and  0(  oo)  =  -. 


Accordingly  we  have 

f"  tan'^iP  -  tair1  J«  ,        IT  [*  dx     TT 


I  0 


X  2    \h  X         2 


*  Educational  Times,  1875.  The  student  will  find  some  remarkable  exten- 
sions of  the  formulae,  given  above,  to  Multiple  Definite  Integrals,  by  Mr.  Elliott, 
in  the  Proceedings  of  the  London  Mathematical  Society,  1876,  1877.  Also  by 
Mr.  Lendesdorf,  iu  the  same  Journal,  1878. 
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119  a.  Remainder  in  Lagrange's  Series. — We  next 
proceed  to  show  that  the  remainder  in  Lagrange's  series 
(Diff.  Calc.,  Art.  125)  admits  of  being  represented  by  a 
definite  integral.  This  result,  I  believe,  was  first  given  by 
M.  Fopoff  (Comptes  Rcndus,  1861,  pp.  795-8). 

The  following  proof,  which  at  the  same  time  affords  a 
demonstration  of  the  series,  of  a  simple  character,  is  due  to 
M.  Zolotareff : — 

Let  z  =  x  +  y<t>(z)  ;  and  consider  the  definite  integral 


=  I  {2/0(«)  +  *  -  u}"F'(u}du. 
J* 


Differentiating  this  with  respect  to  a?,  we  get,  by  (33), 
Art.  1 1 4, 

ds 

F(*).  (47) 


If  in  this  we  make  n  =  i  ,  we  get 

So  =  y<l>(x)Fr(x)  + 

but  s0  =  F(z)  -  F(x)  ; 


+      .  (48) 

In  like  manner,  making  n  =  2,  we  have 


.. 

dx      i  .  2    x  1.2 

Substituting  in  (48)  it  becomes 


Again, 


Gamma  Functions.  159 


i  .  2  ...  n  -  i    dxn~l        i  .  2  . . .  n  dxn' 


i  .  2  .  .  .  n  dxn  ' 
Hence  we  get  finally 


+  rr^  «  GsY  f  ^  *  W  +  *  -  ^]n^»  rf*.     (49) 

I  .  8  ...  7}  \uj;y    jx 

Consequently  the  remainder  in  Lagrange's  series  is  always 
represented  by  a  definite  integral. 

We  next  proceed  to  consider  a  general  class  of  Definite 
Integrals  first  introduced  into  analysis  by  Euler. 

1  20  Gamma  Functions.  —  It  may  be  observed  that 
ihere  is  no  branch  of  analysis  which  has  occupied  the  atten- 
tion of  mathematicians  more  than  that  which  treats  of 
Definite  Integrals,  both  single  and  multiple  ;  nor  in  which 
the  results  arrived  at  are  of  greater  elegance  and  interest. 
It  would  be  manifestly  impossible  in  the  limits  of  an 
elementary  treatise  to  give  more  than  a  sketch  of  the  results 
arrived  at.  At  the  same  time  the  Gamma  or  Eulerian 
Integrals  hold  so  fundamental  a  place,  that  no  treatise, 
however  elementary,  would  be  complete  without  giving  at 
least  an  outline  of  their  properties.  With  such  an  outline 
we  propose  to  conclude  this  Chapter. 

The  definitions  of  the  Eulerian  Integrals,  both  First  and 
Second,  have  been  given  already  in  Art.  95. 

The  First  Eulerian  Integral,  viz., 


is  evidently  a  function  of  its  two  parameters,  m  and  n  ;  it  is 
usually  represented  by  the  notation  B(m,  n}. 
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Thus,  we  have  by  definition 

P 
Je 


Jo 


(50) 


The  constants  w,  «,  are  supposed  positive  in  all  cases. 
It  is  evident  that  the  result  in  equation  (  1  4),  Art.  95,  still 
holds  when  p  is  of  fractional  form. 
Hence,  we  have  in  all  cases 

T(p  +  i)  =  pr(p).  (51) 

• 

This  may  be  regarded  as  the  fundamental  property  of 
Gamma  Functions,  and  by  aid  of  it  the  calculations  of  all 
such  functions  can  be  reduced  to  those  for  which  the  para- 
meter p  is  comprised  between  any  two  consecutive  integers. 
For  this  purpose  the  values  of  r(p),  or  rather  of  log  f\p), 
have  been  tabulated  by  Legendre*  to  1  2  decimal  places,  for 
all  values  of  p  (between  i  and  2)  to  3  decimal  places.  The 
student  will  find  Tables  to  6  decimal  places  at  the  end  of  this 
chapter.  By  aid  of  such  Tables  we  can  readily  calculate  the 
approximate  values  of  all  definite  integrals  which  are  re- 
ducible to  Gamma  Functions. 

It  may  be  remarked  that  we  have 

r(i)=i,     r(o)=oo,     rKp)=oo, 

p  being  any  integer.     For  negative  values  of  p  which  are 
not  integer  the  function  has  a  finite  value. 

Again,  if  we  substitute  zx  instead  of  x,  where  2  is  a  con- 
stant with  respect  to  x,  we  obviously  have 


See  Traite  dei  Fonctions  Elliptiques,  Tome  2,  Int.  Eider,  chap.  16. 


Expression  for  _B(w,  w). 
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"With  respect  to  the  FJret  Eulerian  Integral,  we  have 
already  seen  (Art.  92)  that 

(i  n 

o  Jo 

.*.  B  (m,  n)  =  B(n,  m). 

Hence,  the  interchange  of  the  constants  m  andw  does  not 
alter  the  value  of  the  integral. 

Again,  if  we  substitute for  #,  we  get 

i  +  y 

11                                                            r<*>             «i-i    7 
?/      chi 
spin— 1/»         /v.\tt- i  /•/».   _    I            ^ «7 
*v         I  1.          i*/  J         (tw    —     I         7 : • 
o                          Jo  (i  +y}m* 

(*     y"-1^        r./       N  /     \ 

•; r— r  =  Jy[m.  n).  («m 

Jo    (i+y)"*" 


"We  now  proceed  to  express  -B  (?w,  n)  in  terms  of  Gamma 
Functions. 

121.  To  prove  that 

•p  /..,\   -n/..\ 

-B  (m,  n)  =  •- 


From  equation  (52)  we  have 

v.     / 

J  o 


llence 


f" 

,*.  P(»)       e^z"-1^  = 

Jo 


tf  -«(»') 


"lrf'] 
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But,  if  s  (i  +  x]  =  y,  we  get 


Accordingly,  by  (53),  wo  have 

T(m)  r(n)  ,     x 

B<-'"'"^^^-  (54) 

Again,  if  m  =  i  -  »,  we  gel,  by  (24), 

(*  att'ldjK         IT 
(55) 
o     i  +  x      sm  WIT 

If  in  this  n  =  -,  we  get 


,>2/ 

This  agrees  with  (36),  for  if  we  make  x1  =  s,  we  get 


f     e-'dx--\     c-z-!ffe  =  -lii.  (56) 

Jo  2    jo 

Again,  if  we  suppose  in  the  double  integral 
\x°l-lyn 


.r  and  y  extended  to  all  posit  ice  values,  subject  to  the  condi- 
tion that  x  +  y  is  not  greater  than  unity  ;  then,  integrating 
with  respect  to  y,  between  the  limits  o  and  i  -  x,  the 
integral  becomes 


in  which  x  and  y  are  always  positive,  and  subject  to  the  con- 
dition x  +  y  <  i . 
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122.  By  aid  of  the  relation  in  (54)  a  number  of  definite 
integrals  are  reducible  to  Gamma  Functions. 
For  instance,  we  have 

ym~ldy 


J'   ym~ldy        f1    y**~ldy        f"    ym 
0(1  +y)m+n~}o(i  +  y)m*n     Ji(T+ 

Now,  substituting  -  for  y  in  the  last  integral,  we  get 
x 

Ji  (i  +  y)m^  =  J  o  (i  +  x)m+n' 
Hence 

J1  xm~l  +  a?~l  J        ri-m]  r(n) 
„  (i  +  x)^      =    r(m  +  »)  (5  } 

Next,  if  w<?  make  x  =  -j-t  we  get 

J  o  (i  +  #)m*n  J  o  (ay  +  b}m+n ' 

.*.      I       f— -   .  OT+>>    =        w;n  p,/ "T«  (59) 

Again,*  let  a;  =  sin2  0,  and  we  get 

it 

f1  f*" 

a;"1'1  ( i  -  a?)*'J  ito  =  2     sin2"1"1 0  cos2"'1 0  c/6/ ; 
Jo  Jo 

•tr 

fz"  rdn]  r(n] 

.'.     smli"l-10cos2"-10rf0=  — --7^ — M.  (60) 

Jo  2r(m+n) 

This  result  may  also  be  written  as  follows  : 

*  sin"-1 9  cos?-1 0  dO  =     \2'    ^.  (6 1 ) 


*  These  results  may  be  regarded  as  generalizations  of  the  formulae  given  in 
Arts.  93,  94,  lo  which  the  student  can  readily  see  that  they  are  reducible  when 
the  indices  are  integers. 
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wa 

If  we  make  q  =  I,  we  get 


(62) 


Again,  if  p  =  q  in  (61)  it  becomes 


-  I  W-1 

Jo 

Let  20  =  2,  and  we  have 


r 
-1  0  cos"  '  OdS  =  -       ' 


(2  I     (""•  fz" 

siu''-120(^  =  -     sink's  rfs  =     s 
o  2Jo  Jo 

r(p\ 
^L       \* 


Hence 


If  we  substitute  2Wi  for  7?,  this  becomes 

(2m).         .-    (63) 


Again,  make  y  =  tan20  in  (59),  and  we  get 

f?    sin2"'-1  Q  cos7"-1  0(/0  r(w)  r(n) 

J  o  (a  sin2  6/  +  I  cos2  0)m*»  "  zam  bn  F(m  +  »)' 
123.   Tu  liiid  the  Value*  of 


n  being  any  integer. 


*  This  important  theorem  is  due  to  Euler,  by  whom,  as  already  noticed,  the- 
Gamma  Functions  were  first  investigated. 
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Multiply  the  expression  by  itself,  reversing  the  order  of 
the  factors,  and  we  get  its  square  under  the  form 


that  is,  by  (55), 

TT" 


.7T.27r.37r         .    (n  -  I)TT 

sin  -  sin  —  sm  — ...  sin — 

n         n          n  n 

To  calculate  this  expression,  we  have  by  the  theory  of 
equations 


TT        V                 27T      A      /                 (W-I)TT      , 
I  -2#COS-  +X r      I  -  2#COS — +X*    ...     I  -  2#COS —  +  %' 

n       J\  n        J      \  n 

Making  successively  in  this,  x  =  i,  and  x  =  -  i,  and  re 
placing  the  first  member  by  its  true  value  w,  we  get 

7r\V  2irV         /  (n-  i)7r\" 

=  [  2  sm  -       2  sin  —    .  .  .    2  sm  - 

2nJ  \  2nJ         \  2n 

(\z 
2   COS  ](2   COS  —  )  [2   COS  — 


2HJ  \  2HJ  \  2U 

whence,  multiplying  and  extracting  the  square  root, 

.    .      7T      .       27T  .      (»  -    l)jT 

n  =  2n~l  sm  —  sm  —  ...  sm — . 

n         n  n 

Hence,  it  follows  that 


r-  r-  ...r  -    -  =  ^^f-.          (65 

ji    /  V  A/I  /  '»A 

,  '*  . 
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124.  To  find  the  values  of 

I*  .« 

e~ax  cos  bxxm~*  dx,  and       e"1*  sin  bx  x™~x  dx. 
o  Jo 

If  in  (52)  a  -  b^/-  i  be  substituted*  for  z  the  equation 
becomes 


r 


Let  a  =  (a8  +  62)i  cos  0,  then  6  =  (a'  +  6')4  sin  #,  and  the 
preceding  result  becomes 

e-ax  (cos  bx  +  v/-  i  sin  bx]xtn~ldx 


~  —       — -  (cos  0  +  y  —  i  sin  0)m 
(a1  +  Vf 

T(m)  / — 

=  -       -—;  (cos  mO  4  y'-  i  sin  m&). 

(a*  4-  62)7 
Hence,  equating  real  and  imaginary  parts,  we  have 

f  r(»o  ^ 

>>— *"/)/\Q  A  >•'>*"*"' //I"  —  OA<a   in(\     I 

e?         UUo  v**-  *c-         (til'  —  —    v-Uo  //t  i/     ! 

!,  = 

(a  "  >  •  (66) 

f  r(«»)  i 

e~axsin  6a;a;m  ldx  =  —     • — ^—  sin  w0 

Jo  (^+    5         j 

in  which  9  =  tan"1!  -  ]. 
\a/ 

If  we  make  a  =  o.  Q  becomes  -,  and  these  formulse  become 

2 


*  For  a  rigorous  proof  of  the  validity  of  this  transformation  the  student  is 
referred  to  Serrett's  Cnlc.  Int.,  p.  194. 
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F  (m)        mir 

cos  bxxm~l  dx  =  —7—  cos  — , 
bm  2 


•       i         «,  i     7  1    (m)     '•       mT 

sin  ox  xm~l  dx  =  -  - — -  sm  — 
bm  2 


(67) 


It  may  be  observed  that  these  latter  integrals  can  be  ar- 
rived at  in  another  manner,  as  follows  : — 
From  (52)  we  have 

•I  CO 

F  (»)  — —  =       e~zx  x"~l  cos  bz  dx ; 

%  Jo 

."*    r  7  7  i    ®      /*  * 

r»r\o    j\f?  /it? 
/     \     I           L/*JO    t/w  tt'<w 
•       r1 1 49 1    I —    I  /j~2j?  r*f\a  iiv  m^ 

.  .  i  ^?;  e      cos  oz « 

Jo  Jo    Jo 

But,  by  (32),  we  have 

Ix 
e^*  cos  bz  dz  =  — „ ; 
o                           oa  +  ar 


f  °°    COS  Z>2  (/2  I        I' ' 

"Jo      sn     =r>jJc 


2  cos—  ,  by  (2 7), 


in  which  n  must  be  positive  and  <  i. 
In  like  manner  we  find 


f*    Sin  ^36?Z  6"'1  7T 

IS         =  "pTTTT  "" 
o          »  1 


2  sin  — 

2 


The  results  in  (67)  follow  from  these  by  aid  of  the  relatioii 
contained  in  equation  (55). 
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EXAMPLES. 


.„, 


rig*-i(i  -  x)"Adx  r(m)T(n) 

}  o        (a  l  *)»»"'  "     a"  (  I  4  «)'"  r(«»  4  w)' 


fi       dx 

5<     )o7T3 


f*  sinia;.  ir 

6.  —  dx.  „     -. 

Jo          *  2 

125.  Numerical  Calculation  of  Gamma  Func- 
tions.— The  following  Table  gives  the  values  of  log  r(p), 
to  six  decimal  places,  for  all  values  of  p  between  i  and  2 
(taken  to  three  decimal  places). 

It  may  be  observed  that  we  have  r(i)  =  r(2)  =  i,  and 
that  for  all  values  of  p  between  i  and  2,  T(p)  is  positive  and 
less  than  unity ;  and  hence  the  values  of  log  F  (p)  are  negative 
for  all  such  values.  Consequently,  as  in  ordinary  trigono- 
metrical logarithmic  Tables,  the  Tabular  logarithm  is  obtained 
by  adding  10  to  the  natural  logarithm.  The  method  of 
calculating  these  Tables  is  too  complicated  for  insertion  in 
an  elementary  Treatise. 


p. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

I.OO 

975° 

9500 

9251 

9003 

8755 

8509 

8263 

8017 

7773 

I.OI 

9-997529 

7285 

7043 

6801 

6560 

6320 

6080 

5841 

5602 

5365 

.02 

5128 

4892 

4656 

4421 

4187 

3953 

372i 

3489 

3257 

;  3026 

•°3 

2796 

2567 

2338 

2IIO 

1883 

1656 

1430 

1205 

0981 

°775 

.04 

0533 

0311 

0089 

9868 

9647 

9427 

9208 

8989 

8772 

8554 

•°5 

9.988338 

8122 

7907 

7692 

7478 

7265 

7052 

6841 

6629 

6419 

.06 

6209 

6000 

5791 

5583 

5378 

5169 

4963 

4758 

4553 

4349 

.07 

4H5 

3943 

374i 

3539 

3338 

3U8 

2939 

2740 

2541 

2344 

.08 

2147 

i95i 

'755 

1560 

1365 

1172 

0978 

0786 

9594 

2403 

.09 

O2I2 

O02  2 

9833 

9644 

9456 

9269 

9082 

8900 

8710 

8525 

.10 

9.978341 

8157 

7974 

7791 

7610 

7428 

7248 

7068 

6888 

6709 

.11 

6531 

6354 

6177 

6000 

5825 

5650 

5475 

530i 

5128 

4955 

.12 

4783 

4612 

4441 

4271 

4101 

3932 

3764 

3596 

3429 

3262 

•*3 

3096 

2931 

2766 

2602 

2438 

2275 

2113 

i95i 

1790 

1629 

,14 

1469 

1309 

1150 

0992 

0835 

0677 

0521 

0365 

02  10 

0055 

•*5 

9.969901 

9747 

9594 

9442 

9290 

9X39 

8988 

8838 

8688 

8539 

.16 

8390 

8243 

8096 

7949 

7803 

7658 

7513 

7369 

7225 

7082 

.17 

6939 

6797 

6655 

&5'4 

6374 

6234 

6095 

5957 

5818 

5681 

.18 

5544 

5408 

5272 

5137 

5002 

4868 

4734 

4601 

4469 

4337 

•19 

4205 

4075 

3944 

3^5 

3686 

3557 

3429 

3302 

3175 

3048 

.20 

2922 

2797 

2672 

2548 

2425 

2302 

2179 

2057 

1936 

1815 

.21 

1695 

1575 

H56 

1337 

1219 

IIOI 

0984 

0867 

0751 

0636 

.22 

0521 

0407 

0293 

0180 

0067 

9955 

9843 

9732 

9621 

95" 

•23 

9.959401 

9292 

9184 

9076 

8968 

8861 

8755 

8649 

8544 

8439 

.24 

8335 

8231 

8128 

bo25 

7923 

7821 

7720 

7620 

7520 

7420 

•25 

732i 

7223 

7125 

7027 

6930 

6834 

6738 

6642 

6547 

6453 

1.26 

6359 

6267 

6i73 

6081 

5989 

5898 

5807 

57i6 

5627 

5537 

1.27 

5449 

5360 

5273 

5185 

5°99 

5<>i3 

4927 

4842 

4757 

4673 

1.28 

4589 

4506 

4423 

4341 

4259 

4178 

4097 

4017 

3938 

385« 

1.29 

378o 

3702 

3624 

3547 

3470 

3394 

33i8 

3243 

3168 

3094 

•30 

3020 

2947 

2874 

2802 

2730 

2659 

2588 

2518 

2448 

2379 

•31 

2310 

2242 

2174 

2106 

2040 

1973 

1007 

1842 

1777 

1712 

•32 

1648 

1585 

1522 

'459 

*397 

1336 

"75 

1214 

"54 

1094 

•33 

1035 

0977 

0918 

0861 

0803 

0747 

o(>go 

0634 

0579 

0524 

•34 

0470 

0416 

0362 

0309 

0257 

0205 

<"53 

OIO2 

0051 

OOOI 

•35 

9-949951 

9902 

9853 

9805 

9757 

9710 

9063 

9617 

9571 

9525 

•36 

9480 

9435 

939i 

9348 

93°4 

9262 

9219 

9178 

9136 

9095 

•37 

9054 

9015 

8975 

8936 

8898 

8859 

8822 

8785 

8748 

8711 

•38 

8676 

8640 

8605 

8571 

8537 

8503 

8470 

8437 

8405 

8373 

•39 

8342 

8311 

8280 

8250 

8221 

8192 

8163 

8J35 

8107 

8080 

.40 

8053 

8026 

8000 

7975 

7950 

7925 

7901 

7877 

7854 

7831 

.41 

7808 

7786 

7765 

7744 

7723 

7703 

7683 

7664 

7645 

7626 

•42 

7608 

7590 

7573 

7556 

7540 

7524 

7509 

7494 

7479 

7465 

•43 

745^ 

7438 

7425 

7413 

7401 

7389 

7378 

7368 

7357 

7348 

•44 

7338 

7329 

732i 

73" 

7305 

7298 

7291 

7284 

7278 

7273 

•45 

7262 

7263 

7259 

7255 

7251 

7248 

7246 

7244 

7242 

7241 

.46 

7240 

7239 

7239 

7240 

7240 

7242 

7243 

7245 

7248 

7251 

•47 

7254 

7258 

7262 

7266 

7271 

7277 

7282 

7289 

7295 

7302 

.48 

73io 

7317 

7326 

7334 

7343 

7353 

7363 

7373 

7384 

7395 

•49 

7407 

7419 

743i 

7444 

7457 

747i 

7485 

7499 

75H 

7529 
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p 

0 

1 

2 

3 

4 

5 

6 

7 

8 

0 

1.50 
1.51 

1-52 
1.53 

i-54 
i-55 
1.56 

l-$l 
1.58 

i-59 

9-947545 
7724 
7943 
8201 
8500 
8837 
9214 
9629 
9.950082 
0573 

756i 

7744 
7967 
8229 
8532 
8873 

9254 
9672 
0130 
0624 

7577 
7764 
7991 
8258 
8564 
8910 

9294 
9716 

01/7 
0676 

7594 
7785 
8016 
8287 

8597 
8946 

9334 
8761 
0225 
0728 

612 
806 
041 
316 
630 
983 
375 
806 
0274 
0780 

629 

828 
067 
8346 
8664 
9021 
94i7 
9851 
0323 

0833 

7647 
7850 
8093 
8376 
8698 

9059 
9458 
9896 
0372 
0886 

666 
873 

120 
406 

8732 
9097 
9500 
9942 
O422 
0939 

685 
896 
146 

437 
8767 

9135 
9543 
1989 
0472 
°993 

7704 
7919 
8174 
8468 
8802  : 

9i74 
9586 

0035 
0522 
1047 

i.  60 
I.6i 
1.62 

*9 

1.04 

I  '.66 
1.67 
1.68 
1.69 

1  102 
1668 
2271 
2911 

3587 
4299 

5047 
5830 
6649 
7503 

H57 

1727 

2333 
2977 

3656 
4372 
5124 
59ii 
6733 
759<> 

1212 
1786 
2396 

3043 
3726 
4446 
5201 

599» 
6817 
7678 

1268 
1845 
2459 
3110 

3797 
4519 
5278 
6072 
6901 
7766 

324 
90S 
2522 

3'77 
38<>7 
4594 
5356 
6154 
6986 

7854 

1380 

1965 
2586 

3244 
3938 
4668 

5434 
6235 
7072 
7943 

1437 
2025 
2650 
33'2 
4010 

4743 
55i3 
6317 
7157 
8032 

I494 
2086 

2715 
3380 
4081 
4819 
5592 
6400 

7243 
8122 

1552 
2147 
2780 
3449 
4154 
4894 

5671 
6482 

7322 
8211 

1610 
2209 
2845 
3517 
4226 

497° 
574° 
6566 
7416 
8301 

1.70 

1.71 
1.72 

i-73 
1.74 

1-75 
1.76 

1-77 
1.78 

i-79 

8391 
9314 
9.960271 
1262 
2287 

3345 
4436 

&6lo 

6718 
7907 

8482 
9409 
0369 
1363 
2391 
3453 
4547 
5675 
6835 
8023 

8573 
9502 
0467 
1464 
2496 
3561 
4659 
5789 
6953 
8149 

8664 
9598 

0565 
1566 
2601 
3669 
4770 

5904 
7071 
8270 

8756 

9693 
0664 
1668 
2706 
3778 
4882 
6019 
7189 
8392 

8848 
9788 

0763 
1770 
2812 
3887 
4994 
6i35 
7308 
85'4 

8941 
9884 
0862 

1873 
2918 

3996 
5^07 
6251 

7427 
8636 

9034 
9980 
0961 
1976 
3024 
4105 
5220 
6367 

7547 
8759 

9127 
6077 
1061 
2079 
3i3i 
42'5 
5333 
6484 
7666 
8882 

9220 

oi74 
1162 
2183 

3238 
4326 

5447 
6600 

7787 
9005 

i.  80 
1.81 
1.82 
1.83 
1.84 
1.85 
1.86 
1.87 
1.88 
1.89 

9129 
9-970383 
1668 

2985 

4333 
5712 
7123 
8564 
9.980036 
1537 

9253 
0509 
1798 
3118 
4470 
5852 
7266 
8710 
9184 
1689 

9377 
0637 
1929 

325£ 
4606 

5992 
7408 
8856 

0333 
1841 

950i 
0765 
2060 
3386 

4744 
6132 

7552 
9002 
0483 
1994 

9626 
0893 
2191 
3520 
4881 

6273 
7696 
9149 

0633 
2147 

975» 

102  1 
2322 
3655 
5019 
6414 
7840 
9296 

0783 
2299 

9877 
1150 

2454 
3790 
5i57 
6555 
7984 

9443 
0933 
2453 

5oo8 

1279 

2586 

3925 
5295 
6697 
8128 

959i 
1084 
2607 

6129 

1408 

2719 
4061 

5434 
6838 

8273 
9739 
1234 
2761 

0255 
1538 
2852 

4'97 
5573 
6980 
^419 
9887 
1386 
2915 

1.90 
1.91 

1.92 
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1.94 

'•95 
1.96 
1.97 
1.98 
1.99 

3069 

4631 
6223 
7844 
9494 
9-99U73 
2881 
4618 
6384 
8178 

3224 

4789 

6383 
8007 
9660 
1343 
3°54 
4794 
6562 

8359 

3379 
4947 
^'544 
8171 
9827 
1512 
3227 
4969 
6740 
8540 

— 

3535 
5105 
6706 
833 
999 
1  68; 

339 
5H 
691 
872 

-  —  —  *• 

3690 
5264 
6867 
8500 
016 
185 
357 
532 
7098 
8903 

3846 

5423 
7029 
8665 
0330 
2024 
3746 
5498 
7277 
9085 

400- 
5582 
7192 
8830 
0498 
2195 
3920 
5^74 
745 
926 

4159 
5742 
7354 
8996 
0666 
2306 
4094 
585 
7^3 
9450 

43i6 
5902 

75'7 
916 
0833 

2537 
4269 
6029 
781 
9633 

4474 
6062 
7680 
9327 

I00<! 
270< 

4443 
6206 

7997 
9816 
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EXAMPLES. 

f<*      dx 
/  Ana.  i  \/  n, 

o  v  a-x 

2.  If  /(*)  =f(a  +  x)  for  all  values  of  x,  prove  that 
\naf(x)dx  =  n  \"f(x)dx, 

JO  JQ 

where  n  is  an  integer. 


*•  r 

Jo 


*       dx 


/  — 

y  ax  -  x* 

f  uX  7T 
._                   _  __ 

f1  » 

Jo8"  "     I"'* 

6.        f1  ^ ..  ,     _JL__. 

J°(i +*)v/i  +  2a;-a;2  '     4^/2 

(dx                                                                        ir 
2 5,    ao  ~  J«  being  positive.  ,,         . 
..  a  +  2bx  +  ex*                                                  ./„.  _ 


8.   Prove  that 

dx 


f  dx T 

i»«  ,   ,_«  ~         /— r  >  whore  h  =  2  (\/ ac  -f  4), 

Jo   «  2\/ an 

Jir             dx  ir 
— .                                         Ann.     -r— . 
o    i  +  cos  0  cos  a;                                                      sin  0 


0 


o  I  +  cos  0  cos  x'  sin  0* 


dx 
12. 


(«2sin2a;-f  62 
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Ans.  —7-  +  — . 
16        4 


f*1  dx 

«4-  -  ,.          ,«>*• 

J-i    a-fo      7*  -*2 


r/3  ax 

'5-          —  --• 


a2-  i2 

dx 


. ,    ,    f     sin  aa;  cos  ta:  IT 

17.  bnow  that  I ax  =  -,  or  o,  according  as  a  >  or  <  o:  and 

Jo  x  2 

t  when  a  =  6  the  value  of  the  integral  is  -. 

4 

f+1  <fo  I  fl  +  */ab 

18.  -; t^<T    ^«*.  —7=  log!  ^-T  _ 

J-i  V/(i-2«a:  +  «2)(l-24*  +  *2)  v/«J       \i --/«* 


<9- 


t     smxdx  it  ,     I 

— 5-.  ,,     -  +  tan-1  — ^i. 

o    I  +  cos2*  4  ./  2 

2 1 .  If  every  infinitesimal  element  of  the  side  e  of  any  triangle  be  divided 
by  its  distance  from  the  opposite  angle  Ct  and  the  sum  taken,  show  that  its 
value  is 

logf  cot  —  cot  —I. 

22.  Being  given  the  base  of  a  triangle  ;  if  the  sum  of  every  element  of  the 
base  multiplied  by  the  square  of  the  distance  from  the  vertex  be  constant,  show 
that  the  locus  of  the  vertex  is  a  circle. 

7T 

JT  cos2  6  sinfl  dO                                        i       tan"'* 
— ^  •  4"*'  ~5 ^— • 

o    I  +  e-  cos-  0  e-         e6 

IT  . 

f  2"   cos20  sin  0^0  \/i  +  a2      log  (e  +  </l  -f  g2) 

Jo  v/i"T?cos5fl'  "2  ** 
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25.  Deduce  the  expansions  for  sin  a;  and  cos  A  from  Bernoulli's  series. 

26.  Show  that  the  integral 

f1 

I    xn(\ogx)m<tx 

Jo 
can  be  immediately  evaluated  by  the  method  of  Art  .111,  when  m  is  an  integer. 

f00  tan-1  (ax) dx  tr. 

2-1.  Ans. -log  (i  +  a). 

Jo     x(i  +  x1)  2 

28.  Find  the  value  of 

{log  (i  -  2(i  cosx  i  a*)dx, 
o 

distinguishing  between  the  cases  where  a  is  >  or  <  i . 

Ans.  a  <  i,  its  value  is  o. 
,,     a  >  i,  its  value  is  2v  log  «. 

29.  If  /  (x)  can  be  expanded  in  a  series  of  the  form 

«o  +  0i  cos  x  -f  «2  cos  2X  +  .  .  .  +  an  cos  »£+...» 

show  that  any  coefficient  after  oo  can  be  exhibited  in  the  form  of  a  definite 
integral. 

2   fir 

Ans.  an-=—      f(x)cosnxdx. 
it  Jo 

30.  Find  the  analogous  theorem  when  /(a-)  can  be  expanded  in  a  series  of 
sines  of  multiples  of  x ;  and  apply  the  method  to  prove  the  relation 


(sin  2  x      sin  3-c      ,     \ 
sin  * + <xc.  1 , 
2                    3  / 


when  x  lies  between  ±  it. 

31.  Prove  the  relation 

7T  IT 

fa       dO  fa 

T==X]    ^ 

J  °  v  sin  0      J  ° 

32.  Express  the  definite  integral 

7T 

fir        rf0 

•"  °  \/ 1  —  *r  si 
in  the  form  of  a  series,  K  being  <  i . 
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IFlog(»  4  cos  a  cos  a:)  as 
o  ~"  cos* 

34.  xfatcosbxdx,  where  a  >  o.  „     .— — - 
Jo  va 

c*  tan  T  ax  tan  'to  J  w 

35.  — #*•  f»     r  Io8 
Jo             *2 

v 

36.  [2log(a^cos2fl  +  3Jsin2e)(f9.  „     »  log 
Jo 

• 
37'      }!10S(^Inl)s-ml'a>i- 

38.      f1-^-,. 

J  o  (i  -  a^)* 

39-      f1— ^— t- 

Jo,.        __>; 


"  ' 


{«•        cosrsas  ^» 

o  i  —  in  cos  a;  +  a2 '  I  —  a2 

41.  Find  the  sum  of  the  series 


«   4  i       n 


when  w  is  increased  indefinitely. 

This  is  evidently  represented  by  the  definite  integral 

1     dx 


r       dx  v 

-  -,  or  =  -. 
J  o  I  +  *s>  4 


42.  Find  the  limit  of  the  sum 

ill 

.  ___  i      __  L    _  —    4    .    .    . 

V/»2  -  il      y'V  -  2-      -v/n3  -  3a 


when  w  =  oe. 
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43.  Prove  that 

IT  » 

fz~  »i(m  -  I)  f2  ,  , 

cosm*  cos  nx  dx  =  —  =  -  ^       cos'"-2  x  cos  H*  <to  ; 
Jo  m2  -  M2    J  o 

and  hence,  deduce  the  values  of  the  integrals 

IT  »r 

{"*  cos7'"  a;  cos(2»  +  i)xdxt  and  I     cos?m+1 
o  Jo 

when  m  and  >z  are  integers. 

44.  I      log(i  -  2u  cos  0  +  a2)  watrtdO,  when  a2  <  I. 
Jo  • 

f"  ""^j 

45.  I       cos  —  <te. 


n 


47.  Prove  the  following  equation  : 

-  ^  -  _.  =  -  L_  f 
(I  -  za  cos  e  Jf  a2)"      (i  -  a2)"-1  J 


48.  Prove  the  more  general  equation 

fn          sin'"  d  dO  i  f w  sin'"  0  dO 

o  (i  - 2a  cos 8  +  a2)"  ~  (i  -  a2)2'""  *  Jo  (i  -  2 a  cos 0  -h  a-)u'»  »' 

iu  which  m  -i-  i  is  .positive. 
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CHAPTER  VII. 


AREAS    OF    PLANE    CURVES. 


126.  Areas  of  Curves. — The  simplest  method  of  regarding 
the  area  of  a  curve  is  to  suppose  it  referred  to  rectangular 
axes  of  co-ordinates;  then,  the  area  included  between  the 
curve,  the  axis  of  #,  and  the  two  ordiuates  corresponding  to  the 
values  x<>  and  Xi  of  x,  is  represented  by  the  definite  integral 


ydx. 


O      £ 


M  N 

Fig.  i. 


/ 


For,  let  the  area  in  question  be  represented  by  the  space 
Aft  Vl\  and  suppose  B  V  divided  into  n  equal  intervals,  and 
the  corresponding  ordinates  drawn, 
as  in  the  accompanying  figure. 

Then  the  area  of  the  portion 
PMNQ,  is  less  than  the  rectangle 
pMNQ,  and  greater  than  PMNq. 

Hence  the  entire  area  AB  FT  is 
less  than  the  sum  of  the  rectangles 
represented  \>ypMNQ,  and  greater 
than  the  sum  of  the  rectangles 
PMNq  ;  but  the  difference  be- 
tween these  latter  sums  is  the  sum 


v    x 


of  the  rectangles  Pp  Qq,  or  (since  the  rectangles  have  equal 
bases)  the  rectangle  under  MN  and  the  difference  between 
TFand  AB.  Now,  by  supposing  the  number  n  increased 
indefinitely,  MN  can  be  made  indefinitely  small,  and  hence 
the  rectangle  MN  (TV  -  AB)  also  becomes  infinitely  small. 
Consequently  the  difference  between  the  area  ABVT  and 
the  sum  of  the  rectangles  PMNq  becomes  evanescent  at  the 
same  time. 
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If  now  the  co-ordinates  of  P  be  denoted  by  x  and  y,  and  MN 
by  A#,  it  follows  that  the  area  AB  VT  is  the  limiting  value* 
of  S(y  A#)  when  the  increment  A#  becomes  infinitely  small  ; 

)*i 
ydx\  where  Xi  =  OV,x0  =  OB. 
*0 

It  should  be  observed  that  this  result  requires  that  y 
continue  Unite,  and  of  the  same  sign,  between  the  limits 
of  integration. 

If  y  change  its  sign  between  the  limits,  i.e.  if  the  curve 
cut  the  axis  of  x,  the  preceding  definite  integral  represents 
the  difference  of  the  areas  at  opposite  sides  of  the  axis  of  x. 

In  such  cases  it  is  preferable  to  consider  each  area  sepa- 
rately, by  dividing  the  integral  into  two  parts,  separated  by 
the  value  of  x  for  which  y  vanishes. 

The  preceding  mode  of  proof  obviously  applies  also  to 
the  case  where  the  co-ordinate  axes  are  oblique  ;  in  which 
case  the  area  is  represented  by 

f*x 
sin  «; 

J  *u 

where  w  represents  the  angle  between  the  axes. 

In  applying  these  formulae  the  value  of  y  is  found  in 
terms  of  x  by  means  of  the  equation  of  the  curve  :  thus, 
if  y  =f(x)  be  this  equation,  the  area  is  represented  by 


taken  between  suitable  limits. 

Conversely,  the  value  of  any  definite  integral,  such  as 


may  be  represented  geometrically  by  the  area  of  a  definite 
portion  of  the  curve  represented  by  the  equation 

_  y  =/(*).          ___ 

*  This  demonstration  is  substantially  that  given  by  Newton  (see  Prineipia, 
Lib.  I.,  Sect.  I.,  Lemma  2)  ;  and  is  the  geometrical  representation  of  the  result 
established  in  Art.  90. 

The  modification  in  the  proof  when  the  elements  of  BY  are  considered 
unequal,  but  each  infinitely  small,  is  easily  seen.  It  may  be  remarked  that  the 
result  here  given  is  but  a  particular  case  of  the  general  principle  laid  down  in 
Art8-  38,  39,  Dif.  Calc. 

[12] 
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On  account  of  this  property  the  process  of  integration  was 
called,  by  Newton  and  the  early  writers  on  the  Calculus, 
the  method  of  quadratures. 

Again,  it  is  plain  that  the  area  between  the  curve,  the 
axis  of  y,  and  two  ordinates  to  that  axis,  is  represented  by 


taken  between  the  proper  limits :  the  co-ordinate  axes  being 
supposed  rectangular. 

We  proceed  to  illustrate  this  method  of  determining 
areas  by  a  few  applications,  commencing  with  the  simplest 
examples. 

127.  The  Circle.— Taking  the  equation  of  a  circle  in 
the  form 

x-  +  if  =  a?,  we  get  y  =  */(?  -  #a, 
and  the  area  is  represented  by 


taken  between  proper  limits. 

For  instance,  to  find  the  area  of 
the  portion  represented  by  APDE 
in  the  accompanying  figure.  Let 
x  =  a  cos  0,  then  the  area  in  ques- 
tion plainly  is  represented  by 


Fig.  a. 


fa    .  a? 

az      sin5  Od&  =  —  (er  -  sin  a  cos  a) ;  where  a  =  L  DC  A. 
Jo  3J5 

This  result  is  also  evident  from  geometry ;  for  the  area 
DPAE  is  the  difference  between  DP  AC  and  DCE,  or  is 


a  a     a  sin  a  cos  a 

2  2 


The  area  of  the  quadrant  A  CB  is  got  by  making  a  =  -  ; 

2 

and  accordingly  is  — :  hence  the  entire  area  of  the  circle 
4 


IS    TTflT 
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128.  The  Ellipse. — From  the  equation  of  the  ellipse 


x*      >f 

~  +  T",  =    *  >    W0 

a2      cr 

and  the  element  of  area  is 
b 


i 
but  this  is  -  times  the  area  of  the  corresponding  element  of 

d 

the  circle  whose  radius  is  a  :  consequently  the  area  of  any 
portion  of  the  ellipse  is  -  times  that  of  the  corresponding  part 

Cb 

of  the  circle.     This  is  also  evident  from  geometry. 
The  area  of  the  entire  ellipse  is  nab. 
Again,  if  the  equation  of  an  ellipse  be  given  in  the  form 

Ax*  +  Bif  =  C,  its  area  is  evidently  —  ---  . 

+/  AB 

x"  As  an  application  of  oblique  axes,  let  it   be   proposed 
to  find  the  area  of  the  segment 
of  an  ellipse  cut  off  by  any  chord 
DV. 

Draw  the  diameter  AA,  con- 
jugate to  the  chord,  and  BB' 
parallel  to  it.  Then,  C  being 
the  centre,  let 


y* 

and  the  equation  of  the  ellipse  is  -^  +  ^  =  i  ;  henoo  the  area 

y  (v  0 

DArI/  is  represented  by 

ft  CCA'        _ 

2  —.  sin  a)         ya'z  -  y?dx  =  a'bf  sin  w  (a  -  sin  a  cos  a), 

<l  J  CE 

CE 
where  cos  a  =  -7—  .-.. 

CA 

Again,  a'  b'  sin  w  =  a  b,  by  an  elementary  property  of  the 
ellipse,  a  and  b  being  the  semiaxes. 

Hence  the  area  of  the  segment  in  question  is 

ab(a  -  sin  a  cos  a). 

[12  a] 
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This  result  can  also  be  deduced  immediately  from  the 
circle  by  the  method  of  orthogonal  projection. 

It  may  be  observed  that  if  we  denote  the  area  of  an  elliptic 
sector,  measured  from  the  axis  major  to  a  point  whose  co- 
ordinates are  x,  y,  by  S,  we  may  write 


x  28 

-  =  COS— r-=  COS  a, 

a  ab 


y       .    28       . 
f  =  sin  — r  =  sm  a. 
o  ab 


129.    The    Parabola.  —  Taking   the 
equation  of  the  parabola  in  the  form 

\f  =  JM,  we  get  y  =  \/px. 
Hence  the  area  of  the  portion  APNis 


or  - 

O 


.e.  -  xy. 

<J 


Consequently,  the  area  of  the  seg- 
ment PAP',  cut  off  by  a  chord  perpen- 
dicular to  the  axis,  is  f  of  the  rectangle 
PMM'F. 


M' 


Fig  4- 


It  is  easily  seen  that  a  similar  relation  holds  for  the  seg- 
ment cut  off  by  any  chord. 

More  generally,  let  the  equation  of  the  curve  be  y  =  oaf, 
where  n  is  positive. 


Here 


ydx  =  a 


xndx  = +  const. 

n  +  i 


If  the  area  be  counted  from  the  origin,  the  constant 
vanishes,  and  the  expression  for  the  area  becomes 


or 


xy 


»  +  I  n  +  i 

Hence,  the  area  is  in  a  constant  ratio  to  the  rectangle 
under  the  co-ordinates.  A  corresponding  result  holds  for 
oblique  axes.  The  discussion,  when  n  is  negative,  is  left  to 
the  student. 

EXAMPLE. 

Express  the  area  of  a  segment  of  a  parabola  cut  off  by  any  focal  chord  in 
terms  of  I,  the  length  of  the  chord,  andj?,  the  parameter  of  the  parabola. 


Ant. 
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130.  The  Hyperbola. — The  simplest  form  of  the 
equation  of  a  hyperbola  is  where  the  asymptotes  are  taken 
for  co-ordinate  axes ;  in  this  case  its  equation  is  of  the  form 
xy  =  c2. 

Hence,  denoting  the  angle  between  the  asymptotes  by  w, 
the  area  between  the  curve  and  an  asymptote  is  denoted  by 


\ax         ,    .       ,        Xi\ 

<?  sm  o>    — ,  or  c2  sin  w  log    —  , 

J  «  V*V 


where  xl  and  #0  are  the  abscissae  of  the  limiting  points. 
If  the  curve  be  referred  to  its  axes,  its  equation  is 


and  the  element  of  area  ydx  becomes 

-  y»  -  tfdx. 
a 

Hence  the  area  is  represented  by 


taken  between  proper  limits.  Fig.  5. 

A      •       f    /I  -  ~zj  ^^x  2f       dx 

Aeram.      */&  ~  <*>  dx  =       ,  -  cr       . 

J  J  V/5T31?        J  y7^  -  «* 

Also,  integrating  by  parts,  we  have 

f    /-i  --  j  ,  /-=  -  j     f     x*dx 

yx*  -  (rax  =  x  •/&  -a  -  \  —  . 

J  v/*z  -  a* 
Adding,  and  dividing  by  2,  we  get 

-  c?     a2  f       dx 


2  '  ^  -  a8 
zyV-a2     a2. 
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Accordingly,  if  we  suppose  the  area  counted  from  the 
summit  A,  we  have 


APN=-x 

20, 


Again,  since  the  triangle  CPN  =  £.ry,  it  follows  that 


sector  ACT  =  —  log  [  -  -t  ?  J. 
2      °  \a     bj 

For  a  geometrical  method  of  finding  the  area  of  a  hyper- 
bolic sector,  see  Salmon's  Conies,  Art.  395. 

130(0).  Hyperbolic  Sine  and  Cosine.  —  If  S  repre- 
sent the  sector  ACP,  the  final  equation  of  the  preceding 
Article  becomes 

ab  . 

7  lo» 

which  may  also  be  written 


introducing  a  single  letter  v  to  denote  the  quantity 

i      /*     y\     2^ 
log   -  +  f    =  -T  =  v. 
0  \«     o/      ab 

Hence,  by  the  equation  of  the  hyperbola,  we  get 


Thus,  in  analogy  with  the  last  result  of  Art.  128,  calling  the 
following  functions  the  hyperbolic  cosine  and  hyperbolic 
sine  of  v,  and  for  brevity  writing  them  cosh  v  ,  and  sinh  t?, 

ev  +  e~*  =  2  cosht',     e*  -  a*  =  2  sinht?,  (2) 

the  co-ordinates  of  any  point  on  the  curve  are 

x  ,2Sy  ,28 

-  -  cosh  v  =  cosh  —  ,     f  =  Sinn  v  =  sinh  —  . 
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We  might  have  treated  the  matter  differently  by  intro- 
ducing the  angle  0  denned  by  the  equation  x  =  a  see  0,  and 
therefore  y  =  b  tan  0  (for  the  geometric  meaning  of  this 
transformation,  see  Salmon's  Conies,  Art.  232);  whence  (i) 
may  be  written* 

28  ,  /T,      y 

—  =  v  =  log  tan    -  +  — 
ab  \4      2 

and  we  see  that  the  hyperbolic  cosine  of  a  real  quantity  is  the 
secant,  and  the  hyperbolic  sine  the  tangent  of  the  same  real 
angle.  Also,  since 

sinh  vi  i  cosh  v 

Sinrf)  = : ,   COS  d>  =  ; ,  COt  (h  =   — :— : ,   COS6C  d)  =  -^: , 

cosh  v  cosh  v  sinh  v  sinh  v 

we  can  obviously  extend  the  names  of  the  other  trigonometrical 
functions  likewise.  Again,  putting  in  (2)  for  v,  uy  -  i,  or 
t«,  they  become,  by  Art.  8, 

cos  u  -  cosh  iu,     i  sin  u  =  sinh  m. 

131.  The  Catenary. — If  an  inelastic  string  of  uniform 
density  be  allowed  to  hang  freely  from  two  fixed  points,  the 
curve  which  it  assumes  is  called  the  Catenary. 

its  equation  can  be  easily  arrived 
at  from  elementary  mechanics,  as  fol- 
lows : — 

Let  F  be  the  lowest  point  on  the 
curve;  then  any  portion  FP  of  the 
string  must  be  in  equilibrium  under 
the  action  of  the  tensions  at  its  ex- 
tremities, and  its  own  weight,  W. 

Let  A  be  the  tension  at  F;  T  that 

at  P,  which  acts  along  PR,  the  tangent  at  P;  LPRM  = 
Then,  by  the  property  of  the  triangle  of  force,  we  have 


/.   W  =A  tan    . 


*  When  <p  is  related  to  v  by  this  equation,  <p  is  what  Professor  Caylej 
(Elliptic  Functions,  p.  56)  calls  the  gudermannian  of  v,  after  Professor  Guder- 
mann,  and  writes  the  inverse  equation  <f>  =  gdv. 
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Again,  if  s  be  the  length  of  FP,  and  a  that  of  the  portion 
of  the  string  whose  weight  is  A,  we  have,  since  the  string  is 
uniform, 


.*.  s  =  a  tan  0. 

This  is  the  intrinsic  equation  of  the    catenary. 
Calc.,  Art.  242  (a).) 

Its  equation  in  Cartesian  co- 
ordinates can  be  easily  arrived  at.  A\ 

For,  on  the  vertical  through  V 
take  VO  =  a,  and  draw  OX  in  the 
horizontal  direction,  and  assume 
OX  and  OF  as  axes  of  co-ordi- 
nates. Let 


then 


dx 

—  =  cos 


(DifY. 


dy 

-j-  =  tan  0, 

dx 


dy 

~r  =  Sln 
ds 


'dy  _dy  ds  _     sin  ^      dx  _     a 
'  *   '     d<jt     cos  0" 


ds    $        cos 
Hence  y  =  a  sec  0,  x  =  a  log  (sec  0  +  tan  0).          (3) 

No  constant  is  added  to  either  integral,  since  y  =  a,  and 
x  =  o,  when  $  =  o. 

From  the  latter  equation  we  get 


sec  (ft  +  tan  0  =  e" ; 


also 


sec  rf»  -  tan  <h  = 


Hence,  we  have 

2  sec  <f>  = 


sec  <b  +  tan 


_ 

+  e  °,  2  tan  0  = 


-  < 
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Consequently, 


o- 


-       -- 
Also  8  =  -lca  -  e  a.  (5) 


In  the  notation  of  last  Article  these  equations  may  be 
written 


-  =  cosh  -  and  -  =  sinh  -. 
a  a         a  a 

Again,  if  NL  be  drawn  perpendicular  to  the  tangent  at 
P,  we  have 

NL  =  PNcosf,  .'.  NL  =  a.  (6) 

Also  PL  =  NL  tan  0 ;  .-.  PL  =  s  =  P  V.  (7) 

The  area  of  any  portion  VPNO  is 

v 

a(v*  -  a*U          (g) 

w  /  \     / 

Accordingly,  the  area  VPNO  is  double  that  of  the  triangle 
PNL. 

EXAMPLES. 

i.  To  find  the  area  of  the  oval  of  the  parabola  of  the  third  degree  with  a 
double  point 

ey1  =  (x  -  a)(x  -  b)z. 
The  area  in  question  is  represented  by    Q 

2       f*  

^J^ -•)-/«  Fig.8> 

8  (b  -  a)' 
Let  x  -  a  -  z2,  and  we  easily  find  the  area*  to  be  —      — j-. 

3-5* 

a.  Find  the  whole  area  of  the  curve   a?y*  =  x*(2a  -  x).  v  Ans.  *•»*. 

3.  Find  the  whole  area  between  the  cissoid  y?  =  y2  (a  -  x}  and  its  asymptote. 

*  The  student  will  find  little  difficulty  in  proving  that  this  area  is 

times  the  rectangle  which  circumscribes  the  oval,  having  its  sides  parallel  to  the 
co-ordinate  axes. 
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Since  x  -  a  =  o  is  the  equation  of  the  asymptote  the  area  in  question  is  re- 
presented by 

J"    r%  dx 
o  («  -  *)»' 

Let  x  =  a  sin2  8,  and  this  becomes 

•a 
ft 

2a-       sin4  6  de  : 
Jo 

hence  the  area  in  question  is  -  ira2. 

O 

4.  Find  the  area  of  the  loop  of  the  curve 


This  cnrve  has  been  considered  in  Art.  262,  Diff. 
Gale.  Its  form  is  exhibited  in  the  annexed  figure  ;  and 
the  area  of  the  loop  is  plainly 

2     ° 


Let  b  +  x  =  e2,  and  it  is  easily  seen  that  the  area 
in  question  is  represented  by 


3  •  5  •  7  •  « 
5.  Find  the  area  between  the  witch  of  Agnesi 

zy*  =  4a2  (2a  -  x) 
and  its  asymptote. 


Fig.  9. 


Ans. 


132.  In  finding  the  whole  area  of  a  closed  curve,  such  as 
that  represented  in  the  figure,  we 
suppose  lines,  PM,  QNy  &c.,  drawn 
parallel  to  the  axis  of  y ;  then,  as- 
suming each  of  these  lines  to  meet 
the  curve  in  but  two  points,  and 
making  PM  =  yzy  P'M  =  yly  the 
elementary  area  PQQ'P'  is  repre- 
sented by  (yz  -  yi)  dx,  and  the  en- 
tire* area  by 


o    B 


B'  X 


]OB 


(y2  -  ?/,)  dx ; 


Fig.  to. 


in  which  OB,  OS'  are  the  limiting  values  of  x. 

*  This  form  still  holds  when  the  axis  of  x  intersects  the  curve,  for  the  ordi- 
nates  below  that  axis  have  a  negative  sign,  and  (yz  —  y\)  dx  will  still  represent 
the  element  of  the  area  between  two  parallel  ordinates. 
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For  example,  let  it  be  proposed  to  find  the  whole  area  of 
an  ellipse  given  by  the  general  equation 

ax*  +  2/ixy  +  by*  +  2gx  +  2/y  +  c  =  o. 
Here,  solving  for  y,  we  easily  find 


f%  -  ft  -     -/(A2  -  ab)  x*+2  (hf-  bg)  x  +/2  -  be. 

Also,  the  limiting  values  of  x  are  the  roots  of  the  quadratic 
expression  under  the  radical  sign. 

Accordingly,  denoting  these  roots  by  a  and  /3,  and  observ- 
ing that  hz  -  ab  is  negative  for  an  ellipse,  the  entire  area  is 
represented  by 


To  find  this,  assume     x  -  a  =  (j3  -  a)sin20  ; 
then  /3  -  x  =  ()3  -  a)  cos20, 

and  we  get 

IT 

(P  _; f2 

y/5  _  0Wj3  -x}dx=  z(fi  -  a)2      sin20  cos20</0 
•  Jo 

-fo-.y^ 


Affain     (Q     aY 
Again,    (0-a)   -4.- 


(flft  _  A>), 
+  &r/2  +  cA8  -  2/grA  -  fibc) 


Hence  the  area  of  the  ellipse  is  represented  by 
+  W  +  ch*  -  2/gh  -  ale) 


(ab  -  A2)» 

This  result  can  be  verified  without  difficulty,  by  deter- 
mining the  value  of  the  rectangle  under  the  semiaxes  of  an 
ellipse,  in  terms  of  the  ^efficients  of  its  general  equation. 

It  is  worthy  of  ol/servation  that  if  we  suppose  a  closed 
curve  to  be  described  by  the  motion  of  a  point  round  its  en- 
tire perimeter,  the  whole  inclosed  area  is  represented  by  J  ydx, 
taken  for  every  point  around  the  entire  curve. 
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Thus,  in  the  preceding  figure,  if  we  proceed  from  A  to  A' 
along  the  upper  portion  of  the  curve,  the  corresponding  part 
of  the  integral  J  ydx  represents  the  area  APA'tfB.  Again, 
in  returning  from  A'  to  A  along  the  lower  part  of  the  curve, 
the  increment  .dx  is  negative,  and  the  corresponding  part 
of  /  ydx  is  also  negative  (assuming  that  the  curve  does  not 
intersect  the  axis  of  x],  and  represents  the  area  A'P'ABff, 
taken  with  a  negative  sign.  Consequently,  the  whole  area  of 
the  closed  curve  is  represented  by  the  integral  /  ydx,  taken 
for  all  points  on  the  curve. 

The  student  will  find  no  difficulty  in  showing  that  this 
proof  is  general,  whatever  be  the  form  of  the  curve,  and 
whatever  the  number  of  points  in  which  it  is  met  by  the 
parallel  ordinates. 

To  avoid  ambiguity,  the  preceding  result  may  be  stated  as 
follows : — The  area  of  any  closed  curve  is  represented  by 

J's* 

taken  through  the  entire  perimeter  of  the  curve,  the  element  of  the 
curve  being  regarded  as  positive  throughout. 

The  preceding  is  on  the  hypothesis  that  the  curve  has  no 
double  point.  If  the  curve  cut  itself,  so  as  to  form  two  loops, 

it  is  easily  seen  that     y-^-ds,  when  taken  round  the  entire 
J     as 

perimeter,  represents  the  difference  between  the  areas  of  the 
two  loops.  The  corresponding  result  in  the  case  of  three  01 
more  loops  can  be  readily  determined. 

133.  In  many  cases,  instead  of  determining  y  in  terms  ol 
x,  we  can  express  them  both  in  terms  of  a  single  variable, 
and  thus  determine  the  area  by  expressing  its  element  in 
terms  of  that  variable. 

For  instance,  in  the  ellipse,  if  we  make  x  =  a  sin  0,  we 
get  y  =  b  cos  </>,  and  ydx  becomes  ab  cos2^  d$,  the  integral  of 
which  gives  the  same  result  as  before. 

In  Eke  manner,  to  find  the  area  of  the  curve 
/*\l     AA1 

-     +  (£]    =  I. 

\aj      \  b) 

Let  x  =  a  sin84>,  then  y  =  b  cos3^,  and  ydx  becomes 


The  Cycloid:  189 

hence  the  entire  area  of  the  curve  is  represented  by 
\2ah 


EXAMPLES. 
i.  Find  the  whole  area  of  the  evolute  of  the  ellipse 


2.  Find  the  whole  area  of  the  curve 

2  a 


Ans. 


3*0*  - 


?)'"H+  (!)<""=•• 

0 .  i .  3  •  5  •  - 


0 


2-4-6 2| 

/ 

134.  The    Cycloid. — In   the   cycloid,   we  have    (Dilf. 
Gale.,  Art.  272), 

x  =  a  (0  -  sin  0),    y  =  a  ( i  -  cos  0) ; 


.'.  \ydx  =  a*  f 


-  cos 


[sin*-rf0. 


Taking  0  between  o  and  ?r,  we  get  3?ra2  for  the  entire 
area  between  the  cycloid  and  its  base. 

The  area  of  the  cycloid  admits  also  of  an  elementary 
geometrical  deduction,  as  follows  :  — 


It  is  obviously  sufficient  to  find  the  area  between  the 
semicircle  BPD  and  the  semi-cycloid  BpA.  To  determine 
this,  let  points  P  and  Pf  be  taken  on  the  semicircle  such  that 
arc  BP  =  arc  DPf :  draw  MPp  and  M'P'p'  perpendicular  to 
BD.  Take  MN  and  M' N'  of  equal  length,  and  draw  Nq 
and  N'q*,  also  perpendicular  to  BI) :  then,  by  the  fundamen- 
tal property  of  the  cycloid,  the  line  Pp  =  arc  BP,  and  Pfp' 
=  arc  BP' :  /.  Pp  +  P'p'  =  semicircle  =  TT«. 
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Now,  if  the  interval  MN  be  regarded  as  indefinitely  small, 
the  sum  of  the  elementary  areas  PpqQ,  and  P'p'q'Q'  is  equal 
to  the  rectangle  under  MN  and  the  sum  of  Pp  and  P*//,  or  to 

TTrt   X   MN. 

Again,  if  the  entire  figure  be  supposed  divided  in  like 
manner,  it  is  obvious  that  the  whole  area  between  the  semi- 
circle and  the  cycloid  is  equal  to  -no,  multiplied  by  the  sum  of 
the  elements  MN,  taken  from  B  to  the  centre  C,  i.e.  equal  to  Tra". 

Consequently  the  whole  area  of  the  cycloid  is  37raa,  as 
before. 

The  area  of  a  prolate  or  curtate  cycloid  can  be  obtained 
in  like  manner. 

135.  Areas  in  Polar  Co-ordinates. — Suppose  the 
curve  APB  to  bo  referred  to  polar  co-ordinates,  0  being  the 
pole,  and  let  OP,  OQ,  OH  represent  consecutive  radii  vectores, 
and  PL,  QM,  arcs  of  circles  described  with  0  as  centre.  Then 
the  area  OPQ  =  OPL  +  PLQ;  but 
PLQ  becomes  evanescent  in  com- 
parison with  OPL  when  P  and  Q 
are  infinitely  near  points;  conse- 
quently, in  the  limit  the  elemen- 
tary area  OPQ  =  area  OPL  =  -  -  • 

r  and  0  being  the  polar  co-ordi- 
nates of  P. 

Hence  the  sectorial  area  A  OB 
is  represented  by  Fig.  12. 

rfVtf, 


where  a  and  |3  are  the  values  of  9  corresponding  to  the  limit- 
ing points  A  and  B. 

136.  Area  of  Pedals  of  Ellipse  and  Hyperbola. — 

For  example,  let  it  be  proposed  to  find  the  area  of  the  locus 
of  the  foot  of  the  perpendicular  from  the  centre  on  a  tangent 
to  an  ellipse. 

Writing  the  equation  of  the  ellipse  in  the  form-,  +  ?-=  i, 

a*     0* 
the  equation  of  the  locus  in  question  is  obviously 

r2  =  a3  cos2  6  +  b*  sin20. 
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Hence  its  area  is 

-  f  GOs-OdS  +  -  \  sin20d0  =  °^^ 0  +  ^^  sin0cos  0. 
2J  2}  44 

The  entire  area  of  the  locus  is 

-  (  2     }*\ 

The  equation  of  the  corresponding  locus  for  the  hyperbola 

is 

r2  =  a2  cos2  0  -  o3  sin2  0. 

In  finding  its  area,  since  r  must  be  real,  we  must  have 
«2cos20  -  62  sin20  positive :  accordingly,  the  limits  for  0  are  o 

and  tan'1 7. 
0 

Integrating  between  these  limits,  and  multiplying  by  4, 
we  get  for  the  entire  area 

ab  +  (a-  -  b2)  tan'1 7. 

o 

In  this  case,  if  we  had  at  once  integrated  between  0  =  o 
and  0  =  2;r,  we  should  have  found  for  the  area  (a2  -  62)  -. 

2 

This  anomaly  would  arise  from  our  having  integrated 
through  an  interval  for  which  r2  is  negative,  and  for  which, 
therefore,  the  corresponding  part  of  the  curve  is  imaginary. 

The  expression  for  the  area  of  the  pedal  of  an  ellipse  with 
respect  to  any  origin  will  be  given  in  a  subsequent  Article. 

EXAMPLES. 
I.  Show  that  the  entire  area  of  the  Leuurfiscate 

r2  =  a2««6s  26 

is  a3.  ' — — 

*^2.  In  the  hyperbolic  spiral 

rO  =  a, 

prove  that  the  area  bounded  by  any  two  radii  vectores  is  proportional  to  the 
difference  between  their  lengths. 

3.  Find  the  area  of  a  loop  of  the  curve 

r3  ~>  a2  cos  n9.  Am.  — . 

ft 
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4.  Find  the  area  of  the  loop  of  the  Folium  of  Descartes,  whose  equation  is 

Transforming  to  polar  co-ordinates,  we  have 

3<*  cos  9  sin  9 
~  sin3  9  +  coa3~0' 

Again,  the  limiting  values  of  9  are  o  and  -  ; 

V 

9«2  fz  sin20  cos2  9  d9 
.•.  Area  =  —       P~*fl 3fl.a- 

Let  tan  9  =  u,  and  this  expression  becomes 

22:  f  *  _"v"   =  v? 
2  Jo  (i  f  «y     i  ' 

5.  To  find  the  area  of  the  Liinae,on 

r  =  «  cos  9  +  4. 

Here  we  must  distinguish  between  two  cases. 

(i).  Let  b  >  a.     In  this  case  the  curve  consists  of  one  loop,  and  its  area  is 


i  fi"  I         a2\ 

—I       (a  COS0  \  by- d9=  (ffi  +  -\ir. 


When  b  =  a,  the  curve  becomes  a  Cardioid,  and  the  area . 

(2).  Let  jt<a.  The  curve  in  this  case 
has  two  loops,  as  in  the  figure  (see  Diff. 
Calc.,  Art.  269),  the  outer  loop  con-espoiid- 
ing  to 

r  =  a  cos  B  -f  b, 
the  inner  to 

r  =  a  cos  9  -  b. 

To  find  the  area  of  the  inner  loop,  we 
take  0  between  the  limits  o  and  a,  where 

a  =  cos'1  ( -  J ;  and  the  entire  area  is 


cos0  - 


PC 

Jo 

(a2  cos20  -  tab  cos  0  +  b"-)  d9 
J  o 

*2      .,\         a2 

7  +  Ma+Tsl 


Fig.  13. 


snacos«- 
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It  is  easily  seen  that  the  sum  of  the  areas  of  the  two  loops  is  obtained  by  in- 
tegrating between  the  limits  o  and  2*,  and  accordingly  is 


as  in  the  former  case. 

137.  Area  of  a  Closed  Curve  by  Polar  Co-ordi- 
nates.— In  finding  the  whole  area  of  a  closed  curve  by 
polar  co-ordinates  we  distinguish  between  two  cases.  When 
the  origin  0  is  outside,  we  sup- 
pose tangents  07',  OT1,  drawn 
from  0,  and  vectors  OP,  OQ,  &c., 
drawn  to  cut  the  curve ;  then,  if 
these  lines  intersect  it  in  but  two 
points  each,  the  element  of  area 
PpqQ  is  the  difference  between 
the  areas  POQ  and  pOq ;  or,  in 
the  limit,  is  •£•  (r*  -  r22) dO,  where 
OP  =  n,  Op  =  rz. 

Hence,  the  expression 


Fig.  14- 

taken  between  the  limits  corresponding  to  the  tangents  OT 
and  OT\  represents  the  entire  included  area. 

If  the  origin  lie  inside  the  curve,  its  whole  area  is  in  ge- 
neral represented  by  \\(r?  +  r2*)d8,  taken  between  the  limits 
0  =  o,  and  0  =  TT. 

We  shall  illustrate  these  results  by  applying  them  to  the 
circle 

rz  -  2rc  cos  0  4  c2  =  a*. 

If  the  origin  be  outside,  we  have  c>  a,  and  r±  +  r2  =  20  cos  0. 
and  rirt  =  c2  -  a2 ;    v  rt  -  r2  =  2  y/a*  -  c2  sin2  0. 
Hence  (r*  -  r2r)dO  =  $c  cos 


a2  -  cz  sin20c?0;  and  the 


limiting  values  of  0  are  ±  sin"1-. 

c 

Hence  the  whole  area  is 


2C 


COS 


-c2sin20c?0. 


[13] 
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Let  c  sin  0  =  a  sin  0,  and  this  integral  transforms  into 


r  - 

2 

J_* 


Again,  if  the  origin  be  inside,  we  have  c  <  a,  and 


.'.  ['(n'  +  r22)  r/0  -  ['(a2  +  c2  cos  20)  dO  =  Tra*. 
Jo  Jo 

The  method  given  above  may  be  applied  to  find  the  area 
included  between  two  branches  of  the  same  spiral  curve.  As 
an  example,  let  us  consider  the  spiral  of  Archimedes. 

138.  The  Spiral  of  Archimedes.  —  The  equation  of 
this  curve  is  r  =  ad, 
and  its  form,  for 
positive*  values  of  0, 
is  represented  in 
the  accompanying 
figure,  in  which  0 
is  the  pole  and  OA 
the  line  from  which 
6  is  measured.  Let 
any  line  drawn 
through  0  meet  the 
different  branches 
of  the  spiral 


n 


pointsP,Q,^,&c.: 
then,  if  0P=r,  and 


from  the  equation 

of  the  curve,  Fig.  15. 

OP  =  a0,     OQ  =  a(0+27r),     02l  =  a(0  + 

1  It  should  be  noted  that  when  negative  values  of  6  are  taken,  we  get  for 
the  remaining  half  of  the  spiral  a  curve  symmetrically  situated  with  respect  to 
the  prime  vector  OA. 
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Hence  PQ  =  QR  =  &c.,  =  2air  =  c  (suppose)  ;  i.  e.  the 
intercepts  between  any  two  consecutive  branches  of  the  spiral 
are  of  constant  length. 

Again,  let  OQ  =  rlt  OR  =  rt  =  n  +  c,  and  the  area  between 
the  two  corresponding  branches  is 

- 

Now,  suppose  MN  and  mn  represent  the  limiting  lines, 
and  let  |3  and  a  be  the  corresponding  values  of  61  ;  then  the 
area  nNMm  will  bo  equal  to 


aOdO  +  -  ^dO  =  -  (|3  -  a)  («a  +  afi  +  c) 

.  2     a  2 


(9) 


If  ]3  -  a  =  TT,  this  gives  for  the  area  of  the  portion 
between  two  consecutive  branches  QE'Q[  and  RFR',  inter- 
cepted by  any  right  line  RR'  drawn  through  the  pole, 

-RQ.QRf,  i.e.  half  the  area  of  the  ellipse  whose  semi-axes 


are  RQ  and 

139.  Another  Expression  for  Area.  —  The  formula 
in  Article  137  still  holds,  obviously,  when  AB  and  ab  repre- 
sent portions  of  different  curves. 

It  is  also  easily  seen,  as  in  Art.  132,  that  if  a  point  be 
supposed  to  move  round  any  closed  boundary,  the  included 

area  is  in  all  cases  represented  by  -   r*dO,  taken  round  the 

entire  boundary,  whatever  be  its  form  ;  the  elementary  angle 
ilO  being  taken  with  its  proper  sign  throughout. 

Again,  if  we  transform  to  rectangular  axes  by  the  rela- 
tions x  =  r  cos  0,  y  =  r  sin  9,  we  get 

„    y  dO       xdy  -  ydx 

tan  (/  —  —  j  .'.  —  r^  =  -  -  -  • 
x         cos20  a? 

Hence  r*dO  =  xdy  -  ydx  ; 

[13  aj 
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and  the  area  swept  out  by  the  radius  vector  is  represented  by 
the  integral 


i  (xdy  -  ydx)> 


taken  between  suitable  limits ;   a  result  which  can  also  be 
easily  arrived  at  geometrically. 

140.  Area    of  Elliptic   Sector,      fjambert's    Theo- 
rem.— It  is  of  importance  in 
Astronomy  to  be  able  to  express 
the  area  AFP  swept  out  by  the 
focal  radius  vector  of  an  ellipse. 
This  can  be  arrived  at  by  inte- 
gration from  the  polar  equation 
of  the   curve ;   it  is,  however,  A 
more  easily  obtained  geometri- 
cally. 


Fig.  16. 


For,  if  the  ordinate  P.ZV  be  produced  to  meet  the  auxiliary 
circle  in  Q,  we  have 

area  AFP  =  -  x  area  AFQ  =  -  (ACQ  -  CFQ) 
a  a 

ab  .  .     .  ,    . 

=  —  (u  -  e  sintt),  (10) 

2 

where  u  =  /.ACQ. 

By  aid  of  this  result,  the  area  of  any  elliptic  sector  can  be 
expressed  in  terms  of  the  focal  distances  of  its  extremities, 
and  of  the  chord  joining  them. 

For  (Fig.  17),  let  QFP  re- 
present the  sector,  and  let 
FP  =  p,  FQ  =  p',  PQ  =  §  ;  then, 
denoting  by  u  and  u'  the  eccen- 
tric angles  corresponding  to 
P  and  Q,  the  area  of  the  sector 
QFP,  by  (  i  o)  ,  is  represented  by 


F     M    N  A 


Fig.  17. 


-\u  -  u'  - 

2  ( 


-  smtt') 
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We- proceed  to  show  that  this  result  can  be  written  in 
the  form 

—  {0  -  0'  -  (sin0  -  sin^')}.  (n) 

where  $  and  $'  are  given  by  the  equations 


.   0     i    Ip  +  p  '  +  8  ti'     i   Ip  +  p'-B 

sm"  =  -   /  -  •  —  ,      sm^-  =  -   /-         —  . 
2      2  \        a  2       2  \        a 

For,  assume  that  0  and  $'  are  determined  by  the  equations 
u  -  uf  =  0  -  $',  e  (sin  M  -  sin  u'}  =  sin  $  -  sin  0'.       (a) 
The  latter  gives 

.     U  -  u'          U  +  Uf        .     6  -  6'          <[>  +  $' 

e  sin  -  cos  -  =  sin  -  --  —  cos  -  -  , 

22  22 

.     .,     ,  u  +  u'          0  +  #' 

or  by  the  former,    e  cos  -  =  cos  -  —  . 

J 


Again,  since  the   co-ordinates  of  P  and  Q  are  a  cos  u, 
b  sin  M,  and  a  cos  w',  6  sin  u',  respectively,  we  have 

8*  =  a8  (cos  u  -  cos  w')2  +  i2  (sin  w  -  sin  w')8 

.     «  -  u'  (      .-    w  +  w'  u  +  w'\ 

=  4  sin2  -  a2  sm2  -  +  o2  cos2  - 
2     \  2  2     J 

.    u  -  u  V        ,      ,w  +  w'\ 
sm2  -   i  -  tr  cos  - 

^  ; 


sm        -    sin 


2  2 


j  .  '  j      |       i  f 

.'.  8  =  2a  sin  -  —  ~  sin  -  —  —  =  a  (cos  <ft'  -  cos  ^>).          (b) 

Again,  from  the  ellipse,  we  have 

p  =  a(i  -  eGosu),       p'  =  a(i  -  ecosu), 


,                 /                     ,v                         u  +  u        u  -  u 
.  •.  p  +  p  =  20  -  ae  (cos  w  +  cos  u  )  =  2«  -  2ae  cos cos 

2  2 

=  2a  -  2a  cos COB  - — -  -  2a  -  a  (cos  0  +  cos  0').          (c) 

t  i  \          T  T  J  W 
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Hence,  adding  and  subtracting  (V)  and  (e),  we  get 


which  proves  the  theorem  in  question. 

Consequently,  the  area*  of  any  focal  sector  of  an  ellipse  can 
be  expressed  in  terms  of  the  focal  distances  of  its  extremities,  of 
the  chord  which  joins  them,  and  of  the  axes  of  the  curve. 

141.  We  next  proceed  to  an  elementary  principle  which 
is  sometimes  useful  in  determining  areas,  viz.  :  — 

The  area  of  any  portion  of  the  curve  represented  by  the 
equation 

*(->  IV  • 

\a      bj 
is  ab  times  the  area  of  the  corresponding  portion  of  the  curve 

F(*,y)-e. 
This  result  is  obvious,  for  the  former  equation  is  trans- 

/M  */ 

formed  into  the  latter,  by  the  assumption  -  =  of,  r  =  /  J  and 
hence  ydx  becomes  aby'daf  ; 

/.    ydx  =  ab   yfdxft 

the  integrals  being  taken  through  corresponding  limits  —  a 

result  which  is  also  easily  shown  by  projection. 

/P*      «* 
Thus,  for  example,  the  area  of  the  ellipse  3  •+  n  —  * 


*  This  remarkable  result  is  an  extension,  by  Lambert  (in  bis  treatise  entitled  : 
Insigniorts  orbita  cometarum  proprieties,  published  in  1761),  of  the  correspond- 
ing formula  for  a  parabola  given  by  Euler  in  Miscell.  Berolin,  1743.  It 
furnishes  an  expression  for  the  time  of  describing  any  arc  of  a  planet's  orbit,  in 
terms  of  its  chord,  the  distances  of  its  extremities  from  the  sun,  and  the  major 
axis  of  the  orbit ;  neglecting  the  disturbing  action  of  the  other  bodies  of  the 
solar  system. 
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reduces  to  that  of  the  circle  ;  and  the  area  of  the  hyperbola 


to  that  of  the  equilateral  hyperbola  o£  -  y*  =  i  . 

Again,  let  it  be  proposed  to  find  the  area  of  the  curve 


—  +  —  I  =  —  +  — 
az 


The  transformed  equation  is 

«V      by 

(s»  +  y»)«  =  —  +  -4-; 
/*        m* 

or,  in  polai  co-ordinates, 


r°  = 


But  the  whole  area  of  this  (Art.  136)  is  -  (  —  +  —  -9  ). 

2  \lz      m?J 

Consequently  the  whole  area  of  the  proposed  curve  is 


TT 

-  +  —  . 
2 


It  may  be  remarked  that  the  equations 


represent  similar  curves,  and  their  corresponding  linear 
dimensions  are  as  a  :  i.  Consequently  the  areas  of  similar 
curves  are  as  the  squares  of  their  dimensions  ;  as  is  also 
obvious  from  geometry. 

142.  Area  of  a  Pedal  Curve.  —  If  from   any  point 
perpendiculars  be  drawn  to  the  tangents  to  any  curve,  the 
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locus  of  their  feet  is  a  new  curve,  called  the  pedal  of  the 
original  (Diff.  Calc.,  Art.  187). 

If  p  and  a)  be  the  polar  co- 
ordinates of  N)  the  foot  of  the 
perpendicular  from  the  origin  0, 
then  the  polar  element  of  area  of 
the  locus  described  by  N  is  plainly 

£—  -,  and  the  sectorial  area  of  any 
2 

portion  is  accordingly  represented  by 


taken  between  proper  limits. 

There  is  another  expression  for  the  area  of  a  closed  pedal 
curve  which  is  sometimes  useful. 

Let  8^  denote  the  whole  area  of  the  pedal,  and  S  that  of 
the  original  curve  ;  then  the  area  included  between  the  two 
curves  is  ultimately  equal  to  the  sum  of  the  elements  repre- 
sented by  NTN'  in  the  figure. 


Hence 


=  S  + 


=  8 


i  I 


(12) 


Again,  by  the  preceding, 

&  =  i  { 
Accordingly,  by  addition, 


^  [ 


=  8  +      0P«d«. 


(13) 


It  is  easily  seen  that  equation  (12)  admits  of  being  stated 
in  the  following  form : — 

The  whole  area  of  the  pedal  of  any  closed  curve  is  equal  to 
the  sum  of  the  areas  of  the  curve  and  of  the  pedal  of  its  evolute: 
both  pedals  having  the  same  origin. 

For,  PN  is  equal  in  length  to  the  perpendicular  from  0 

on  the  normal  at  P :  and  hence  -PN*d<»>  represents  the  ele- 
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ment  of  area  of  the  locus  described  by  the  foot  of  this  perpen- 
dicular, i.e.  of  the  pedal  of  the  evolute  of  the  original  curve. 
For  example,  it  follows  from  Art   136  that  the  area  oj 


7T 


the  pedal  of  the  evolute  of  an  ellipse  is  -  (a  -  4)*,   the  centre 

being  origin. 

143.  Area  of  Pedal  of  Ellipse  for  any  Origin. — 

Suppose  0  to  be  the  pedal 
origin,  and  OM,  OM'  perpen- 
diculars on  two  parallel  tan- 
gents to  the  ellipse ;  draw  CN 
the  perpendicular  from  the 
centre  C;  let  OM  =  ply  OM' 
=  j0,,  CN  =  p,  00  =c,  LOG  A 
=  a,  LACN=  w;  then 

PI  =  MD  -  OD  =  p  -  ccos  (w  -  a), 
Pi  =  p  +  c  cos  (w  -  a). 
Again,  the  whole  area  of  the  pedal  is 


1  fi 

- 

2  Jo 


+  /?z8)  da 


fir 

\    {p* 
Jo 


+  c1  cos2  (co  -  a) 


(it  Fm  jj- 

p^dio  +  C*     cos*  (w  -  a)  d(»)  =  -  (a*  +  b*  +  c2).      (14) 
o  Jo  2 

That  is,  the  area  of  the  pedal  with  respect  to  0  as  origin 
exceeds  the  area  of  its  pedal  with  respect  to  C  by  half  the 
area  of  the  circle  whose  radius  is  00. 

If  the  origin  0  lie  outside  the  ellipse,  the  pedal  o  msists 
of  two  loops  intersecting  at  0  and  lying  one  inside  the  other; 
and  in  that  case  the  expression  in  (14)  represents  the  um  of 
the  areas  of  the  two  loops,  as  can  be  easily  seen. 

The  result  established  above  is  a  particular  case  of  a 
general  theorem  of  Steiner,  which  we  next  proceed  to 
consider. 

v  144.  Stelner'g  Theorem  on  Areas  of  Pedal  Curves. 
Suppose  A  to  be  the  whole  area  of  the  pedal  of  any  closed 
curve  with  respect  to  any  internal  origin  0,  and  A  the  area 
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of  its  pedal  with  respect  to  another  origin  (/  ;  then,  if  /)  and 
p'  be  the  lengths  of  the  perpendiculars  from  0  and  O  on  a 
tangent  to  the  curve,  we  have 

1  f2jr  i  f2jr 

A  =  -\  p2du,     A'--\  p'zdw. 

2  J  o  2  J  o 

Also,  adopting  the  notation  of  the  last  article, 
p'  =  p  -  c  cos  (d)  -  a)  =  p  —  x  cosw  -  y  sin  w  ; 

where  .r,  y  represent  the  co-ordinates  of  0'  with  respect  to 
rectangular  axes  drawn  through  0.  Hence  we  get 


A' 

i  P* 
-  A  =  -  |    (a 

2joV 

:cosw  +  ysinw)* 

dw 

-a?     jpc 

Jo 

;osw(/(u-y     ^6 

Jo 

<LlL  f.u  Cvu/« 

r 

)OS2  (i)  dd)  =  7T, 

sin2  a)  dti)  =  TT, 

Jo 

«rt 

sino>coSb) 

Jo 

(ZTT  rair 

p  cos  w  «?w  and      p  sin  to  tfw  are 
o  ,J° 

constants  when  0  is  given.     Denoting  their  values  by  g  and 

h,  we  have 

A'-A-Z(*  +  rt-g»-ky.  (15) 

This  equation  shows  that  if  0  be  fixed,  the  locus  of  the 
origin  (/,  for  which  the  area  of  the  pedal  of  a  closed  curve  is 
constant,  is  a  circle.*  The  centre  of  this  circle  is  the  same, 
whatever  be  the  given  area,  and  all  the  circles  got  by  varying 
the  pedal  area  are  concentric. 

*  It  can  be  seen,  without  difficulty,  from  the  demonstration  given  above, 
that  when  the  curve  is  not  closed,  the  locus  of  the  origin  for  pedals  of  equal  area 
is  a  conic:  a  theorem  due  to  Prof.  Raahe,  of  Zurich.  See  Crelle's  Journal, 
vol.  1  p.  193. 

The  student  will  find  a  discussion  of  these  theorems  by  Prof.  Hirst  in  the 
Transaction*  of  the  Eoyal  Society,  1863,  ^  which  he  has  investigated  the  corre- 
sponding relations  connecting  the  volumes  of  the  pedals  of  surfaces. 
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If  the  origin  0  be  supposed  taken  at  the  centre  of  this 
circle,  the  constants  g  and  h  will  disappear;  and,  in  this  case, 
the  pedal  area  is  a  minimum,  and  the  difference  between  the 
areas  of  the  pedals  is  equal  to  half  the  area  of  the  circle  tchose 
radius  is  the  distance  between  the  pedal  origins. 

For  example,  if  we  take  the  origin  at  the  centre,  the 
pedal  of  a  circle,  whose  radius  is  #,  is  the  circle  itself.  For 
any  other  origin  the  pedal  is  a  limacon;  hence  the  whole 

f        t>*\ 
area  of  a  limacon  is  TT[  a2  +  —  ],  as  found  in  Art.  136,  Ex.  5. 

1  H5.  Areas   Of   Roulettes  on    Rectilinear   Rases. 

The  connexion  between  the  areas  of  roulettes  and  of  pedals 
is  contained  in  a  very  elegant  theorem,*  also  due  to  Steiner, 
which  may  be  stated  as  follows  : — 

When  a  closed  curve  rolls  on  a  right  line,  the  area  between 
the  right  line  and  the  roulette  generated  in  a  complete  revolution 
by  any  point  invariably  connected  with  the  rolling  curve  is  double 
the  area  of  the  pedal  of  the  rolling  curve,  this  pedal  being  taken 
with  respect  to  the  generating  point  as  origin. 

To  prove  this,  suppose  0  to  be  the  describing  point  in  any 


position  of  the  rolling  curve,  and  P  the  corresponding  point 
of  contact.  Let  (/  represent  an  infinitely  near  position  of  the 
describing  point,  Q'  the  corresponding  point  of  contact,  and  Q 

*  See  Crellf't  Jotirnal,  vol.  xxi.  The  corresponding  theorem  of  Steiner 
connecting  the  lengths  of  roulettes  and  pedals  will  be  given  in  the  next  Chapter. 

By  the  area  of  a  roulette  we  understand  the  area  between  the  roulette,  the 
base,  and  the  normals  drawn  at  the  extremities  of  one  segment  of  the  roulette. 
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a  point  on  the  curve  sucli  that  PQ  =  PQ'  ;  then  Q  is  the  point 
which  coincides  with  Q'  in  the  new  position  of  the  rolling 
curve;  and,  denoting  the  angle  between  the  tangents^  at  P 
and  Q  (the  angle  of  contingence)  by  tfw,  we  have  OPO'  =  dw, 
since  we  may  regard  the  curve  as  turning  round  P  at  the  in* 
stant  (Diff.  Calc.,  Art.  275). 

Moreover,  QQ'  ultimately  is  infinitely  small  in  comparison 
with  QP,  and  consequently  the  elementary  area  OPQ'O*  is 
ultimately  the  sum  of  the  areas  POO'  and  QO'P,  neglecting 
an  area  which  is  infinitely  small  in  comparison  with  either  of 
these  areas. 

2    7 

Again,  if  OP  =  r,  we  have  POO  =  -   ",  and  area  QO'P 

=  QOP  in  the  limit. 

Also  the  sum  of  the  elements  QOP  in  an  entire  revolu- 
tion is  equal  to  the  area  (S)  of  the  rolling  curve.  Conse- 
quently the  entire  area  of  the  roulette  described  by  0  is 


But  we  have  already  seen  (13)  that  this  is  double  the  area  of 
the  pedal  of  the  curve  with  respect  to  the  point  0  ;  which 
establishes  our  proposition. 

Again,  from  Art.  144,  it  follows  that  there  is  one  point  in 
any  closed  curve  for  which  the  entire  area  of  the  correspond- 
ing roulette  is  a  minimum.  Also,  the  area  of  the  roulette 
described  by  any  other  point  exceeds  that  of  the  minimum 
roulette  by  the  area  of  the  circle  whose  radius  is  the  distance 
between  the  point*. 

For  instance,  if  a  circle  roll  on  a  right  line,  its  centre  de- 
scribes a  parallel  line,  and  the  area  between  these  lines  after 
a  complete  revolution  is  equal  to  the  rectangle  under  the 
radius  of  the  circle  and  its  circumference  ;  i.e.  is  2?ra2  ;  denot- 
ing the  radius  by  a. 

Consequently,  for  a  point  on  the  circumference,  the  area 
generated  is  2iraz  +  iraz,  or  $TTO?  ;  which  agrees  with  the  area 
found  already  for  the  cycloid. 

In  like  manner,  by  Steiner's  theorem,  the  area  of  the  or- 
dinary cycloid  is  the  same  as  that  of  the  cardioid  :  and  the 
area  of  a  prolate  or  curtate  cycloid  the  same  as  that  of  a 
lima-,  on. 
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Again,  if  an  ellipse  roll  on  a  right  line,  the  area  of  the 
path  described  by  any  point  can  be  immediately  obtained. 

For  example,  the  pedal  of  an  ellipse  with  respect  to  a  focus 
is  the  circle  described  on  its  axis  major.  Hence,  if  an  ellipse 
roll  upon  a  right  line,  the  area  of  the  roulette  described  by  its 
focus  in  a  complete  revolution  is  double  the  area  of  the  auxiliary 
circle.  Also,  the  area  of  the  roulette  described  by  the  centre 
of  the  ellipse  is  equal  to  the  sum  of  the  circles  described  on 
the  axes  of  the  ellipse  as  diameters,  and  is  less  than  the  area 
of  the  roulette  described  by  any  other  point. 

•  146.  General  Case  of  Area  of  Roulette. — If  the 
curve,  instead  of  rolling  on  a  right  line,  roll  on  another 
curve,  it  is  easily  seen  that  the  method  of  proof  given  in  the 
last  article  still  holds ;  provided  we  take,  instead  of  dw,  the 
sum  of  the  angles  of  contingence  of  the  two  curves  at  the 
point  P. 

Hence  the  element  of  area  OPO'  is  in  this  case 

1  OP*du  (i  +  ^\  or  -  OP2 (/to  ( i  f  p- 

2  \        dwj  \        P 

where  p  and  p'  are  the  radii  of  curvature  at  P  of  the  rolling 
and  fixed  curves,  respectively. 

Hence  it  follows  that  the  area  between  the  roulette,  the 
fixed  curve,  and  the  two  extreme  normals,  after  a  complete 
revolution,  is  represented  by 


If  a  closed  curve  roll  on  a  curve  identical  with  itself, 
having  corresponding  points  always  in  contact,  the  formula 
for  the  area  generated  becomes 

8 

In  this  case  the  area  generated  is  four  times  that  of  the 
corresponding  pedal ;  a  result  which  appears  at  once  geome- 
trically by  drawing  a  figure. 
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EXAMPLES". 


I.  If  A  be  the  area  of  a  loop  of  the  curve  r"  =  «m  #>s  mQ,  and  -4i  the  area 
of  its  pedal  with  respect  to  the  polar  origin,  prove  that  N. 

-]A. 


It  is  easily  seen,  as  in  Diff.  Calc.,  Art.  190,  that  the  angle  between  the  radius 
vector  and  the  perpendicular  on  the  tangent  is  mQ  ;   and  .•.  «  =  (m  +  i)tf 
Hence,  by  Art.  142, 


.      .    II*  "*»»»-    /    ,  \  * 

2A\  =  A  H •  JrVO  =  (m  +  ^)A. 

2.  If  a  circle  of  radius  b  roll  on  a  circle  of  radius  a,  and  if  A  denote  the 
area,  after  a  complete  revolution,  between  the  fixed  circle,  the  roulette  described 
by  any  point,  and  the  extreme  normals ;  and  if  A'  be  the  area  of  the  pedal  of 
the  circle  with  respect  to  the  generating  point,  prove  that 

Aa  +  Bb  =  2  (a  +  b)  A'. 

where  B  is  the  area  of  the  rolling  circle. 

3.  Apply  this  result  to  find  the  area  included  between  the  fixed  circle  and  the 
arc  of  an  epicycloid  extending  from  one  cusp  to  the  next. 

147.  Holditch's  Theorem.* — If  a  line  CO'  of  a  given 
length  move  with  its  extre- 
mities   on  two    fixed  closed 
curves,  to  find,  in  terms  of   / 
the  areas  of  the  two  fixed  ( 
curves,  an  expression  for  the    \ 
whole  area  of  the  curve  gene- 
rated, in  a  complete  revolu-  Fi 
tion,  by  any  given  point  P 
situated  on  the  moving  line. 

Let  GP  =  c,  PC"  =  c',  and  suppose  (xlt  yO,  (#,  y),  and 
(#»>  2/2)  to  be  the  co-ordinates  of  the  points  C,  P,  and  C',  re- 
spectively, with  reference  to  any  rectangular  axes. 


*  This  simple  and  elegant  theorem  appeared,  in  a  modified  form,  as  the 
Prize  Question,  by  Mr.  Holditch,  under  the  name  of  "Petrarch,"  in  the  Lady's 
and  Gentleman's  Diary  for  the  year  1858.  The  first  proof  given  above  is  due  to 
Mr.  Woolhouse,  and  contains  his  extension  of  Mr.  Holditch's  theorem. 
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Then,  if  0  be  the  angle  made  by  CO'  with  the  axis  of  y, 
we  have  evidently 

a?!  =  x  -  c  sin  9,    y\  =  y  -  c  cos  0, 
Xt  =  x  +  c'  sin  6,    y9  =  y  +  d  cos  0. 
Hence  we  have 

y\dxi  =  ydx  -  c  cos  0  (dx  +  ydO)  +  c*coszOdO  ; 

y2dx2  =  yd#  +  c'  cos  t)(dx  +  ydO)  +  c'2  oosfOdO. 

Multiplying  the  former  equation  by  c',  and  the  latter  by  c, 
and  adding,  we  get 

cfyldxl  +  cyzdx*  =  (c  +  c')  y  dx  +  (c  +  c']  cc'  cos2  Odd  ; 
idxi  +  c$yzdxz  =  (c  +  c'}\ydx  +  (c  +  c')cc'  $cos?6dO. 


If  we  suppose  the  rod  to  make  a  complete  revolution,  so 
as  to  return  to  its  original  position,  and  if  we  denote  by  (C), 
((/'),  (P),  the  areas  of  the  curves  described  by  the  points 
(7,  0",  and  P,  respectively,  we  shall  have  (since  in  this  case 
the  angle  0  revolves  through  27r) 


c'(C)  +  c(C')  =  (c  +  c')(P)  +  TT(C 

<f(0)  +  c(Cf)  .  ,x 

or  e  +  d        =  (P)  +  *    '  (    ^ 

This  determines  the  area  (P)  in  terms  of  the  areas  (C), 
(Of)  and  of  the  segments  c,  cr. 

When  the  extremities  (7,  C'  move  on  the  same  identical 
curve  we  have  (C}  =  (C"),  and  hence  (C)  -  (P)  =  tree'. 

Consequently,  if  a  chord  of  given  length  move  inside  any 
closed  curve,  having  a  tracing  point  P  at  the  distances  c  and 
cf  from  its  ends,  the  area  comprised  between  the  two  curves  is 
equal  to  tree*. 

More  generally,  if  the  extremities  (7,  C'  move  on  curves 
of  equal  area,  we  have,  as  before, 

(P)=W.  (17) 


Should  the  extremities,  instead  of  revolving,   oscillate 
back  to  their  former  positions,  then  (C)  =  o,  ((7')  =  o,  and 
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.-.  (P)  =  -  tree'.  The  negative  sign  implies  that  the  area  is 
described  in  a  direction  contrary  to  that  in  which  the  rod  re- 
volves. 

Again,  if  the  rod  returns  to  its  original  position  after 
n  revolutions,  the  limits  for  0  become  o  and  2n?r,  and  equa- 
tion (  1  6)  becomes 

c'«7)  +  c(C")      /DX  ,  ,  ON 

-^—  '-  -  ±  —  -  =  (P)  +  mrc<f.  (18) 

c  +  c 

If  (C)  =  (C"),  this  gives 

(C)-(P)  =mrcS.  (19) 

If  the  line  oscillate  back  to  its  former  position,  without 
making  a  revolution,  we  have  n  =  o,  and  (19)  becomes 

(0)  =  (P). 

Hence,  in  this  case,  if  two  points  describe  curves  of  equal 
area,  then  any  point  on  the  line  joining  these  points  describes 
a  curve  of  the  same  area. 

The  theorem  in  (  1  6)  can  also  be  proved  simply  in  another 
manner,  as  follows  :  — 

Let  0  denote  the  point  of  intersection  of  the  moving  line 
CO'  with  its  infinitely  near  position  ;  that  is  to  say,  the  point 
of  contact  with  its  envelope  ;  and  let  OP  =  r.  Adopting  the 
same  notation  as  before,  let  (  0}  represent  the  area  of  the  en- 
velope, and  it  is  easily  seen  that 

(0)  -  (0)  =  |  F(00)*d9-l  I"  (c  -  r)'rf0, 

Jo  Jo 

(C')  -  (0)  =  i  f  t  OCJdB  =  i  f  >  +  r)«d», 

Jo  Jo 


hence 


-  cc'(c 
as  before. 
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A  remarkable  extension  of  Holditch's  theorem  was  given 
by  Mr.  E.  B.  Elliott,  in  the  Messenger  of  Mathematics, 
February,  1878. 

Mr.  Elliott  supposed  the  length  of  the  moving  line  C'C  to 
vary,  but  that  it  is  in  all  positions  divided  in  the  constant 
ratio  m  :  n  in  a  point  P. 

Then,  if  C  travel  round  the  perimeter  of  any  closed  area 
((7),  and  C'  move  simultaneously  round  another  area  (C'),  the 
two  motions  being  quite  independent  and  subject  to  no  re- 
strictions whatever,  except  that  both  are  continuous,  having 
no  abrupt  passage  from  one  position  to  another  finitely  differ- 
ing from  it,  then  P  will  travel  simultaneously  round  the 
perimeter  of  another  closed  area  (P). 

Adopting  the  same  notation  as  before,  we  have 

(m  +  n)x  =  mxi  +  nx2,     (m  +  n)  y  =  myi  +  nyt  ; 
(myl  +  ny*}(mdx\  +  ndx2) 
mtyi.dxi  +  tfy-idx-i  +  mn  (yzdxl  + 


a  -mn    -i- 


Integrating  for  a  complete  circuit,  and  dividing  by  (m  +  n), 
we  have 

»M  11    r 
(m  +  n)  (P)  -  »  (0)  +  ft  (C'}  -  —  -    (y,  -  y>)d(xz  -  a,).     (20) 

it  v  T   7  1  J 

This  result  is  stated  as  follows  by  Mr.  Elliott  :  — 
Through  any  fixed  point  in  the  plane  of  a  closed  area  S 
let  radii  vectores  be  drawn  to  all  points  in  its  perimeter,  and  let 
chords  AB,  parallel  and  equal  to  the  radii  vectores,  be  placed 
with  one  extremity  A  in  each  case  in  the  perimeter  of  a  closed 
area  (A),  and  the  other  B  on  that  of  another  (B)  ;  then,  if 
the  points  A,  B,  travel  respectively  all  round  the  perimeters, 
and  do  not  in  either  case  return  to  their  first  positions  from 
the  same  sides  as  that  towards  which  they  left  them  ;  and,  if 

[14] 
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(C)  represent  the  area  described  by  a  point  always  dividing  BA 
in  the  constant  ratio  m  :  n,  then  the^areas  (A),  (£),  (C),  (S) 
are  connected  by  the  following  relation  : 


m  +  n  (m+n)'v 

This  follows  immediately  from  (20)  by  altering  the  nota- 
tion. 

Areas  described  in  opposite  directions  of  rotation  must  be 
taken  with  opposite  signs. 

For  particular  modifications  in  this  result,  as  also  for  its 
extension  to  surfaces,  the  student  is  referred  to  Mr.  Elliott's 
paper  ;  as  also  to  Mr.  Leudesdorf  s  papers  in  the  «*ame 
Journal. 

147  (a).  Kempe's  Theorem. — We  next  proceed  to  the 
consideration  of  a  singularly  elegant  theorem*  discovered  by 
Mr.  Kempe,  and  which  may  be  stated  as  follows : — 

If  one  plane  sliding  upon  another  start  from  any  position, 
move  in  any  manner,  and  return  to  its  original  position  after 
making  one  or  more  complete  revolutions ;  then  every  point 
in  the  moving  area  describes  a  closed  curve,  and  the  locus,  in 
the  moving  plane,  of  points  which  describe  equal  areas  is  a  circle; 
and  by  varying  the  area  we  get  a  system  of  concentric  circles  for 
loci. 

This  result  can  be  readily  de- 
duced from  Holditch's  theorem,  for 
if  we  suppose  A,  B,  C,  to  be  three 
points  which  generate  equal  areas ;  it 
can  easily  be  seen  that  any  fourth 
point,  D,  which  generates  the  same 
area,  lies  on  the  circle  circum- 
scribing ABC. 

Let  AB  and  CD  intersect  in  P, 
then,  let  (P)  represent  the  area 
described  by  the  point  P,  as  before ; 

and  n  the  number  of  revolutions  made  before  AB  returns 
to  its  original  position:  then  we  have,  by  (19),  denoting  by 

*  Messenger  of  Mathematics,  July,  1878. 
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(C)   the  common  area  described  by  each  of    the  points 
A,  B,  C,  A 

(C}-(P}=mrAP.PB, 

and,  by  same  theorem, 

(C)  -  (P)  =  »JT  CP.PD-, 
hence 

AP.PB  =  CP.PD-, 

consequently  -4,  I?,  (7,  D,  lie  on  the  circumference  of  the 
same  circle. 

Again,  let  0  be  the  centre  of  this  circle,  and  join  OP  and 
OA,  then  the  preceding  equation  gives 


Hence  all  points  which  describe  an  area  equal  to  that  of 
(P)  lie  on  a  circle,  having  0  for  centre,  and  OP  for  radius, 
which  establishes  the  second  part  of  the  theorem. 

For  the  effect  of  two  or  more  loops  in  the  area  described 
by  a  moving  point  see  Art.  132. 

148.  Areas  by  Approximation.  —  In  many  cases  it  is 
necessary  to  approximate  to  the  value  of  the  area  included 
within  a  closed  contour.  The  usual  method  is  by  drawing  a 
convenient  number  of  parallel  ordinates  at  equal  intervals  ; 
then,  when  a  rough  approximation  is  sufficient,  we  may 
regard  the  area  of  the  curve  as  that  of  the  polygon  got  by 
joining  the  points  of  intersection  of  the  parallel  ordinates 
with  the  curve.  Hence,  if  A  be  the  common  distance  between 
the  ordinates,  and  if 

y<»  yi,  2/2,  &o.,  yny 

represent  the  system  of  parallel  ordinates,  the  area  of  the 
polygon,  since  it  consists  of  a  number  of  trapeziums  of  equal 
breadth,  is  plainly  represented  by 


[14  a] 
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Hence  the  rule  :  add  together  the  halves  of  the  extreme 
ordinates,  and  the  whole  of  the  intermediate  ordinatcs,  and 
multiply  the  result  by  the  common  interval. 

When  a  nearer  approximation  is  required,  the  motho( 
next  in  simplicity  supposes  the  curve  to  consist  _  of  a  number 
of  parabolic  arcs  ;  each  parabola  having  its  axis  parallel  to 
the  equidistant  ordinates,  and  being  determined  by  three  ot 
those  ordinates. 

To  find  the  area  of  the  parabola  passing  through  ^tlie 
points  whose  -ordinatcs  are  yw  yt,  y*  ;  let  y  =  a  -f  /3-r  -t  73-*  be 
the  equation  of  the  parabola,  and,  for  simplicity,  assume  the 
origin  at  the  foot  of  the  intermediate  ordinate  y,,  then  we 
have 

y,  =  a  -  fill  +  7  A2,     y,  =  a,     y,  =  a  -f  (3//  +  7  h\ 

Again,  the  area  between  the  first  and  third  ordinate  i& 

f7'  /  'A 

(a  4-  fix  +  -yar8)  dx  =  2/1  1  a  +  7  —  . 

J  -h  \  3  / 

But  y0  -t  y-i  =  2<j\  +  27/t2  :  hence  the  area  in  question  is 


Now,  if  we  suppose  the  number  of  intervals  n  to  be  even, 
and  add  the  different  parabolic  areas,  we  get,  as  an  approxi- 
mation to  the  area,  the  expression 

/3  +  &c.  +  ytt_  +  2  y,  +  2/4  +  &c.  -f  y,,_2)  }  . 


o 

Hence  the  rule  :  add  together  the  first  and  last  ordinatcs, 
twice  every  second  intermediate  ordinate,  and  four  times  each 
remaining  ordinate  ;  and  multiply  by  one-third  of  the  common 
interval. 

"We  get  a  closer  approximation  by  supposing  the  number 
of  equal  intervals  a  multiple  of  3,  and  regarding  the  curve 
as  a  series  of  parabolse  of  the  third  degree,  each  being 
determined  by  four  equidistant  ordiuates.  To  find  the  area 
corresponding  to  one  of  these  parabolic  curves,  let  y<>,  y^,  y^  y& 
be  four  equidistant  ordinates,  and  for  convenience  assume 
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the  origin  midway  between  y\  and  y%  ;  then  if  the  equation 
of  the  parabolic  curve  be 

y  =  a  +  j3#  +  7#8  +  &£3, 

and  the  common  interval  on  the  axis  of  x  be  denoted  by  2  A, 
we  have 

y0  =  a  -  3j3A  +  97/i2  -  27SA3, 
yi  =  a  -  flh  +  yh*  -  §A3, 
1/2  =  a  +  ]3A  -f-  7/i2  +  SA3, 
2/3  =  «  +  3/3A  +  QyA8  +  27<$A8. 

Hence     y0  +  y3  =  2  (a  +  gy/*2),    yt  +  y*  =  2  (a  +  7  A2). 
Again,  the  parabolic  area  between  y0  and  y3  is 


(a  +  j3#  +  70?'  +  &?)£&  =  3  A  (2  a  +  67  A2). 

-sA 

Substituting  in  this  the  values  of  a  and  7  obtained  from 
the  two  preceding  equations,  the  expression  for  the  area 
becomes 

j  (yo  +  y3  +  3(^1  +  2/2)}. 

If  the  corresponding  expressions  be  added  together,  we 
easily  arrive  at  the  following  rule  :*  —  Add  together  the  first 
and  last  ordinates,  twice  every  third  intermediate  orclinate,  and 
thrice  each  remaining  ordinate  ;  and  multiply  by  -|ths  of  the 
common  interval. 

It  is  readily  seen  that  these  rules  also  apply  to  the  ap- 
proximation to  any  closed  area,  by  drawing  a  system  of  lines, 
parallel  and  equidistant,  and  adopting  the  intercepts  made  by 
the  curve  instead  of  the  ordinates,  in  each  rule. 

Since  every  definite  integral  may  be  represented  by  a 

*  This  and  the  preceding  are  commonly  called  "  Simpson's  rules  "  for  cal- 
culating areas  ;  they  were  however  previously  noticed  by  Newton  (see  Optiscula. 
Method.  Diff.,  Prop.  6,  scholium)  as  a  particular  application  of  the  method  of 
interpolation.  By  taking  seven  equidistant  ordinates,  Mr.  Weddle  (Camb.  and 
Dub,  Math.  Jour.,  1854),  obtained  the  following  simple  and  important  rule  for 
finding  the  area:  —  To  five  times  the  sum  of  the  even  ordinates  add  the  middle  ordi- 
nate and  all  the  odd  ordinates,  multiply  the  sum  by  three-tenths  of  the  common 
interval,  and  the  product  will  be  the  required  area,  approximately.  The  proof, 
which  is  too  long  for  insertion  here,  will  be  found  in  Mr.  Weddle'  s  memoir  : 
and  also,  with  applications,  in  Boole's  Calculus  of  Finite  Differences.  The  student 
is  referred  to  Bertrand's  Cale.  Int.,  1.  i,  ch.  xii.,  fur  more  general  and  accurate 
methods  of  approximation  by  Cotes  and  Gauss, 
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curvilinear  area,  the  methods  given  above  are  applicable  to 
the  approximate  determination  of  any  such  integral. 

In  practice  the  accuracy  of  these  methods  is  increased  by 
increasing  the  number  of  intervals. 

149.  Planimeters. — Several  mechanical  contrivances 
have  been  introduced  for  the  purpose  of  practically  estimating 
the  area  inclosed  within  any  curved  boundary.  Such  instru- 
ments are  called  Planimeters.  The  simplest  and  most  elegant 
is  that  of  Professor  Amsler  of  Schaffhausen.  It  consists  of 
two  arms  jointed  together  so  as  to  move  in  perfect  freedom  in 
one  plane.  A  point  at  the  extremity  of  one  arm  is  made  a 
fixed  centre  round  which  the  instrument  turns ;  and  a  wheel 
is  fixed  to,  and  turns  on  the  other  arm  as  an  axis,  and  records 
by  its  revolution  the  area  of  the  figure  traced  out  by  a  point 
on  this  arm.  From  its  construction  it  is  plain  that  the  re- 
volving wheel  registers  only  the  motion  which  is  perpendi- 
cular to  the  moving  arm  on  which  it  revolves. 

In  the  practical  application  of  the  instrument  it  is  neces- 
sary that  the  two  arms,  GA  and  AS,  should  return  to  their 
original  position  after  the  tracing  point  B  has  been  moved 
round  the  entire  boundary  of  the  required  area. 

We  shall  commence  by  showing  that  the  length  registered 
by  the  wheel  while  B  has  moved  round  the  entire  closed  area 
is  independent  of  the  wheel's  position  on  the  moving  arm ; 
i.e.  is  the  same  as  if  the  wheel  be  supposed  placed  at  the  joint. 

To  prove  this,  suppose  P  to  represent  the  point  on  the 
arm  at  which  the  centre  of  the 
revolving  wheel  is  situated.  Let 
A'B'  represent  a  new  position  of 
AB  very  near  to  AB,  and  P'  the 
corresponding  position  of  the 
point  P.  Draw  P^Vperpendicular 
to  A'B' ;  then  PN  represents  the  "" 
length  registered  by  the  wheel 
while  the  arm  moves  from  AB  to 
the  infinitely  near  position  A'B'. 

Next,  draw  .4  2V' perpendicular, 
and  AL  parallel,  to  A'B'. 

Let  PN=  ds',  AN'  =  ds,  AP  =  c,  „. 

PAL  =  d$  ;  then  PN=  PL  +  AN't 
or  ds'  =  ds  +  c  dth. 
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Now,  if  we  suppose  AB  after  a  complete  circuit  of  the 
curve  to  return  to  its  original  position,  we  have  obviously 
2  (d$)  =  o  ;  and  therefore  2  (di)  =  2  (ds),  i.e.  the  whole  length 
registered  by  the  revolving  wheel  at  P  is  the  same  as  if  it 
were  placed  at  A. 

Next,  let  x  and  y  be  the  co-ordinates  of  B  with  respect  to 
rectangular  axes  drawn  through  C,  and  let  AC  =  «,  AB  =  b, 
L  ACX  =  0 ;  and  suppose  $  the  angle  which  BA  produced 
makes  with  the  axis  of  x  ;  then  we  shall  have 

x  =  a  cos  0  +  b  cos  $,     y  =  a  sin  0  +  b  sin  0. 

xdy  -  ydx  =  a*dO  +  b*d<f>  +  ab  cos  (B  -  </>)  d(0  +  0). 

ds  =  AN'  =  AA'  sin  AA'N  =  a  dO  cos  (0  -</.)• 

0  +  $  =  26  -  (0  -  0)  ; 
.*.  «5cos(0  -  <f>)d(0  +  0) 

=  2ttb  COS  (0  —  <u\dv  - 

=  2bds  -  ab  cos  (6  - 
Consequently 

xdy  -  ydx=a*dO  +  bzd$  +  2bds-  ab  cos(0  - 

But,  by  Art.  139,  the  area  traced  out  by  -B  in  a  complete 
revolution  is  represented  by  ^  (xdy  -  ydx)  taken  around  the 

entire  curve. 

Also,  since  AC  and  AB  return  to  their  original  positions, 
the  integrals  of  the  terms  aV/0,  b*d$  and  ab  cos  (0  -  0)  d(0  -  0) 
disappear ;  and  hence  the  area  in  question  is  equal  to  bS,  where 
8  denotes  the  entire  length  registered  by  the  revolving  wheel. 

On  account  of  the  importance  of  the  principle  of  this  in- 
strument, the  following  proof,  for  B 
which  I  am  indebted  to  Prof.  Ball, 
based  on   elementary    geometrical 
principles,  is  also  added. 

Jjet  C,  A,  .Z?  represent,  as  before, 
the  positions  of  the  fixed  centre,  the 
joint,  and  the  tracing  point,  respec- 
tively ;  and  suppose  R  to  represent 
the  position  of  the  roller,  or  revolv- 
ing wheel ;  then  draw  CP  and  JKS 
perpendicular  to  AB.. 
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Let 


AC  =  a,  AB  =  5,  AR  = 


r. 


Now,  if  the  instrument  be  rotated  about  C  through  an 
angle  0  without  altering  the  angle  CAB,  it  is  easily  seen 
that  the  circumference  of  the  roller  is  rotated  through  an  arc 
represented  by 


Again,  if  the  instrument  be  rotated  about  S  through  a 
small  angle  the  roller  docs  not  revolve. 
Hence  a  curve  can  be  drawn  through  B, 
Buch  that,  if  the  tracing  point  B  be 
moved  along  it,  the  roller  will  not 
revolve. 

Now,  let  Ajti,  A'JU'  be  the  two  adjacent 
circles  described  with  C  as  centre,  and 
suppose  em'  and  /3j3'  two  adjacent  non- 
r oiling  curves,  such  as  just  stated :  and 
suppose  the  tracing  point  B  to  move 
round  the  indefinitely  small  area  aa'fifi  :  then  the  arc  through 
which  the  roller  has  turned  is  represented  by 


«  _  (r 


2b 


i    S'—NsX 
T  or j  \ 


area  of 


since  a/3  =  r  80 ;  and  Sr  =  aa'  sin  /3. 

Now  suppose  the  instrument  works  correctly  for  the  area 
AA'a'a,  then  it  will  work  correctly  for  the  area  AA'/3'|3 ;  for, 
start  from  a  to  A,  X',  a',  then  the  area  aAAV  must  be  regis- 
tered, since  the  roller  does  not  turn  in  moving  from  a'  to  a ; 
proceed  then  from  a  to  |3',  /3,  a,  then,  by  what  has  been  just 
proved,  the  area  a'/3'/3u  will  be  added.  Hence  the  instrument 
will  work  correctly  for  the  strip  AA'/t/A*- 

Again,  suppose  the  instrument  works  correctly  for  the 
area  A/up,  then  it  will  work  correctly  for  X'fi'p  ',  for  suppose 
we  start  from  A  to  p,  /u?  and  back  to  A  :  then  start  from  A  to 
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/u,  ju',  X'  and  A ;  the  two  journeys  from  A  to  /u  and  ju  to  A 
will  neutralize  each  other,  and  it  follows  that  if  the  instrument 
works  correctly  for  the  area  AJU/>,  it  will  work  correctly  for 
the  area  A'/u'/o  :  hence,  if  the  instrument  works  correctly  for 
any  portion  of  the  area,  however  small,  it  works  correctly  for 
the  entire  area. 

The  student  will  find  a  description  of  Amsler's  Planimeter, 
with  another  mode  of  demonstration,  in  a  communication  by 
Mr.  F.  J.  Bramwell,  O.E.,  to  the  British  Association. — See 
Report,  1872,  pp.  401-412. 
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EXAMPLES. 
/•i.   Find  the  whole  area  between  the  curve 

zV  +  a2i2  =  «V 

and  its  asymptotes.  Ans.  2wab. 

/   i.  Find  the  whole  area  of  the  curve 

«y  =  *<(„»-**).  „    y. 

3.  Find  the  whole  area  of  the  curve 


•(?)'-      -J- 

4.   Find  the  whole  area  included  between  the  folium  of  Descartes 


and  its  asymptote.  Ant.  —  . 

5.  In  the  logarithmic  curve  y  =  a«,  prove  that  the  area  hetween  the  axis  of 
x  and  any  two  ordinates  is  proportional  to  the  difference  between  the  ordinatcs. 

6.  Find  the  area  of  a  loop  of  the  curve 

id* 

r  =  a  cos  nO.  Ant.  —  . 

n 

7.  Find  the  area  of  a  loop  of  the  curve 

r  =  a  cos  nO  -f  b  sin  »0.  ,,     (a*  +  *')  -. 

The  equation  of  the  curve  may  he  written  in  the  form 


r  *s  v"      +  62  cos  (n9  }  a), 

.vhere  tan  o  =  -  -  ;  and  consequently  its  area  can  be  found  from  the  preceding 
example. 

8.  Find  the  area  of  a  loop  of  the  curve 


=  a2  cos  »0  +  &  sin  n1).  Ans. 
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9.  Find  the  area  of  the  traetrix. 

The  characteristic  property  of  the  tractrix  is  that  the  intercept  on  a  tangent 
to  the  curve  between  its  point  of  contact  and  a  fixed  right  line  is  constant. 

Denoting  the  constant  by  a,  and  taking  the  origin  0  at  the  point  for  which 
the  tangent  OA  is  perpendicular 
to  the  axis,  we  have,   P  being 
any  point  on  the  curve 


PT=a, 


dx 


y 


ydx  —  —  \/a?  -  y^dy. 


Fig.  26. 


Hence  the  element  of  the  area  of 
the  tractrix  is  equal  to  that  of 
a  circle  of  radius  a. 

It  follows  immediately  that  the  whole  area  between  the  four  infinite  branches 
of  the  tractrix  is  equal  to  im2.  This  example  furnishes  an  instance  of  our  being 
able  to  determine  the  area  of  a  curve  from  a  geometrical  property  of  the  curve, 
without  a  previous  determination  of  its  equation. 

If  the  equation  of  the  tractrix  be  required,  it  can  be  derived  from  its  differ- 
ential equation 


dx  =  - 


from  which  we  get 


a  +  \/  a*  — 


That  the  equation  of  the  tractrix  depends  on  logarithms  was  noticed  by 
Newton.  See  his  Second  Epistle  to  Oldenburg  (Oct.  1676).  This  was,  I 
believe,  the  first  example  of  the  determination  of  the  equation  of  a  curve  by 
integration ;  or,  what  at  the  time  was  called  the  inverse  method  of  tangents. 

10.  If  each  focal  radius  vector  of  an  ellipse  be  produced  a  constant  length  c, 
show  that  the  area  between  the  curve  so  formed  and  the  ellipse  is  ire(2b  -f  c), 
b  being  the  semi-axis  minor  of  the  ellipse. 

11.  Find  the  area  of  a  loop  of  the  curve  r*  =  «n  cos  nO. 


«Vi 


Ans. 


ii.  If  a  right  line  carrying  three  tracing  points  A,  Bt  0,  move  in  any  manner 
in  a  plane,  returning  to  its  original  position  after  making  a  complete  revolution  ; 
and  if  (A),  (B),  (0)  represent  the  entire  areas  of  the  closed  curves  described  by 
the  points  A,  B,  C,  respectively,  prove  that 

no  x  (A)  +  CA  x  (B)  +  AS  x  (O)  +  TT  .  AB  .  BG.  OA  •=  o, 

in  which  the  lines  AB,  BC,  &c.,  are  taken  with  their  proper  signs  ;    i.e., 
AB  =  -  BA,  &c. 
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13.  A,  B,  C,  D,  are  four  points  rigidly  connected  together,  and  moving  in 
any  way  in  a  plane  ;  if  they  describe  closed  curves,  of  areas  (A),  (B),  (6').  (D), 
respectively;  and  if  x,  y,  z,  be  the  areolar  coordinates  of  It  referred  to  the 
triangle  ABC,  prove  that 


where  t  is  the  length  of  the  tangent  from   D  to  the  circle  circumscribed  to  the 
triangle  AB  G.     Mr.  Leudesdorf,  Messenger  of  Mathematics,  1878. 

This  follows  immediately  :  for  let  P  be  the  point  of  intersection  of  the  lines 
AB  and  CD,  then,  by  (18),  we  get  a  relation  between  (si),  (B),  and  (P)  ;  and! 
also  between  (C),  (D),  and  (P).  If  P  be  eliminated  between  these  equations  we- 
get  the  required  result. 

14.  Show  that  a  corresponding  equation  connects  the  areas  of  the  pedals  of 
any  given  closed  curve  with  respect  to  four  points  A,  B,  C,  D,  taken  respectively 
as  pedal  origin.     Afr.  Leudesdorf. 

15.  If  a  curve  be  referred  to  its  radius  vector  r  and  the  perpendicular  p  oa 
the  tangent,  prove  that  its  area  is  represented  by 

1  r      prdr 

2  }  </jT—p 

16.  A   chord  of  constant  length  (c)  moves  about  within  a  parabola,  andl 
tangents  arc  drawn  at  its  extremities  ;  find  the  total  area  between  the  parabolai 
and  the  locus  of  intersection  of  the  tangents. 

A  *# 

Ana.  —  . 

2 

17.  From   the  centre   of  an  ellipse  a  tangent  is  drawn  to  a  semicircle 
described  on  an  ordinate  to  the  ft*ia  major  ;  prove  that  the  polar  equation  of  the' 
locus  of  the  point  of  contact  is 


4*  +  (a-  4-  42)  tan8  B  ' 
and  that  the  whole  area  of  the  locus  is 

ic        ofb 


2 


1  8.  Apply  the  three  methods  of  approximation  of  Art.  148  to  the  calculation 

to  6  decimal  places  of  the  definite  integral  I      -  ,  adopting  —  as  the  commor> 

Jo  i  +*  I2 

interval  in  each  case.  Ans.  (i),  .693669.     (2),  .693266.     (3),  .693224. 

The  -sal  value  of  the  integral  being  log  2,  or  .693147,  to  the  same  number 
of  decimal  places. 

1  9.  Prove  that  the  sectorial  area  bounded  by  two  focal  vectors  r  and  »•"  of  a 
parabola  is  represented  by 

at  (    r  +  S  +  e    f.        r  +  »/-e 


where  e  is  the  chord  of  the  arc,  and  a  the  semiparameter  of  the  parabola. 
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26.  Show  that  the  whole  area  of  the  inverse  of  the  ellipse  -=  +  -^  =  i  is 

a*      o* 

represented  by 


rk* 


where  a.,  ft,  are  tlic  co-ordinates  of  the  origin  of  inversion,  and  I:  is  the  radius  of 
the  circle  of  inversion. 

1  1  .  A  given  arc  of  a  plane  curve  turns  through  a  given  angle  round  a  fixed 
.point  in  its  plane  ;  what  is  the  area  described  ? 

22.  Given  the  base  of  a  triangle,  prove  that  the  polar  equation  of  the  locus 
•of  its  vertex,  when  the  vertical  angle  is  double  one  of  its  base  angles  is 

a(2  cos  20  +  l) 

2  cos  6 

Alienee  show  that  the  entire  area  of  the  loop  of  the  curve  is  3ffi  V  3^ 

4 

23.  0  is  a  point  within  a  closed  oval  curve,  Pany  point  on  the  curve,  QPQ' 
'•&  straight  line  drawn  in  a  given  direction  such  that  QP  =  PQ'  =  TO  ;  prove  that 

as  P  moves  round  the  curve,  Q,  Q',  trace  out  two  closed  loops  the  sum  of  whose 
-areas  is  twice  the  area  of  the  original  curve.     Camb.  Trip.  Exam.,  1874. 

24.  Prove  that  the  area  of  the  pedal  of  the  cardioid  r  =  a  (i  -  cos  6)  taken 
respect  to  an  internal  point  at  the  distance  c  from  the  pole  is 

^  (s««  -  2ae  +  2c2).  (Ibid.,  1876.) 

O 

25.  The  co-ordinates  of  a  point  are  expressed  as  follows  ; 


_ 

03  +  ,»         e3  +  1  ' 

fend  the  equation  of  the  curve  described  by  the  point,  and  the-  area  of  the  portion 
*>f  the  plane  inclosed  thereby. 
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CHAPTER   VIII. 

LENGTHS   OF   CURVES. 

150.  Length  of  Curves  referred  to  Kcotaiigular  Axes. 

The  usual  mode  of  considering  the  length  of  a  curve  is  by 
treating  it  as  the  limit  of  a  polygon  when  each  of  its  sides  is 
infinitely  small.  If  the  curve  bo  referred  to  rectangular  axes 
of  co-ordinates,  the  length  of  the  chord  joining  the  points 
(x,  i/)  and  (x  +  dx,y  +  dy]  is  ^/dxz  +  dy1,  and,  consequently,  if 
s  represent  the  length  of  the  curve  measured  from  a  fixed 


point  on  it,  w^  shall  have  cfe  =  i/dx*  +  dy*t  or,  integrating, 


••JV'+d)""*          ''•'<•> 

taken  between  suitable  limits. 

The  value  of  —  in  terms  of  x  is  to  be  got  from  the  equa- 
tion of  the  curve,  and  thus  the  finding  of  s  is  reducible  to  a 
question  of  integration. 

The  determination  of  the  length  of  an  arc  of  a  curve  is 
called  its  rectification. 

It  is  evident  that  if  y  be  taken  for  the  independent  variable 
we  shall  have 


Again,  when  x  and  y  are  given  functions  of  a  single  va- 
riable d».  we  have 

^. 

«=](  —  )~MM  lty' 

In  each  case  the  form  of  the  equation  of  the  curve  deter- 
mines which  of  these  formulae  should  be  employed. 


The  Catenary. 


223 


The  curves  whose  lengths  can  be  obtained  in  finite  terms 
(compare  Art.  2)  are  very  limited  in  number.  We  proceed  to 
consider  some  of  the  simplest  cases. 

151.  The    Parabola. — Writing  the   equation   of  the 

parabola  in  the  form  y*  =  zmx,  we  get  -—  =  —.- 

dy     m 


Hence  s  =  —   yy*  +  mfdy. 

m] 


The  value  of  this  integral  can  be  obtained  from  that  of 
the  area  of  a  hyperbola  (Art.  130),  by  substituting  y  for  x, 
and  w2  for  -  a\ 

Thus  we  have 


2m 


m        (y  + 

2      ° 


the  arc  being  measured  from  the  vertex  of  the  curve. 

152.  The    Catenary. — The  equation  of  the   catenary 
(Art.  131),  is 

i 

Y 


Hence 


ds 
— 
dx 


dx 


/       du 2\£      i  . 
¥-fz\  =  - 1  ea 
dx'J       2 


Fig.  27- 


if*         if-*          a  -- 

/.  s  =  -  \ea  dx  +  -  \e  a  dx  =  -  ea  -  e  a    +  const. 
2} 


2  2  2 

If  s  be  measured  from  the  vertex  V,  wo  have 


the  same  result  as  already  arrived  at  in  Art.  131. 

Again,  since  PL  =  P  V,  and  NL  is  constant,  it  follows  that 
the  catenary  is  the  evolute  of  the  tractrix  (see  Ex.  9,  p.  219). 
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153.  Semi-cubical  Parabola.  —  The  equation  of  this 
curve  is  of  the  form  ay*  =  «*. 

x*          dy     3/#V     ds      f       9#V 

hence          tf  -  -7  *  •'•  :r  •  2  ~  )  i    :r  =    J  +        • 

0i  dx      2   a         dx  a 


.-.  s  =  I  (  i  -f  -    }  ilx  =  —    i  +  --  }  +  const. 
J  \       4«y  2  7  \       4ff/ 

If  the  arc  be  measured  from  the  vertex,  we  get 

_  —  If       ' 
~  27  \\   +  4«, 

The  semi-cubical  parabola  is  the  first  curve  whose  length 
was  determined.  This  result  was  discovered  by  William 
Neil,  in  1660. 

154.  Rectification  of  Evolutes. — It  may  be  noted 
that  the  rectification  of  the  semi-cubical  parabola  is  an 
immediate  consequence  of  its  being  the  evolute  of  the  ordinary 
parabola  (see  Diif.  Gale.,  Art.  239).  In  like  manner  the 
length  of  any  curve  can  be  found  if  it  be  the  evolute  of  a 
known  curve,  from  the  property  that  any  portion  of  the  arc 
of  the  evolute  is  the  difference  between  the  two  corresponding 
radii  of  curvature  of  the  curve  of  which  it  is  the  evolute. 

For  example,  we  get  by  this  means  the  lengths  of  the 
cycloid,  the  epicycloid  and  the  hypocycloid. 

Again,  since  the  equation  of  the  evolute  of  an  ellipse  is 

(ax)\  +  (by)l  =  (a?  -  b% 

the  length  of  any  arc  of  this  curve  can  be  at  once  found. 

This  can  also  be  readily  got  otherwise ;  for,  writing  the 
equation  in  the  form 


and  making  x  =  a  sin3^,  we  get  y  =  )3  cos3<£,  and 
ds  =  (dx2  +  diffi  =  3  sin  0  cos0(a2  siirty  +  |32  co 

3  (a2  sin2d>  +  /32cos2d>)4  ,/...,  2j 

=  —  -  2/  2_  /32\  —  —<*(«'  sm>  +  0  cos2tf> 
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Hence 

(a2sin2d>  +  j32cos2rf>)» 
*  •  • * — *TM —  +  const. 

a    —  p 

If  the  arc  be  measured  from  the  point  x  =•  o,  y  =  j3,  we 
get  the  constant 

__   jQ3  /_2   oC-r.2j.     ,     Q2   «rto2.i.\3         /33 


= 
2'  a 


a   - 


If  a  =  )3,  the  expression  for  rfs  becomes  30  sin  ^  cos 


hence  we  get  s  =  -  a  sin2^,  the  arc  being  measured  from  the 
same  point  as  above. 

EXAMPLES. 
i.  Find  the  length  of  the  logarithmic  curve  y  =  ca*. 

Here  log  y  =  x  log  a  4  log  c  ;    •*•-;-  =  -,  where  b  =  -  . 


Hence 


_  f     yfr      ,  f      *2<fr 

JCP  +  ftfJy  (*  + 


z-  Find  the  length  of  the  tractrix. 

ilere,  by  definition  (see  fig.  26),  we  have  PT=  a  ; 

.•.  sin  PTN  =  -,      hence  -£•  =  -  -: 
a'  dy         y 

f  dy 

.:  s  =  -  a\  —  =-  a  log  y  +  const. 
If  the  arc  be  measured  from  the  vertex  A,  we  get 

arc  AP  =  a  log  [  -). 
W 

3.  Find  in  what  cases  the  curves  represented  by  amyn  =  xm*n  are  rectifiable. 
Here  we  have 


[15] 
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Substituting  b  for -,  and  making  I  +  bx  »  =  e2,  this  becomes 


mb 
This  expression  is  immediately  integrable  when  —  is  a  positive  integer. 

Hence,  if  —  =r.  we  see  that  curves  of  tho  form  ayZr  =  a;2r+1  are  rectifiable. 
2m 

Again,  if  —  be  a  negative  integer,  the  expression  under  tho  integral  sign 

becomes  rational,  and  can  accordingly  be  integrated.  This  leads  to  the  form 
ylr  =  axZr~l.  Accordingly,  all  curves  comprised  in  the  equation  a>jHi  —  xmtl  are 
rectifiable,  m  being  any  integer.  (Compare  Art.  62). 

155.  The  Ellipse. — The  simplest  expression  for  the  arc 
of  an  ellipse  is  obtained  by  taking  x  =  a  sin  0,  whence 

y  =  b  cos  0,  and  ds  =  (a? 

.*.   8  =  I  (o?  COS2d> 

It  is  often  more  convenient  to  write  this  in  the  form 

s  =  a  \  (i  —  e2  sin*0)itfty>,  (3) 

J 

e  being  the  eccentricity  of  the  ellipse. 

It  may  be  observed  that  $  is  the  complement  of  the  eccen- 
tric angle  belonging  to  the  point  (x,  y}. 

The  length  of  an  elliptic  quadrant  is  represented  by  the 
definite  integral 


a\    (i  -  e1  si 

Jo 


We  postpone  the  further  consideration  of  elliptic  arcs  to 
a  subsequent  part  of  the  Chapter. 

156.  Rectification  in  Polar  Co-ordinates. — If  the 

curve  be  referred  to  polar  co-ordinates  we  plainly  have  (Diff. 
Calc.,  Art.  i8o)<fo2  =  dt*  +  rV02 ;  hence  we  get 


«  = 
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For  example,  the  length  of  the  spiral  of  Archimedes,  r  =  aO, 
is  given  by  the  equation 

i  f 

8  =  -\  (r2  -f  a2)  i  dr. 
aJ 

Comparing  this  with  the  formula  (2)  for  the  parabola,  it 
follows  that  tho  length  of  any  arc  of  the  spiral,  measured 
from  its  pole,  is  equal  to  that  of  a  parabola  measured  from  its 
vertex. 

EXAMPLES. 

1.  Cardioid,  r=a(i  +  costf). 

Ilere  —  =  —  a  sin  0,  and  hence 
do 

9  0 

t  =  a  J  { (l  +  cos  0)2  -f  sin20}*rf0  =  2a  / cos  -  dQ  =  40  sin  -  -t  constant. 

2  2 

The  constant  becomes  zero  if  we  measure  *  from  the  point  for  which  0  =  o. 

2.  Logarithmic  spiral,  r  —  a9. 

Here,  if  b  =  ,  we  get 

—  -  A- 
*•*'**** 

Accordingly,  the  length  of  any  arc  is  proportional  to  the  difference  between 
the  vectors  of  its  extremities  ;  a,  result  which  also  follows  immediately  from  the 
property  that  the  curve  cuts  its  radius  vector  at  a  constant  angle. 

3.  f"  =  am  cosmd. 

dr 
Taking  the  logarithmic  differentials,  we  get  — —  =  —  tan  mO  ; 

ds 

.'.  — —  =  sec  mO. 
rdQ 

Hence  »  =  a  I   (cos  m&)m    d8. 

Or,  writing  <£  for  m8, 

a  f  "• 

t  —  —  I  (cos  <h)       d<t>. 
m  } 

This  is  readily  integrated  when  —  is  an  integer  (see  Art.  56). 

[15  a] 
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Whatever  be  the  value  of  m,  we  can  express  the  complete  length  of  a  loop  of 
the  curve  in  Gamma  Functions.  For  if  we  integrate  between  o  and  - ,  we  ob- 
viously get  the  length  of  half  the  loop. 

Hence  the  length  of  the  loop  (Art.  122)  ia 


f-  r 


(i) 


m   r 


157.  Formula   of   Lcgciulre    on    Rectification.  — 

Another  formula*  of  considerable  utility  in  rectification  fol- 
lows immediately  from  the  result  obtained  in  Art.  192,  Diff. 
Calc.  For,  if  this  result  be  written  in  the  form 

-    ^      =P,  we  get  s  -  t  =  j>c?o>.  (5) 

Consequently,  the  total  increment  of  s  -  t  between  any  two 
points  on  a  curve  is  equal  to  $  pdu  taken  between  the  same 
two  points. 

For  example,  in  the  parabola  we  have  p  =  -  ,  and 

cos  w 


hence 

s 


f    dw  ,  fir     &A 

-  t  =  a\  -  =  a  log  tan    -  +  -    +  const. 

J  COS  0>  \4        2  / 


If  we  measure  the  arc  from  the  vertex  of  the  curve,  and 

observe  that  t  =  —  ,  this  gives 
aw 


a  sin  a> 
« * 

cos 


in  <o  /TT     aA 

— —  +  a  log  tan   -(--). 

82<o  \4       2J 


The  student  can  without  difficulty  identify  this  result  with 
that  given  in  Art.  151. 


*  This  theorem  is  due  to  Legendre.     See  Traite  des  Fonctions  F.lliptlqiMst 
tome  ii.,  p.  588. 
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It  should  be  observed  that  when  the  curve  is  closed,  its 
whole  length  is,  in  general,  represented  by 


Equation  (5)  furnishes  a  simple  method  of  expressing  the 
intrinsic  equation  of  a  curve,  when  we  are  given  its  equation 
in  terms  of  p  and  <o. 

For,  if  p  =/(w)  we  have 


8  =  -=- 


(6) 


taken  between  suitable  limits. 

158.  Application  to  Ellipse.    Fa gnaiti's  Theorem. 

In  the  ellipse  we  have 


p*  =  a?  cos2w  +  b*  sin'w. 

Hence,  measuring  the  arc 
from  the  vertex  A,  and  observ- 
ing that  in  this  case  PJVis  to  be 
taken  with  a  negative  sign,  we 
have 


arc  AP  +  PN 


(a 
(a2 
0 


where  a  =  L  ACN. 

But,  in  Art.  155,  we  have  found  that  if  0  be  measured 
from  the  vertex  It,  the  arc  is  represented  by 


(a2 


+  b* 


Consequently,  if  we  make  L  BCQ,  =  a  =  L  ACN,  and  draw 
QM  perpendicular  to  the  axis  major  meeting  the  curve  in  P', 
we  shall  have 

arc  BP'  =  arc  AP  +  PN, 


or,  taking  away  the  common  arc  PP', 

PN. 


(7) 
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Tills  remarkable  result  is  known  as  Fiignani's  Theorem*, 
and  shows  that  we  can  in  an  indefinite  number  of  ways  find 
two  arcs  of  an  ellipse  whose  difference  is  expressible  by  a  right 
line. 

We  add  a  few  properties  connecting  the  points  P  and  P' 
in  this  construction. 

EXAMPLES. 

i.  If  (x,  y)  and  (a;',  y')  be  the  co-ordinates  of  P  and  P',  respectively  ;  prove 
the  following  :  — 


).  PN  =  —  ,        (2).  PN=  P'N1,        (3).  CN.  CN'  =  CA  .  CB, 


(4).  CT2  +  ON1*  =  CA*  +  Cm  =CP*+  CN*. 

2.  Divide  an  elliptic  quadrant  into  two  parts  whose  difference  shall  be  equal 
to  the  difference  of  the  semiaxes. 

This  takes  place  when  Pand  P'  coincide  ;  in  which  case  CN '=  \fab,  and 

We  shall  designate  the  point  so  determined  on  the  elliptic  quadrant  as  Fag- 
nani's point. 

3.  Show  that  if  a  tangent  bo    drawn   at  Fagnani's  point,  the   intercepts 
between  its  point  of  contact  and  its  points  of  intersection  with  the  axes  are 
respectively  equal  in  length  to  the  semi-axes  of  the  ellipse. 

4.  If  the  lines  PJVand  P'N'  be  produced  to  meet,  show  that  they  intersect 
on  the  confocal  hyperbola  which  passes  through  the  points  of  intersection  of  the 
tangents  to  the  ellipse  at  its  vertices.     Show  also  that  this  hyperbola  cuts  the 
ellipse  in  Fagnani's  point. 

*  Fagnani,  Oiornale  de'  Letterali  d1  ItaHn,  1716,  reprinted  in  his  Proditzioni 
Matematiche,  1750.  It  may  be  noted  that  if  wo  integrate  the  equation  of  Art. 
1 1 6,  T>!ff.  Calc.,  taking  the  angle  C  as  obtuse,  and  adopting  zero  for  the  lowest 
limit  in  each  integral,  we  obtain 

{« -5       

V/i  -  *2  suPada  +  \    \/ 1  -  k*  sin**  db 

\/ 1  -  k2  sin'c  de  +  k*  sin  a  sin  b  sin  e, 

where  k  is  defined  by  the  equation  sin  C  =  k  sin  c,  and  a,  b,  c  are  connected  by 
the  relation 

cos  c  =  cos  a  cos  b  -  sin  a  sin  b  y  i  —  k*  sin2  e. 

This  equation  furnishes  a  relation  between  three  elliptic  arcs,  from  which 
Fagnani's  theorem  can  be  readily  deduced,  as  wel]  as  many  other  theorems  con- 
nected with  such  arcs.  See  Legendre,  Fone.  Ellip.,  tomei.,  ch.  9. 
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The  equation  of  PN  is 

x  sin  0  +  y  cos  0  =  \/a*  sin'fl  +  b'*  COB- 9, 
and  that  of  P'N'  is 


x  cos  Q      y  sin  0 

'    ~r  _    "" 


If  we  eliminate  0,  we  get 


*-£=.-», 

a       b 


which  represents  the  hyperbola  in  question. 

159.  The  Hyperbola.  —  In  the  hyperbola  we  have 


z  =    2 


p  =  a  cos  to  -      sn  to. 

Hence,  measuring  the  arc  from  the  vertex  A  of  the  curve, 
we  find,  since  to  is  measured  below  the  axis, 


PN-  AP  =     («2cos2to  -  &2sm2eo)*e?to, 


where  a  =  LACN. 

As  we  proceed  along  the  hyperbola 
the  perpendicular  p  diminishes,  and 
vanishes  when  the  tangent  becomes 
the  asymptote. 

Moreover,  as  the  limit  of  to  in  this 

case  becomes  tan'1  r,  it  follows  that  the 
o 

difference  between  the  asymptote  and 
the  infinite  hyperbolic  arc,  measured 
from  the  vertex,  is  represented  by  the 
definite  integral 


EXAMPLES. 


I.  Tf  a  >  f>,  prove  that 


is  represented  by  an  elliptic  arc,  and  that  the  semiaxes  of  the  ellipse  are  (he 
greatest  and  least  values  of  (a  +  b  cos  <£)*. 

2.  If  a  <  b,  prove  that 

/(a  I-  bcos^d<p 

is  represonlfd  by  the  difference  between  a  right  line  and  a  hyperbolic  arc. 
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1 60.   Landen's  Theorem   on  a   Hyperbolic  Arc. — 

We  next  proceed  to  establish  an  important  theorem,  due  to 
Landen  ;*  namely,  that  any  arc  of  a  hyperbola  can  be  expressed 
in  terms  of  the  arcs  of  two  ellipses. 

This  can  be  easily  seen  as  follows : — In  any  triangle, 
adopting  the  usual  notation,  we  have 

c  -  acosB  +  bcosA. 

Now,  representing  by  C  the  external  angle  at  the  vertex 
0,  we  have  C  -  A  +  B,  and  hence 

cdC  =  (acosB  +  bcosA)dA  +  (acosB  +  boosA)dB. 

Consequently,  supposing  tho  sides  a  and  b  constant,  and 
the  remaining  parts  variable,  we  have 

\cdC  =  I  a  coBBdA  +    b  coBAdB  +  20  e,mB  +  const., 
or 


/fl'  +  b*  +  2ab  cos  CdC=  \</a*-bzBm2A  dA+^/b*  -  tfeitfB  dB 
+  2a  sinB  -f  const.  (9) 

Now,  if  we  suppose  a  >  b,\  -v/V  -  bzsm*A  dA  represents 
(Art.  155)  the  arc  of  an  ellipse,  of  axis  major  2a  and  eccen- 
tricity -.  Also  v/ia  -  cfeiifBdB  represents  (Art.  159)  tho 

a  J 

difference  between  a  right  line  and  the  arc  of  a  hyperbola, 

whose  axis  major  is  b  and  eccentricity  -. 

C  C 

(a  -  by  sin2  -  +  (a  +  6)2  cos*  — , 


•  Landen,   Philosophical  Transactions,  1775  ;    also,  Mathematical  Memoirs, 
1780. 
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and  consequently  the  integral 

H-  2CtbcOsCdC 


I 


represents  an  arc  of  the  ellipse  whose  semiaxes  are  a  -f  b  and 
a  -  b. 

Hence,  Landen's  theorem  follows  immediately. 

It  should  be  noted  that  the  limiting  values  of  A,  B  and 
C  are  connected  by  the  relations 

a  sin.B  =  bsinA,  and  0  =  A  +  B. 

Again,  if  we  suppose  the  angle  A  to  increase  from  o  to  TT, 
the  external  angle  C  will  increase  at  the  same  time  from 
o  to  TT,  while  B  will  commence  by  increasing  from  o  to  a, 

and  afterwards  diminish   from   a  to  of  where  a^shr1- 

\  « 

Moreover,  in  the  latter  stage  bGOsA  is  negative,  and  dB  also 
negative,  consequently  the  term  b  cos  A  dB  is  positive  through- 
out the  entire  integration  ;  and  the  total  value  of 


is  represented  by  2     \/b2  -cfsi 


Hence,  substituting  $  for  —  ,  and  integrating  between  the 
limits  indicated,  we  get,  after  dividing  by  2, 


(a  - 


(V  -  V  sinM)!^  +  (V  -  «2  s"1 

Jo  Jo 


Accordingly,  the  difference  between  the  length  of  the  asymp- 
tote and  of  the  infinite  arc  of  a  hyperbola  is  equal  to  the  differ- 
ence between  two  elliptic  quadrants.  This  result  is  also  due  to 
Landen. 

We  next  proceed  to  two  important  theorems,  which  may 
bo  regarded  as  extensions  of  Fagnani's  theorem. 
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161.  Theorem*  of  Dr.  Graves. — If  from  any  point 
P  on  the  exterior  of  two  confocal  ellipses,  tangents  PT  and 
PT'  be  drawn  to  the  in- 
terior, then  the  difference 
(PT+PT'-TT')  between 
the  sura  of  the  tangents 
and  the  are  between  their 
points  of  contact  is  con- 
stant. 

For,  draw  the  tangents 
QS  and  QS'  from  a  point 
Q,  regarded  as  infinitely 
near  to  P,  and  drop  the 
perpendiculars  PN  and 
QN' ;  then,  since  the  conies  are  confocal,  we  have 

L  PQN  =  L  QPN' ;  /.  PN'  =  QN. 
Also,    Pr=  TR  +  RN=  TR  +  RS  +  SN  =  TS  +  SN 

=  TS  -f  SQ  -  QN. 
In  like  manner 

PT'  =  PN'+  S'Q-  T'S'; 
.-.  PT  +  PT'  =  QS  +  QS'  +TS-  T'S', 
or  PT  +  PT  -  TT  =  QS  +  QS'  -  SS'. 

Hence,  PT  +  PT'  -  TT'  does  not  change  in  passing  to 
the  consecutive  point  Q ;  which  proves  that  PT  +  PT'  -  TT' 
has  a  constant  value. 


*  This  elegant  theorem  was  arrived  at  by  Dr.'Graves,  now  Bishop  of  Limerick, 
for  the  more  general  case  of  spherical  conies,  from  the  reciprocal  theorem,  viz. : — 
If  two  spherical  conies  have  the  same  cyclic  arcs,  then  any  arc  touching  the 
inner  will  cut  from  the  outer  a  segment  of  constant  area.  (See  Graves'  transla- 
tion of  Chasles  on  Cones  and  Spherical  Conies,  p.  77,  Dunlin,  1841.) 

It  should  he  remarked  that  the  theorems  of  this  and  of  the  following  article 
were  investigated  independently  hy  M.  Chasles.  The  student  will  find  in  the 
Comptes  Rendiis,  1 843,  1 844,  a  numher  of  beautiful  applications  hy  that  great 
geometrician  of  these  theorems,  as  well  to  properties  of  confocal  conies,  as  also 
to  the  addition  of  elliptic  functions  of  the  first  species. 
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This  value  can  be  readily  expressed  by  taking  the  point 
at  7?',  one  of  the  extremities 
of  the  minor  axis  of  the 
exterior  ellipse.  Let  D  be 
the  point  of  contact  of  the 
tangent  drawn  from  Bf,  and 
drop  DM)  and  DN  perpen- 
dicular to  CA  and  CB, 
respectively. 

Let  CA  =  a,  CB  =  b, 
CA'=a',  CB'=b\  e  the  eccen- 
tricity of  interior  ellipse. 
Then,  by  Art.  155,  the  length  of  arc 


where 


Again, 


Fig- 


cos  a  = 


DM      CNCB_b 
~CB  ~  ~CB  ~  ~CB' ~  b'' 


B'lf  =  VN*  +  DN2  =  (b'-b  cos  a)2  +  a2  sin2a 


hence 


Consequently  we  have 

B'D  -  BD  =  a',  sin  «  -  a  \( 

Jo 
Hence,  in  general, 

PT  +  PT'  -  TT  =  2a  sin  a  -  2a  f*  ( 

Jo 

where 


i  - 


i  - 


(i 


a  =  cos 


Iff 


236 


Lengths  of  Curves. 


The  analogous  theorem,  due  to  Professor  Mac  Cullagh, 
may  be  stated  as  follows  : — 

162.  Theorem.— If  tangents  PT,  PT'  be  drawn  to  an 
ellipse  from  any  point  on  a  con- 
focal  hyperbola,  then  the  differ- 
ence of  the  tangents  is  equal  to 
the  difference  of  the  arcs  TTTand 
KT. 

The  proof  isleft  to  the  student, 
and  is  nearly  identical  with  that 
given  for  the  previous  theorem. 

This  result  still  holds  when 
the  tangents  are  drawn  from  a 
point  on  an  ellipse  to  a  confocal 
hyperbola,  provided  that  the  tan- 
gents both  touch  the  same  branch 
of  the  hyperbola ;  as  can  be  seen 
without  difficulty. 

As  an  application*  we  shall  prove  another  theorem  of 
Landen;  viz.,  that  the  difference  between  the  length  of  the 
asymptote  and  of  the  infinite  branch  of 

a  hyperbola  can  be  expressed  in  terms 

of  an  arc  of  the  hyperbola. 

For,  let  the  tangent  at  A  meet 

the  asymptote  in  D,  and  suppose  a 

confocal  ellipse  drawn   through  D. 

Then,  regarding  DT  as  a  tangent  to 

the  hyperbola,   it  follows,   by   the 

theorem   just  established,  that  the 

difference  between  DT  and  KT  is 

equal  to  the  difference  between  DA 

and  AK. 

Consequently  the  difference  be- 
tween the  asymptote   CT  and   the 

hyperbolic  branch  A  T  is  equal  to 

DA  +  DC  -  2KA.   Consequently  the  ^ 

required  difference  is  expressible  in 

terms  of  given  lines  and  of  the  hyperbolic  arc  AK. 


•  I  am  indebted  to  Dr.  Ingram  for  this  application  of  Professor  M'CulIagh's 
theorem. 
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We  next  proceed  to  consider  two  important  curves  whose 
rectification  depends  on  that  of  the  ellipse. 

163.  The  Umagon.  —  From  the  equation  of  the  lin^on, 

01  i.dr  n 

r  =  a  cos  0  +  o,  we  get  -^  =  -  a  sm  0, 

Clu 

and  hence 


.'.  8=  f  J(fl 


Accordingly,  the  rectification  of  the  limacon  depends  on 
that  of  the  ellipse  whose  semiaxes  are  a  +  b  and  a  -  b. 

164.  The   Epitrochoid    and    llypotrochoid. — The 

epitrochoid  is  represented  by  the  equations  (see  Diff.  Oalc., 
Art.  284) 

x  =  (a  +  b]  cos  6-c  cos  — - —  0, 

/        i\    •    /i         .    a  +  b 

y  =  (a  +  b)  sm  0  -  e  sin  — —  0. 


Hence 

dx 
dO 


!c        a  +  b    } 
sin  0  -  -  sin  — —  0>, 

dy      ,        ,N  f       fl     c        a  +  b    \ 
-%•=  (a  +  b)  <cos  0  -  7  cos  — T—  0> . 
^0  I  6  b      ) 


Squaring  and  adding  we  get 


c     2be  cos  ~    » 


,dOJ  ~\     b    J\  b 

/.  s  =  — T-     I b*  +  cz  -  2bc  cos  — j   dO. 
^    J  ( 

Hence,  substituting  — -  for  0,  we  get 

Ctr 

a 
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Consequently  the  length  of  an  arc  of  the  epitrochoid  is  equal 
to  that  of  an  ellipse. 

The  corresponding  form  for  the  hypotrochoid  is  obtained 
by  changing  the  sign  of  b. 

165.  Steiuer's  Theorem  on  Rectilicutioii  of 
Roulettes. — If  any  curve  roll  on  a  right  line,  the  length 
of  the  arc  of  the  roulette  described  by  any  point  is  equal 
to  that  of  tho  corresponding  arc  of  the  pedal,  taken  with 
respect  to  the  generating  point  as  origin. 

For  (see  fig.  20,  Art.  145),  tho  element  00'  of  the  roulette 
is  equal  to  OPdw. 

Again,  to  find  tho  element  of  llio  pedal.  Since  tho  angles 
at  N  and  N'  are  right,  tho 
quadrilateral  NN'TO  is  inscri- 
bable  in  a  circle,  and  consequently 
NN'  =  OT  sin  NON'.  But,  in 
the  limit,  NN'  becomes  the  ele- 
ment of  the  pedal,  and  02'becomcs 
OP  :  hence  the  element  of  pedal 
is  OPdtt) ;  consequently  the  ele- 
ment of  the  pedal  is  equal  to  the 
corresponding  element  of  the  i<'ig.  34- 

roulette ;  .*.  &c. 

We  proceed  to  point  out  a  few  elementary  examples  of  this 
principle.  In  the  first  place  it  follows  that  the  length  of  an 
arc  of  the  cycloid  is  the  same  as  that  of  the  cardioid ;  and 
the  length  of  the  trochoid  as  that  of  the  Iima9on.  Again,  if 
an  ellipse  roll  on  a  right  line,  the  length  of  the  roulette 
described  by  either  focus  is  equal  to  the  corresponding  arc  of 
the  auxiliary  circle. 

Moreover,  it  is  easily  seen,  as  in  Art.  146,  that,  if  one 
curve  roll  on  another,  the  elements  ds  and  ds't  of  the  roulette, 
and  of  the  corresponding  pedal  are  connected  by  the  relation 

ds  =  ds'l  i  +  — , 


In  the  case  of  one  circle  rolling  on  another,  this  relation 
shows  that  the  arcs  of  epicycloids  and  of  epitrochoids  are 
proportional  to  the  arcs  of  cardioids  and  of  limacons,  which 
agrees  with  the  results  established  already. 
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1 66.  Oval  of  Descartes. — We  next  proceed  to  the 
rectification  of  the  Ovals  of  Descartes,  some  properties  of 
which  curves  we  have  given  in  chapter  xx.,  Diff.  Calc. 

The  curve  is  de- 
fined as  the  locus  of 
a  point  whose  dis- 
tances, rand  r',from 
two  fixed  points  are 
connected  by  the 
equation 

mr  +  Ir  =  d, 

where  /,  m,  d  are 
constants. 

For  convenience 
we  shall  write  the 
equation  in  the  form 

mr  +  Ir' =  no,  (12) 

where  c  is  the  dis- 
tance between  the 
fixed  points. 

The  polar  equation  of  the  curve  is  easily  got.  For,  let  1 
and  Fi  be  the  fixed  points,  and  L  Fi  FP  =  0,  then  we  have 

r'2  =  r2  +  c2  -  2rc  cos  0  ; 
also  from  (12), 

I2rr*  =  (nc  -  mr)2, 
hence  the  polar  equation  of  the  locus  is  readily  seen  to  be 


35- 


mn  -  I2  cos  0 

-  2rc — - —  + 

m2  -  I2 


o. 


m*-l2 
For  simplicity  we  shall  write  this  in  the  form 

r2  -  2rQ  +C=o. 
Solving  this  equation  for  r,  we  get 


('3) 


(14) 


-C,  or  FPl  =  Q,  + 


-  C, 


-  C. 


It  can  be  seen  without  difficulty  that,  so  long  as  /,  mt  n  are 
real  and  unequal,  the  curve  consists  of  two  ovals,  one  lying 
inside  the  other,  as  in  the  figure. 
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Again  we  get  from  (14),  by  differentiation 

(r  -  Q)  dr  =  rQ'dQ,     where  Q,'  =  -    ; 


dr         Q,'  Of  ds 

•    H  f\T\  r*A    ___ 

'          ' 


Or         ds  =  __       rf0  ±      tf  +  V'-CdO,  (15) 


tho  upper  sign  corresponding  to  the  outer  oval,  and  the  lower 
to  tho  inner. 

Hence  the  difference  between   the  two   corresponding 
elementary  arcs  is  equal  to 


2v/Qa+Q'3-  CdO,    or,  2  </«'  +  2ab  cos  Q  +  P  -  CdB, 

(writing  Q,  in  the  form  a  +  b  cos  0) ;  this  plainly  represents 
the  element  of  an  ellipse.  Consequently,  the  difference 
between  two  corresponding  arcs  of  the  ovals  can  be  repre- 
sented by  the  arc  of  an  ellipse.  This  remarkable  theorem  is 
due  to  Mr.  W.  Roberts  (Liouville,  1847,  P-  J95)-  Some  years 
after  its  publication  it  was  shown  by  Professor  Genocchi 
(Tortolini,  1864,  p.  97),  that  the  arc*  of  a  Cartesian  is  ex- 
pressible in  terms  of  three  elliptic  arcs. 

In  order  to  establish  this  result  we  commence  by  proving 
one  or  two  elementary  properties  of  the  curve. 

Suppose  a  circle  described  through  F,  F^  and  P ;  and  let 
PQ  be  the  normal  at  P  to  the  oval,  meeting  the  circle  in  Q, 
and  join  FQ  and  F& ;  then  let  L  FPQ  =  <*,  and  F^PQ,  =  w' ; 

dr        dr'  ,  .      , 

and  since  m  —  +  /  -r-  =  o,  we  have  I  sm  a*  =  m  sin  a> : 
ds         ds 


*  For  the  proof  of  this  theorem  given  in  the  text  I  am  indebted  to  Dr. 
Panton.  A  very  simple  demonstration  by  Mr.  Russell  will  be  found  in  a  Note 
at  the  end  of  the  book. 
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Also,  since  mr  +  Ir  =  no  ;  and  (by  Ptolemy's  theorem) 

FP  .  F,Q  +  F.P.FQ  =  FFl  .  PQ, 
wo  have 

FQ     F,Q     PQ 


I         m         n 


Hence,  denoting  the  common  value  of  these  fractions  by 
M,  we  have 


FQ  =  lit,     F&  =  mu,     PQ  =  mi. 
Again 


dr  ft' 

tan  W  =  —  77.  =  —  -  ;     .'.  cos  o*  =  —  _ 

rdO     ,&  _  c  yo*  + 


Hence  the  first  term  in  the  expression  for  ds  in  (15)  is 
equal  to 

Q,  dO  c      mn  -  I*  cos  0    „ 

COS  to        m*  —  lz  COS  to 

Again,  let       L  FPFl  =  i/,,       L  PF,0  =  0, 
and  we  have  the  two  following  relations  between  the  angles 

0,  <[),  if;  : 

0  =  9  +  i/>,     /  sin  0  +  w  sin  $  =  n  sin  i//.  ( 1 6) 

Hence 

d(f>-  dO  =  dip,     I  cos  Odd  +  m  cos <J)d<j>  =  n  cos^d\[> ; 

.'.  (mn  -  /2  cos  0)c/0  =  »>  (w  +  lcos<f>}d(j>  -  n  (m  +  /  cos  i/Offy, 
or 

mn  -  lz cos 0    ,,         n  +  l cos 0  .          m+  I  cos ^  7       ,     . 
v'/^/  =  w *•  ^0  -  n r  ew.    (17) 

COS  to  COS  to  COS  to 

Again,  from  the  triangle  FPQ,  we  have 

r  cos  w  =  PQ  +  FQ  cos  <j>  =  (n  +  I  cos  <j>)u; 


n  +  I  cos<j>  _r  _ 

COS  to  U 

[16] 
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In  the  same  manner  it  can  be  shown  that 
m+  laos\L     c 


cos  w          u 
Hence  we  have 

CQdO        me     f 

--    =    —  T— 

Jcos  w     w3  -  /*J 

4  /  /*  /* 

--  -  —  -    • 

1)1     —   i    J 


2lm  cos  \L. 


COS 


_ 

+  m*  +  2lm  cos  \fsd\j,.  (18) 


Each  of  those  latter  integrals  is  represented  by  the  arc  of  an 
ellipse,  and,  accordingly,  the  arc  of  a  Cartesian  Oval  is 
expressible  in  the  required  manner. 

It  should  be  noted  that  the  limiting  values  of  0,  $,  and^ 
are  connected  by  the  relations  given  in  (  1  6)  . 

Again,  it  can  be  shown  without  difficulty  that  the  axes  of 
the  ellipses  are  the  lines  (AB,  CD),  (AC,  BD],  and  (AD,  BC], 
respectively  :  a  result  also  given  by  Signor  Genocchi.  First, 
with  respect  to  the  ellipse  whose  element  is  -y/il2  +  Q'2  -  C40, 
it  is  plain  that  its  axes  are  the  greatest  and  least  values  of 
2  y/G*  +  Q'2  -  C,  or  of  2-v/rt2  +  V2  +  2ab  cos  0  -  C\  but  these 
are  2  \/(a  +  by  -  C  and  2  ^/(a  -  b)*  -  C,  which  are  plainly 
the  same  as  the  greatest  and  least  values  of  Pl\  ;  and,  con- 
sequently, are  AB  and  CD. 

Again,  from  the  equation  mr  +  //  =  nc,  we  get 

mFB  +  l(FB  +  c}=  nc\      .'.  FB  =  (n~l)e. 

I  +  m 

In  like  manner, 


. 

I  +  m 

Again,  since  we  get  the  points  on  the  outer  oval  by 
changing  the  sign  of  /,  we  have 


m-  I 


m- 
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and,  consequently, 


AD -2^   BC    2nc 


m*  -I* 


m-f  I  +  m* 

2mc(n-l) 

,       JjJLr  =  -  r  -  -•--      : 

iri*-  12 


but  these  are  readily  seen  to  be  the  values  for  the  axes  of  the 
ellipses  in  (18). 

It  should  be  noted  that  if  we  substitute  in  (15)  the  values 
for  a  and  b,  the  expression  for  the  element  ds  becomes  of  the 
following  symmetrical  form  : 


+2  In  cos  0  f/0 


we 


z_,z  ^ 


Ic 


—  -,  -y/w*  +  wa  -  2tnn  cos  OdO.  (19) 

—  l 

"We  shall  conclude  the  Chapter  with  a  brief  account  of 
the  rectification  of  curves  of  double  curvature. 

167.  Rectification  of  Curves  of  Double  Curvature. 

If  the  points  in  a  curve  be  not  situated  in  the  same  plane,  the 
curve  is  said  to  be  one  of  double  curvature.  The  expression 
for  its  length  is  obtained  in  an  analogous  manner  to  that 
adopted  for  plane  curves  ;  for,  if  we  refer  the  curve  to  a 
system  of  rectangular  axes  in  space,  and  denote  the  co-ordi- 
nates of  two  consecutive  points  by  (x,  y,  z)  ,  (x  +  dx,  y+dy,z  +  dz), 
we  get  for  the  element  of  length,  ds,  the  value 


ds  =  v/dx*  +  dy*  +  dz*. 

The  curve  is  commonly  supposed  to  be  determined  by  the 
intersection  of  two  cylindrical  surfaces,  whose  equations  are 
of  the  form 

/(*,  y)=o,         0(ar,  s)=o. 

From  these  equations,  if  ~-  and  —  be  determined,  the  formula 
ax        dx 

of  rectification  is 


-II 


dy\*  , 

+      -      da}' 


dxj       \dx 
[16  a] 
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When  z  is  taken  as  the  independent  variable,  this  formula 
becomes 

4 


«  = 


dz; 


the  limits  being  in  each  case  determined  by  the  conditions  of 
the  question. 

The  simplest  example  is  that  of  the  helix,  or  the  curve 
formed  by  the  thread  of  a  screw.  From  its  mode  of  generation 
it  is  easily  seen  that  the  helix  is  represented  by  two  equations 
of  the  form 


Hence 


-  a  sm  7  . 


dx        a    .     /s\      dv     a        fz 

—  --  -  -  sin  (-  ,     -j-  =  T  cos    7 
dz        b          b        dz      b          b 


-, 

ds  =    l  +         <l*     or  s 


f      «2V 

=  [  i  +  ^J  z  ; 


tlie  arc  being  measured  from  the  point  in  which  the  helix 
meets  the  plane  of  xy. 

This  result  can  also  bo  readily  established  geometrically. 

EXAMPLES. 
I.  Find  the  length  of  the  curve  whose  equations  are 


the  arc  being  measured  from  the  origin. 

This  is  a  case  of  a  system  of  curves  which  are  readily  rectified  ;  for,  in  ge- 
neral, whenever 

(dy\*        & 

\dx)    '      dx' 

/         dy*      rfz2\J       /         &\ 
we  have  ('+^+^j    -\I45J« 

and  therefore  ds  =  dx  +  dz,     or    *  =  »+«  +  const. 
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Thus,  if  y  =/(#)  be  one  of  the  equations  of  a  curve,  we  get  —  =/'(*))  and 

4nV 

hence,  if  a  second  equation  he  determined  from  the  equation 


the  length  of  the  curve  is  represented  by  x  \  z  -f  const.  ;  the  value  of  the  con- 
stant being  determined  by  the  conditions  of  the  problem. 
For  instance,  if  y  =  a  sin*,  we  get/'(#)  =  a  cosr,  and 

dz      a3  a* 

—  =  —  cos2*;    .*.  z  =  —  (x  +  cos  a:  sin  x). 

dz      2  4  v 

Hence  the  length  of  the  curve  of  intersection  of  the  cylindrical  surfaces 

a» 

y  =  a  sin  x,        z  =  —  (x  -f  cos  x  sin  x] 
4 

is  t  +  x  ;  the  length  being  measured  from  the  origin. 

/  —  2     /£~3 

2.     y=*yax-xti  =  x  --    I  —  .  Ans.  s  =  x  f  y  -  z. 

3  >  a 

22  •  a 

•>      ?  —  —  =  j       «  =  -('(?«  f  «"«).  the  length  being  measured  from  the  point 
V       «2       6»  2^ 

of  intersection  of  the  curve  with  the  plare  of  xy. 

(a-  i  W  .  . 
Ans.  s  =  :  --  -  (x-  -  ff2)*. 


tkat  the  ana  Wfnc*  Oa  extra,  tfct  axil  of  r,  aadtbe 
i  •»  the  ewe,  is  cqvai  «•  «  tiaw  Oe  loigft  of  tik*  are  to 


x.  Im  avji 


'.-  /      r-_   ' 


x^r 


•aj  ":  -• 


*•»  .f 


ift  a  Ksies  of 


/"V-   r  3V  /iiiiiV- 
-U;  «~U~;J  j'lr^j  5~ 


«tW 

7- 
ofmm 

S. 


W-HP-*) 

hy.mRofOedBi 


>  =  iaaxkUteaoKat 


.  ::  t: 


9-  ahpvoattt 

Pam«etfd»d| 

10.  If,  fnai  t»e 


i  of  a  ear 

r    I    .  *yti*»gr  =  jr«^r*  =  A, 
a»  «f  Oe  tarn  onv  aw  c««l,  aW  &•  aw  /  y  dk 
tefte          ii    ITj.      liTa^rfthe: 


U:  «h 


12. 


m^J^M,  Ccatfce 
^mtciatr^ecf^a 
^fcmMC^Aaflkec^altoai 


of  Oe  tvo  k»a«  «f  tie 
Aamlt 

l>nS^Oe 


E.-:  217 


it.  If  a  eixtfc  be  described  toaebiag  two 

-_i:  -_-   :•-.-:  .:  ..-_-..  :   .v_  -_- 

i  of  contact  of  tbe  tzageate  •tot«~> 
to  lie  d&eraee  of  tbe  le^da  of  th* 
CM 

14.  Rove  tbat  tbe  eatna  kagtb  of  aaj  rbwi  cwve  •  nareKatei  bj 
tpit  ^__. 


ic.  If  <•  =  be  tine  «qoa£iua  •>£  ft  eurre.  STJT^  ;r;tt  -—  =  — , 

~  f*  I  if         4~*  —    § 


:      -'-. 
16.  Pili  •!•!•  iipniMil  1j.  hj  Hi  liHii  nf  III   1*5,  the  •knlr  Ir^fc  rf 

loop  of  Ac  uuie  r  =  •   cos  —  •. 
Hen,  by  Ex.  j,  Ait.  156,  ibi 


get  «  tbe  icoairad  aaanmaatiam  •  x  3.x94Si.    Ibe  igne  of 
lmAit.2iVlQBE.Gak. 


17.  Im  a  CbrtflBa  Owl  vbov  to*  ntoml  ioti  eoiBdie,  jrawe 


[Ik* 

:    ______    -      .:    -    -    :        --_,::_-- 


"™  (I j)  Ait.  166,  k  iiftiBi,  Mkng  .  =  «,  tbM  A.  e^atk.  •<  tie 


Feat§-mf 
f«  +  art  — ^— ^—  +  •»  =  o, 

vbiekkoftbein 

*»+ar(.e0i«-U+(«-*|«=o. 


niare.  by  (15),  tbe « 


4v^i«.^* 
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•'  xt  y2 

1 8.  Show  that  the  length  of  an  arc  of  the  ellipse  -=  +  f;  •  I  i«  represented 

a       o* 
by  the  integral 


(a?  cos?  6  +  ^si 
we  have  ds  =  p  d 
19.  Show,  in  like  manner,  that  the  length  of  a  hyperholic  arc  is  represented 


« 
Tliis  result  is  easily  seen,  for  we  have  ds  =  pdO,  and  p  =  — -  ;  .•.  &c. 


by 

de 


(a*cos-0- 
20.  Hence  prove  that  the  integral 

dx 


(a  - 


(a  -  «*•)»(«•-*'*»)* 

is  represented  by  an  elliptic  arc  when  ab'  >  ba'y  and  by  a  hyperbolic  arc  when 
ab'  <  ba'  . 

21.  Prove  that  the  differential  of  the  arc  of  the  curve  found  by  cutting  in 
the  ratio  n  :  i  the  normals  to  the  cycloid 


y  =  a  +  b  cos  u,    x  =  au  +  b  sin  «, 
*/  (a  +  «i 


is  *  (a  +  «i)2  +  4«ai  sin2  -  rfw. 

22.  Each  element  of  the  periphery  of  an  ellipse  is  divided  by  the  diameter 
parallel  to  it  :  find  the  sum  of  all  the  elementary  quotients  extended  to  the  entire 
ellipse.  Aits.  n. 

23.  In  the  figure  of  Art.  158,  if  a  =  L  ACN',  and  ft  =  L  BCN,  prove  that 

tana      tan£ 


24.  Find  the  length,  measured  from  the  origin,  of  the  curve 


Ans.  t  =  a  log  [  —   -  1  —  x. 

25 .  Find  the  length,  measured  from  <)>  =  o,  of  the  curve  which  is  represented 
by  the  equations 

x  =  (2a  -  b)  sin  <p  -  (a  —  b)  sin3^>, 

y  =  (zb  —  a)  cos  #  —  (b  —  a)  cos3<£. 

Ans.  3  =  i  (a  +  b)  <f>  +  f  (a  —  b)  sin  (p  cos  <f>. 

26.  Prove  that  the  sides  of  a  polygon  of  maximum  perimeter  inscribed  in  a 
conic  are  tangents  to  a  confocal  conic. — Chasles,  Comptes  llendus,  1845. 

27.  To  two  arcs  of  an  equilateral  hyperbola,  whose  difference  is  rectifiable, 
correspond  equal  arcs  of  the  lemniscate  which  is  the  pedal  of  the  hyperbola. 
Ibid. 
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28.  The  tangents  at  the  extremities  of  two  arcs  of  a  conic,  whose  difference 
is  rectifiable,  form  a  quadrilateral,  whose  sides  are  tangents  to  the  same  circle. — 
Ibid. 

29.  In  an  equilateral  hyperbola  prove  that 

rds  =  §«3<£(tan  26), 

and  hence  show  that  $rds  taken  between  any  two  points  on  the  curve  is  equal  to 
the  rectangle  under  the  chord  joining  the  points  ;md  the  line  connecting  the 
middle  point  of  the  chord  with  the  centre  of  the  hyperbola.  Mr.  W.  S.  M'Cay. 

30.  If 

z  +  z3                z  —  z3 
x  ~  a At      V  =  « ; 

I  +  Z4'  14-2* 

be  any  point  on  a  curve,  show  that  the  arc  is  the  integral  of 

a  v/2  -7==.  (M-  Serret 

Vi  -f  z4 

What  curve  do  the  equations  represent  ? 

31.  Through  any  point  in  a  plane  two  conies  of  a  confocal  system  can  be 
drawn.     If  the  distance  between  the  foci  be  20,  and  the  transverse  semi- axes  of 
these  conies  be  p,  if,  prove  the  following  expression  for  any  arc  of  a  curve 


32.  Prove  that  the  following  relation  is  satisfied  by  the  p  and  v  of  any  point 
on  a  tangent  to  the  ellipse  for  wliich  fj.  has  the  value  /*i  : 


dv 


33.  The  arc  of  the  envelope  of  the  right  line  x  sin  a  —  y  cos  a  =/(a)  is  the 
integral  of  (/(a)  +  /"  (a))  da..  (Hermite,  Cours  d?  Analyse.) 

34.  The  arc  of  the  curve  in  which  y-  +  a~  x*  —  ^ax  =  o  and  a*  -  b-z*  +  ibx  =  o 
intersect,  if  a2  =  i  +  b~t  is 

V  2  (a  —  b)dx 


x  (2  -  ax)  (z  -  bx) 


(Ibid). 


xm      if* 

35,  Show  that  the  arc  of  the  curve  —  +  ~  =  i  depends  on  an  integral  of 

the  form 

[  dz  \/a*  (t  +  z)*  -f  A2(i  -  z)*,    where  k  = 2. 

36.  Show  that  rectification  may,  in  general,  be  reduced  to  quadratures  as 
follows : — 

Produce  each  ordinate  of  the  curve  to  be  rectified  until  the  whole  length  is  in 
a  constant  ratio  to  the  corresponding  normal  divided  by  the  old  ordinate,  then 
the  locus  of  the  extremity  of  the  ordinate  so  produced  is  a  curve  whose  area  is  in 
a  constant  ratio  to  the  length  of  the  given  curve. 

By  this  theorem  Van  Huraet  rectified  the  semi -cubical  parabola  nearly  simul- 
taneously with  Win.  Neil. 
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CHAPTER  IX. 


VOLUMES    AND    SURFACES    OF    SOLIDS. 

1 68.  Solids. — The  Prism  and  Cylinder. — The  most 
simple  solid  is  the  cube,  which  is  accordingly  the  measure  of 
all  solids,  as  the  square  is  that  of  all  areas.  Hence  the 
finding  the  volume  of  a  solid  is  called  its  cubature.  Before 
proceeding  to  the  application  of  the  Integral  Calculus  to 
finding  the  volumes  and  surfaces  of  solids  we  propose  to  show 
how,  in  certain  cases,  such  volumes  and  surfaces  can  be  found 
from  geometrical  considerations.  In  the  first  place,  the 
volume  of  a  rectangular  parallelepiped  is  measured  by  the 
continued  product  of  the  three  adjacent  edges ;  and  that  of 
any  parallelepiped  by  the  area  of  a  face  multiplied  by  its 
distance  from  the  opposite  face. 

Again,  the  volume  of  a  right  prism  is  measured  by  the 
product  of  its  altitude  into  the  area  of  its 
base.  For  example,  the  volume  of  the  right 
prism  represented  in  the  figure  is  mea- 
sured by  the  area  of  the  polygon  AJBCDfi, 
multiplied  by  the  altitude  A  A'.  Again, 
since  each  lateral  face,  AB  B'A  for  ex- 
ample, is  a  rectangle,  it  follows  that  the 
sum  of  the  areas  of  all  the  faces  (exclusive 
of  the  two  bases),  i.e.  the  area  of  the  sur- 
face of  the  priom,  is  equal  to  the  rectangle 
under  the  altitude  and  the  perimeter  of 
the  polygon  which  forms  its  base. 

This  and  the  preceding  result  still  hold 


Fig-  36. 


in  the  limit,  when  the  base,  instead  of  a  polygon,  is  a  closed 
curve  of  any  form,  in  which  case  the  surface  generated  is 
called  a  cylinder.  Hence,  if  V  denote  the  volume  of  the  por- 
tion of  a  cylinder  bounded  by  two  planes  drawn  perpendi- 
cular to  its  edges,  h  its  height,  and  A  the  area  of  its  base,  we 
get  V  =  Ah. 
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Again,  if  S  denote  the  superficial  area  of  a  cylinder, 
bounded  as  before,  and  S  the  length  of  the  curve  which  forms 
its  base,  we  have  S  =  Sh. 

169.  The  Pyramid  and  Cone. — If  the  angular  points 
of  a  polygon  be  joined  to  any  external  point,  the  solid  so 
formed  is  called  a  pyramid.  Any  section  of  a  pyramid  by  a 
plane  parallel  to  its  base  is  a  polygon  similar  to  that 
which  forms  the  base,  and  the  ratio  of  their  homologous 
sides  is  the  same  as  that  of  the  distances  of  the  planes  from 
the  vertex  of  the  pyramid.  Hence  it  follows  that  pyramids 
standing  on  the  same  base,  and  whose  vertices  lie  in  a  plane 
parallel  to  the  base,  are  equal  in  volume.  For,  the  sections 
made  by  any  plane  parallel  to  the  base  are  equal  in  every 
respect ;  and,  consequently,  if  we  suppose  the  pyramids 
divided  into  an  indefinite  number  of  slices  by  planes  parallel 
to  the  base,  the  volumes  of  the  corresponding  slices  will  be 
the  same  for  all  the  pyramids ;  and  hence  the  entire  volumes 
are  equal. 

Also,  if  two  pyramids  have  equal  altitudes,  but  stand  on 
different  polygonal  bases,  the  volumes  of  the  pyramids  will 
be  to  each  other  in  the  same  proportion  as  the  areas  of  the 
polygonal  bases.  For,  this  proportion  holds  between  the 
areas  of  the  sections  made  by  any  plane  parallel  to  the  base  ; 
and  consequently  between  the  slices  made  by  two  infinitely 
near  planes. 

Again,  the  pyramid  whose  base  is  one  of  the  faces  of  a 
cube,  and  whose  vertex  is  at  the  centre  of  the  cube,  is 
the  one-sixth  part  of  the  cube ;  for  the  entire  cube  can  be 
divided  into  six  equal  pyramids,  one  for  each  face.  Hence, 
denoting  the  side  of  a  cube  by  «,  the  volume  of  the  pyramid 

in  question  is  represented  by  — ;  i.  e.  by  the  product  of  the 

area  of  its  base  into  one-third  of  its  height. 

Now,  if  we  vary  the  base,  without  altering  the  height, 
from  what  has  been  established  above  it  follows  that  the 
volume  of  any  pyramid  is  the  area  of  its  base  multiplied  by 
one-third  of  its  height.* 

*  This  demonstration  is  taken  from  Clairaut's  El'~mens  de  Geometrie.  The 
student  is  supposed  familiar  with  the  more  ancient  proof,  from  the  property  that 
a  triangular  prism  can  be  divided  into  three  pyramids  of  equal  volume. 
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If  the  base  of  the  pyramid  be  any  closed  curve,  the  solid 
so  formed  is  called  a  cone  ;  and  we  infer  that  the  volume  of  a 
cone  is  equal  to  one-third  of  the  product  of  the  area  of  Us  base 
into  its  height. 

If  tho  base  of  a  pyramid  bo  a  regular  polygon,  and  the 
vertex  be  equidistant  from  tho  angular  points  of  the  polygon, 
the  pyramid  is  called  a  right  pyramid. 

In  this  case  each  face  of  the  pyramid  is  an  isosceles  triangle, 
whose  area  is  the  rectangle  under  the  side  of  the  polygon 
and  half  the  perpendicular  of  the  triangle.  Hence  the 
surface  of  the  pyramid  is  equal  to  the  rectangle  under  the 
semi-perimeter  of  the  regular  polygon  and  the  perpendicular 
common  to  each  face  of  the  pyramid. 

Again,  if  we  suppose  the  number  of  sides  of  the  regular 
polygon  to  become  infinite,  the  pyramid  becomes  a  right 
cone ;  and  we  infer  that  the  entire  surface  of  a  right  cone  is 
equal  to  the  rectangle  under  the  semi-circumference  of  its 
circular  base  and  the  length  of  an  edge  of  the  cone. 

Hence,  if  a  be  the  semi-angle  of  the  cono,  I  the  length  of 
an  edge,  and  r  the  radius  of  its  base,  wo  have  r  =  I  sin  a,  and 
the  surface  of  the  cone  is  represented  by  ?r/2  sin  a. 

If  a  right  cone  be  divided  by  two  planes  ABC,  DEF, 
perpendicular  to  its  axis,  as  in  figure,  the 
part  intercepted  by  the  planes  is  called  a 
truncated  cone. 

The  surface  of  a  truncated  cone  is 
easily  expressed ;  for  if  OA  =  I,  OD  =  I', 
the  required  surface  is  TT  sin  a  (I*  -  I'2), 
or  TT(/  -  l')(l  +  0  Biaa- 

Now,  if  the  circular  section  LMN  be 
drawn  bisecting  the  distance  between 
ABG  and  DEF,  the  circumference  of  the 
circle  LMN  is  TT  (I  +  I')  sin  o.  Hence  the  A( 
surface  of  the  truncated  cone  is  equal  to 
the  rectangle  under  the  edge  AD  and  the 
circumference  of  LMN  its  mean  section. 

1 70.  Surface  asid  Volume  of  a  Sphere. — To  find  the 
superficial  area  of  a  sphere  ;  suppose  a  regular  polygon  in- 
scribed in  a  semicircle,  and  let  the  figure  revolve  around  the 
diameter  AS  ;  then  each  side  of  the  polygon,  PQ  for 
example,  will  describe  a  truncated  cone. 


Fig-  37- 
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Now,  from  the  centre  C  draw  CD  perpendicular  to  PQ, 
and  construct,  as  in  figure  ;  then,  by  the  preceding  Article, 
the  surface  generated  byPQ  is 
equal  to  2w  PQ  .  DL 

Again,  by  similar  triangles, 
we  have  DC:DI=PQ:  MN-, 
.-.  PQ.DI  =  DC .  MN. 

Accordingly,  since  the  per- 
pendicular CD  is  of  same  length 
for  each  side  of  the  polygon,  the 
surface  generated  by  the  entire  Fig.  38. 

polygon  in  a  complete  revo- 
lution is  equal  to  2ir  CD  .  AB  =  qir  11'  cos  - ;  where  n  repre- 

fv 

sents  the  number  of  sides  of  the  polygon,  and  R  the  radius  of 
the  circle. 

If  we  suppose  n  to  become  infinite,  the  solid  generated 
by  the  polygon  becomes  a  sphere  ;  and  we  get  ^irK*  for  the 
entire  surface  of  the  sphere.  Hence,  the  surface  of  a  sphere 
is  equal  to  four  times  the  area  of  one  of  its  great  circles. 

Again,  it  is  easy  to  find  the  surface  generated  by  any 
number  of  sides  of  the  polygon.  Thus,  for  example,  that 
generated  by  all  the  sides  lying  between  the  points  A  and  Q 
is  plainly  equal  to  2ir  CD  .  AN. 

Hence,  in  the  limit,  the  surface  generated  in  a  complete 
revolution  by  the  arc  AQ,  is  equal  to  2-jr .  AC  .  AN.  Such  a 
portion  of  a  sphere  is  called  a  spherical  cap. 

Again,  suppose  the  points  A  and  Q  connected  ;  then,  since 
AQ?  =  AB  .  AN)  it  follows  that  the  area  of  the  spherical  cap 
generated  by  the  arc  AQ  is  equal  to  the  area  of  the  circle 
whose  radius  is  the  chord  AQ. 

The  volume  6"f  a  sphere  is  readily  found  from  its  surface ; 
for  we  may  regard  the  volume  as  consisting  of  an  infinitely 
great  number  of  pyramids,  having  their  common  vertex  at 
the  centre,  and  whose  bases  form  the  entire  surface.  But  the 
volume  of  each  pyramid  is  represented  by  the  product  of  one- 
third  of  its  height  (i.  e.  the  radius)  by  its  base.  Hence  the 
entire  volume  of  the  sphere  is  one-third  of  its  radius  multi- 
plied by  its  surface,  i.  e.  —  H,3. 

o 
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EXAMPLES. 

I.  If  a  sphere  and  its  circumscribing  cylinder  be  cut  by  planes  perpendi- 
cular to  the  axis  of  the  cylinder,  prove  that  the  intercepted  portions  of  the 
surfaces  are  equal  in  area. 

a.  Prove  that  the  volume  of  a  sphere  is  to  that  of  its  circumscribing  cylinder 
in  the  proportion  of  2  to  3  :  and  that  their  surfaces  also  are  in  the  same  propor- 
tion. These  results  were  discovered  by  Archimedes. 

171.  Surfaces  of  Revolution. — In  the  preceding  we 
have  regarded  a  sphere  as  generated  by  the  revolution  of  a 
circle  around  a  diameter.  In  general,  if  any  plane  be  sup- 
posed to  revolve  around  a  fixed  line  situated  in  it,  every  point 
in  the  plane  will  describe  a  circle,  and  any  curve  lying  in  the 
plane  will  generate  a  surface. 

Such  a  surface  is  called  a  surface  of  revolution ;  and  the 
fixed  line,  round  which  the  revolution  takes  place,  is  called 
the  axis  of  revolution. 

It  is  obvious  that  the  section  of  a  surface  of  revolution 
made  by  any  plane  drawn  perpendicular  to  its  axis  is  a 
circle. 

If  we  suppose  any  solid  of  revolution  to  be  cut  by  a  series 
of  planes  perpendicular  to  its  axis,  the  volume  of  the  solid 
intercepted  between  any  two  such  sections  may  be  regarded 
as  the  limit  of  the  sum  of  an  indefinite  number  of  thin  cylin- 
drical plates. 

Now,  if  we  suppose  the  generating  curve  to  be  referred  to 
rectangular  axes,  the  axis  of  revolution  being  that  of  x,  the 
area  of  the  circle  generated  by  a  point  (x,  y}  is  plainly  equal 
to  Try2,  and  the  cylindrical  plate  standing  on  it,  whose  thick- 
ness is  dx,  is  represented  by  iry^dx. 

Hence,  the  element  of  volume  of  the  surface  of  revolution 
is  Try2  dx,  and  the  entire  volume  comprised  between  two  sec- 
tions, corresponding  to  the  abscissae  a  and  /3,  is  obviously 
represented  by  the  definite  integral 

*[%'(&, 


in  which  the  value  of  y  in  terms  of  x  is  to  be  got  from  the 
equation  of  the  generating  curve. 
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In  like  manner,  the  volume  of  the  surface  generated  by 
the  revolution  of  a  curve  around  the  axis  of  y  is  represented 
by  TrJaVy,  taken  between  suitable  limits. 

Again,  we  may  regard  the  surface  generated  by  any 
element  ds  of  the  curve  as  being  ultimately  a  portion  of  the 
surface  of  a  truncated  cone,  as  in  Art.  170;  and  hence  the 
surface  generated  by  ds  in  a  complete  revolution  round  the 
axis  of  *  is  represented  by  2iryds  ;  and  accordingly  the  entire 
surface  generated  is  represented  by 


27T 


[yds, 


taken  between  proper  limits. 

We  proceed  to  apply  these  formulas  to  a  few  elementary 
examples. 

172.  The  Sphere. — Let  #2  +  y*  =  az  be  the  equation  of 
the  generating  circle  ;  then,  substituting  a1  -  xz  for  y\  we  get 
for  the  volume 

(/          «3\ 
(a2  -  xz)  dx  =  IT  ( cfx )  +  const. 
\           3  / 

If  we  take  o  and  a  as  limits,  we  get  -   -  for  the  volume  of 
the  hemisphere  ;  /.  the  entire  volume  of  the  sphere  is , 

O 

as  in  Art.  170. 

To  find  the  volume  of  a  spherical  cap,  let  h  be  the  length 
of  the  portion  of  the  diameter  cut  off  by  the  bounding  plane, 
and  we  get  for  the  corresponding  volume 

fa  /       M 

TT         (a2  -  x2) dx  =  trW (a  —  . 

J  a-h  \       3/ 

Again,  to  find  the  superficial  area,  we  have 

/       du^        f       x\  ,       a  , 
ds  =    i  +  -?~,  }dx  =    i  +  -T  }dx  =  -  dx ;  .'.  yds  =  adx. 
V      da?J        \      y*J         y 

Hence,  the  surface  of  the  zone  contained  between  two 
parallel  planes  corresponding  to  the  abscissae  xl  and  XQ  is 

fxi 
adx  = 


J*i 
«o 
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that  is  the  product  of  the  circumference  of  a  great  circle  by 
the  breadth  of  the  zone.  This  agrees  with  Art.  1 70. 

173.  Right  Cone. — If  a  denote,  as  before,  the  angle 
which  the  right  line  which  generates  a  cone  makes  with  its 
axis  of  revolution,  we  get  77  =  x  tan  a,  taking  the  vertex  of  the 
cone  as  origin,  and  the  axis  of  revolution  as  that  of  x ;  accord- 
ing^, the  element  of  volume  is  TT  tan2a#V#. 

Hence,  if  h  denote  the  height  of  the  cone,  we  get  its 
volume  equal  to 


TT  tan2  a      x*dx  =    -  tan2  a ; 
Jo  3 


i.e.  -  x  area  of  its  base,  as  in  Art.  169. 

Again,  to  find  its  surface,  we  have  ds  -  sec adx ; 

f» 

.*.  2?r  I  yds  =  2ir  tan  a  sec  a      xdx  =  irti1  tan  a  sec  a  ; 

J  o 

which  agrees  with  the  result  already  obtained. 

EXAMPLES. 

1 .  The  base  of  a  cylinder  is  a  circle  whose  area  is  equal  to  the  surface  of  a 
sphere  of  radius  5  ft. ;  being  given  that  the  volume  of  the  cylinder  is  equal  to 
the  sum  of  the  volumes  of  two  spheres  of  radii  9  ft.  and  16  ft.,  find  the  height 
of  the  cylinder.  Ans.  64$  ft. 

2.  A  solid  sector  is  cut  out  of  a  sphere  of  10  ft.  radius,  by  a  cone  the  angle 
of  which  is  1 20° ;  find  the  radius  of  the  sphere  whose  solid  contents  are  equal  to 
those  of  the  sector.  Ans.  $\/2. 

3.  Two  cones  have  a  common  base,  the  radius  of  which  is  12  ft.  ;  the  alti- 
tude of  one  is  9  ft.  ;  and  that  of  the  other  is  5  ft. ;  find  the  radius  of  a  sphere 
whose  entire  surface  is  equal  to  the  sum  of  the  areas  of  the  cones. 

Ans.  2^/^l  ft. 

174.  Paraboloid  of  Revolution. — Writing  the  equa- 
tion of  a  parabola  in  the  form  y*  =  2mx,  we  get  for  the 
volume  of  the  solid  generated  by  its  revolution  round  the 
axis  of  # 

2irtn [xdx  -  irmx1  +  const.  =  -  tfx  +  const. 

2  J 
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Hence,  the  volume  of  the  surface  generated  by  the  revo- 
lution of  the  part  of  a  parabola  between  its  vertex  and  the 

point  (a?i,  yi)  is  represented  by  -  y?x^  i.e.  is  equal  to  half  the 

volume  of  the  circumscribing  cylinder. 

Again,  to  find  the  surface  of  the  paraboloid,  we  have 

/     yz  V         i 
yds  =  yi  +  —    dy--(y*  +  m^  ydy. 


Hence,  the  surface  of  the  paraboloid,  between  the  same 
limits  as  above,  is  represented  by 

—     '  (if  +  m^ydy  =  -  •  I  (y?  +  m2}*  -  mz\. 
m  j  0  yn  \ 

175.  Spheroids  of  Revolution.  —  If  we  suppose  an 
ellipse  to  revolve  round  its  axis  major,  the  surface  generated 
by  the  revolving  curve  is  called  &  prolate  spheroid.  If  it  re- 
volve round  the  axis  minor  the  surface  is  called  an  oblate 
spheroid. 

The  volume  of  a  spheroid  is  easily  obtained  ;  for,  taking 

xz      y2 

-5  +  y^  =  i  as  the  equation  of  the  curve,  we  get,  on  substitut- 

#2\ 
i--    fory2, 


, 

=  —  -  x  [a2  --    +  const. 


Hence  the  entire  volume  is  —  ab2.     In  like  manner,  the  vo- 

o 

lume  of  an  oblate  spheroid  is  obviously  —  ba2, 

176.  Surface  of  Spheroid.  —  In  the  case  of  a  prolate 
spheroid  we  have 


[17] 
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Hence,  if  CN  =  a?,,  CM  =  #„,  we  get  for  -8,  the  zone  gone- 
rated  in  a  complete  revo- 
lution by  the  arc  PQ, 


Now,  if  we  take  CD  »  -f 

and   construct  an   ellipse 

whoso  semiaxes    are    CD  Fig.  39. 

and  CB,  it  is  easily  seen 

(Art.  129)  that  the  elementary  area  between  two  consecutive 

be  fa*        \i 

ordinates  of  this  ellipse  is  -     -  -  x1}  dx.      Hence  it  follows 

aV         J 

that  the  area  of  the  zone  generated  by  the  arc  PQ,  is  TT  times 
the  area  of  the  portion  P\Q,\Q>P*  of  this  ellipse. 

Again,  if  AE^  be  the  tangent  at  the  vertex  of  the  original 
ellipse,  we  see  that  the  entire  surface  of  the  spheroid  is  4  IT 
x  the  area  BCAEi ;  but  this  is  seen,  without  difficulty,  to  be 

—   '  -1 

c  *  ' 

In  like  manner,  we  get  for  the  surface  S  generated  by  the 
revolution  of  an  ellipse  round  its  minor  axis 


J[f        flV    \i 
xds  =  2n    f  a2  -i-  -yj-  y~  i 


dy 


»    *• 


If  this  be  integrated,  as  in  Art.  151,  we  get,  after  some 
obvious  reductions, 


ay  . 

8  =  *-   a 


aey 


If  this  be  taken  between  the  limits  o  and  b,  and  doubled,  we 
get  fo  :  the  entire  surface  of  the  ellipsoid 


2  i 

2va  +  TT  -  log 

e      °\l  -I 
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It  is  readily  seen,  as  in  the  former  case,  that  the  surface 
of  any  zone  of  this  ellipsoid  is  TT  times  the  area  of  a  corre- 
sponding portion  of  the  hyperbola 


bounded  by  lines  drawn  parallel  to  the  axis  of  x. 

The  area  of  the  surface  generated  by  the  revolution  of  a 
hyperbola  round  either  axis  admits  of  a  similar  investigation. 


EXAMPLES. 

i.  Find  the  volume  of  the  surface  generated  by  the  revolution  of  a  cycloid 
round  its  base. 

Here,  referring  the  cycloid  to  DA   and        jj     L  C 

DH  as  co-ordinate  axes,  we  have  (see  Diff. 
Calc.,  Art.  272) 


c 


x  =  a (<f>  4  sin <j>),     y  =  a(l  +  cos^), 

where  L  POL  =  <j>.        "AW 
Hence 

d  V=  w y*  dx  =  IT  «3  ( i  4-  cos  4>)3<fy  ;  g'  4°' 


.•.  for  the  entire  volume  V,  we  get 

JJT  f  IT  <t> 

(i  -f  cos  <t>)3d<p  =  i6ira3  \    cos3  -< 
o  Jo         z 

{H  <t> 

cos6  6  d6,    making  -  =  0. 
o  2 

Hence  F=SIT««S. 

2.  Find  the  whole  surface  generated  in  the  same  case. 

Jf  ^ 

y  ds  =  4ir«2  I  (i  -I-  cos  <J>)  cos  -  d<(t : 

hence  the  entire  surface  is 

{ir  (b  64x0* 

cos3  -a<j>  =  — — . 

0    r     2    I  3 

[17  a] 
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3.  Find  the  volume  and  the  surface  of  the  solid  generated  by  the  revolution 
of  the  tractrix  round  its  axis. 

(i).  Here  we  have 


hence  the  volume  generated  by 
the  portion  AP  is 


The  volume  generated  by  the 
entire  tractrix  is  —  a* ;  i.  e.  half 

the  volume  of  the  sphere  whose 
radius  is  OA. 

(2).  The  surface  generated  by  AP  is 


Fig.  41. 


I  yds  ~  2* a  \    dy     (see  Ex.  2,  Art.  154) 


=  2wa(a  -  y). 

Hence  the  entire  surface  generated  is  2ir«2;  i.  e.  half  the  surface  of  the  sphere 
of  radius  OA. 

4.  Find  the  volume,  and  also  the  surface,  generated  by  the  revolution  of  the 
catenary  around  the  axis  of  x. 

(i).  Here  the  volume  of  the  solid  gene- 
rated by  VP  is  represented  by 


where  &  =  PV. 

(2).  Again,  since 

we  have 


I  yds  =  --    ya«ti 
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Consequently  the  surface  generated  by  PV  in  a  complete   revolution  is  - 

a 
x  the  volume  generated ;  i.e.  =  ir(ys  +  ax). 

5.  In  the  same  curve  to  find  the  surface  generated  by  its  revolution  round 
the  axis  0  V. 
Here 


Again 


If     -  f      -- 

xds  =  v  \  xe"  dx  4  w  I  xe  adx. 


{*     «  ~        f* 

M»  CM*      «J    < 


=  a(xea  -  ae°  -f  a). 


Also  the  value  of 


\: 


*      _» 
x  e~  a  dx 


is  obtained  by  changing  the  sign  of  a  in  the  last  result. 
Hence 


_ 

dx  =  a*  -  axe~«  - 


Jx        _* 
xe  " 
o 

.'.  8  =  T  I  ia2  +  ax  (e*  -  e~*  J  -««/«•  +  «"  «  J  J 


=  2v(d*-{-xs-ay). 

177.    Annular    Solids. — If    a  y 

closed  curve,  which  is  symmetrical 
with  respect  to  a  right  line,  be  made 
to  revolve  round  a  parallel  line,  then 
the  superficial  area  generated  in  a 
complete  revolution  is  equal  to  the 
product  of  the  length  of  the  moving 
curve  into  the  circumference  of  the 
circle  whose  radius  is  the  distance 
between  the  parallel  lines. 

This  is  easily  proved:  for  let 
APBP'  be  any  curve,  symmetrical  with  respect  to  AS,  and 
suppose  OX  to  be  the  axis  of  revolution ;  and  draw  PN,  QM 
two  indefinitely  near  lines  perpendicular  to  the  axis.  It  is  evi- 
dent that  PQ  =  P'Q'.  Again,  let  PN=  y,  P'N-i/,  PQ  =  P'Q' 
=  ds,  DN  =  b  ;  then  the  sum  of  the  elementary  zones  described 
by  PQ  and  P'Q'  in  a  complete  revolution  is  represented  by 

2ir(y  +  y')ds 
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Consequently  the  surface  generated  by  the  entire  curve  is 
2TrbS,  where  S  denotes  the  whole  length  of  the  curve. 

•  A  similar  theorem  holds  for  the  volume  of  the  solid  ge- 
nerated :  viz.,  the  volume  generated  is  equal  to  the  product 
of  the  area  of  (he  revolving  curve  into  the  circumference  of 
<he  san^e  circle  as  before. 

For  the  volume  of  this  solid  is  plainly  represented  by 


or  by          TT   (y-yO(y  +  ?/)'&  =  27r*   (y-yO*>» 
But  the  area  of  the  curve  is  represented  by 


o  jnsequently,  denoting  this  area  by  A,  and  the  volume  by  F, 
we  have 

F=  2wb  x  A. 

In  these  results  the  axis  of  revolution  is  supposed  not 
to  inteisect  the  curve ;  if  it  does,  the  expression  2-n-b  x  A 
represents  the  differance  between  the  volumes  of  the  surfaces 
generated  by  the  portions  of  the  curve  lying  at  opposite  sides 
of  the  axis  of  revolution  ;  as  is  readily  seen.  A  similar  alte- 
ration must  be  made  in  the  former  theorem  in  this  case. 

If  a  circle  revolve  round  any  external  axis  situated  in  its 
plane,  the  surface  generated  is  called  a  spherical  ring.  From 
the  preceding  it  follows  that  the  entire  surface  of  such  a  ring 
is  47r2(7^  ;  where  «  is  the  radius  of  the  circle,  and  b  the  dis- 
tance of  its  centre  from  the  axis  of  revolution. 

In  like  manner  the  volume  of  the  ring  is  27r2aai. 

It  would  be  easy  to  add  other  applications  of  these 
theorems. 

178.  €ruldin»s*  Theorems. — The  results  established  in 
the  preceding  Article  are  but  particular  cases  of  two  general 


*  Guldin,  Centrobaryica,  sen  de  centra  yravitatis  trium  specierum  quantitatis 
continue;,  \  635.  Guldin  ariived  at  his  principle  by  induction  from  a  small  mini  - 
ber  of  elementary  cases,  but  his  attempt  at  a  general  demonstration  was  an 
eminent  failure.  See  Montucla  Hist,  dcs  Math.,  torn.  ii.  p.  34.  Montucla  has 
shown,  torn.  ii.  p.  92,  that  Guldin's  theorems  can  be  established  from  geome- 
trical considerations,  without  recourse  to  the  Calculus. 
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propositions,  usually  called  Guldm's  Theorems,  but  originally 
enunciated  by  Pappus  (see  Walton's  Mechanical  Problems, 
p.  42,  third  Edition).  They  may  be  stated  as  follows  : — 

(i).  If  a  plane  curve  revolve  round  any  external  axis, 
situated  in  its  plane,  the  area  of  the  surface  generated  is  equal 
to  the  product  of  the  perimeter  of  the  revolving  curve  by  the 
length  of  the  path  described,  during  the  revolution,  by  the  centre 
of  gravity  of  that  perimeter. 

(2).  Under  the  same  circumstances,  the  volume  of  the  solid 
generated  is  equal  to  the  product  of  the  area  of  the  generating 
curve  into  the  path  described  by  the  centre  of  gravity  of  the  re- 
volving area. 

To  prove  the  former,  let  s  denote  the  whole  length  of  the 
curve,  iv,  y,  the  co-ordinates  of  one  of  its  points,  x,  y,  those 
of  the  centre  of  gravity  of  the  curve ;  then,  from  the  defi- 
nition of  these  latter,  we  have 


•  ' 


.*.  2irys  =  2ir  J  yds, 

i.e.  the  surface  generated  by  revolution  round  the  axis  of  a;  is 
equal  to  the  product  of  8,  the  length  of  the  generating  curve, 
into  2  Try,  the  path  described  by  the  centre  of  gravity. 

To  prove  the  second  proposition  ;  let  A  denote  the  area 
of  the  generating  curve,  and  dA  the  element  of  area  corre- 
sponding to  any  point  x,  y.  Also  let  x,  ~y  be  the  co-ordinates 
of  the  centre  of  gravity  of  the  area,  then 


.  _  _  (sul)atituting 

.'.  2iryA  =  27T  \\ydxdy  =  Tr\\fdx\ 

where  the  integral  is  supposed  taken  for  every  point  round  the 
perimeter  of  the  curve:  but,  from  Art.  171,  the  integral  at 
the  right-hand  side  represents  the  volume  of  the  solid  gene- 
rated ;  hence  the  proposition  in  question  follows. 

For  example,  tho  volume  of  tho  ring  generated  by  the 
revolution  of  an  ellipse  around  any  exterior  line  situated  in 
its  plane  is  at  once  2n*abc,  where  a  and  b  are  the  semiaxes 
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of  the  ellipse,  and  c  is  the  distance  of  its  centre  from  the  axis 
of  revolution. 

It  may  be  noted  that  these  results  still  hold  if  we  suppose 
the  curve,  instead  of  making  a  complete  revolution,  to  turn 
round  the  axis  through  any  angle.  For,  let  0be  the  circular 
measure  of  the  angle  of  rotation,  and  in  the  former  case  we 
have 

Oy*  -  0  J  yds. 

But  Q7/  IB  the  length  of  the  path  described  by  the  centre 
of  gravity,  and  0  J  yds  is  the  area  of  the  surface  generated  by 
the  cu.  ve ;  .'.  &c. 

In  like  manner  the  second  proposition  can  be  shown  to 
hold. 

Again,  Guldin's  theorems  are  still  true  if  we  suppose  the 
rotation  to  take  place  around  a  number  of  different  axes  in 
succession ;  in  which  case  the  centre  of  gravity,  instead  of 
describing  a  single  circle,  would  describe  a  number  of  arcs  of 
circles  consecutively  ;  and  the  whole  area  of  the  surface  ge- 
nerated will  still  be  measured  by  the  product  of  the  length  of 
the  generating  curve  into  the  path  of  its  centre  of  gravity  ; 
for  this  result  holds  for  the  part  of  the  surface  corresponding 
to  each  axis  of  revolution  separately,  and  therefore  holds  for 
the  sum. 

Again,  in  the  limit,  when  we  suppose  each  separate  rota- 
tion indefinitely  small,  we  deduce  the  following  theorem.  If 
any  plane  curve  move  so  that  the  path  of  its  centre  of  gravity 
is  at  each  instant  perpendicular  to  the  moving  plane,  then  the 
surface  generated  by  the  curve  is  equal  to  the  length  of  the 
curve  into  the  path  described  by  its  centre  of  gravity. 

The  corresponding  theorem  holds  for  the  volume  of  the 
surface  generated. 

These  extensions  of  Gtddin's  theorems  were  given  by 
Leibnitz  (Act.  Erud.  Lips.,  1695). 

179.  Expression  for  Volume  of  any  Solid. — The 
method  given  in  Art.  1 7 1  of  investigating  the  volume  bounded 
by  a  surface  of  revolution  can  be  readily  extended  to  a  solid 
bounded  in  any  manner.  For,  if  we  suppose  the  volume 
divided  into  slices  by  a  system  of  parallel  planes,  the  entire 
volume  may,  as  before,  be  regarded  as  the  limit  of  the  sum 
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of  a  number  of  infinitely  thin  cylindrical  plates.  Thus,  if  we 
suppose  a  system  of  rectangular  co-ordinate  axes  taken,  and 
the  cutting  planes  drawn  parallel  to  that  of  xy  ;  then,  if  Az 
represent  the  area  of  the  section  made  hy  a  plane  drawn  at 
the  distance  z  from  the  origin,  the  entire  volume  is  denoted 

by 

J  Aadss, 

taken  between  proper  limits. 

The  area  Aa  is  to  be  determined  in  each  case  as  a  function 
of  z  from  the  conditions  of  the  bounding  surface. 

For  example,  to  find  the  volume  of  the  portion  of  a  cone 
cut  off  by  any  plane ;  we  take  the  origin  at  the  vertex,  and 
the  axis  of  z  perpendicular  to  the  cutting  plane  ;  then,  if  B 
denote  the  area  of  the  base,  and  h  the  height  of  the  cone,  it 
is  easily  seen  that  wo  have 


A  I 

zzdz  •=  -  B  x  h ;  as  in  Art.  169. 

3'  ' 

_ 

If  the  cutting  planes  be  parallel  to  that  of  yz,  the  volume 
is  denoted  by  $Axdx ;  where  At  denotes  the  area  of  the  sec- 
tion at  the  distance  x  from  the  origin. 

1 80.   Volume    of  Elliptic    Paraboloid. — Let    it  be 

proposed  to  find  the  volume  of  the  portion  of  the  elliptic 
paraboloid 


cut  off  by  a  plane  drawn  perpendicular  to  the  axis  of  the  sur- 
face.    Here,  considering  z  as  constant,  the  area  of  the  ellipse 

a?     v*  /— 

—  +  —  =  22,  by  Art.  128,  is  2Trs</pq. 

p    g 

Hence,  denoting  by  c  the  distance  of  the  bounding  plane 
from  the  vertex  of  the  surface,  we  have 


(o 
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This  result  admits  of  being  exhibited  in  another  form  ;  for  if 
B  be  tho  area  of  the  elliptic  section  made  by  the  bounding 
plane,  we  have 

B 

Hence  V  =  \  circumscribing  cylinder,  as  in  paraboloid  of  re- 
volution. 

18 1.  The  Ellipsoid.— Next,  to  find  the  volume  of  the 
ellipsoid 

*3      y3      z3 

\  +   77  +  -.  -    I. 


The  section  of  the  surface  at  the  distance  2  from  the  origin 
is  the  ellipse 

tX^        ifi  ^ 

-5  +  15=  !  ~  ^! 
a3     6*  o* 

the  area  of  this  ellipse  is 

ir[  i  --5  jrti,  i.e.  A,  =  TT(  i  --]ab. 
\       V  \       °  I 

Hence,  denoting  the  entire  volume  by  V,  we  have 

V=2irab\    (i — -jdz  =-  irabc. 
Jo  \       c  J         3 

182.  Case  of  Oblique  Axes. — It  is  sometimes  more 
convenient  to  refer  the  surface  to  a  system  of  oblique  axes. 
In  this  case,  if,  as  before,  we  take  the  cutting  planes  parallel 
to  that  of  xy,  and  if  at  be  the  angle  the  axis  of  z  makes  with 
the  plane  of  scy,  the  expression  for  the  volume  becomes 

sin  w  /  A2rfz, 

taken  between  proper  limits,  where  Aa  represents  the  area  of 
the  section,  as  in  the  former  case. 

For  example,  let  us  seek  the  volume  of  the  portion  of  an 
ellipsoid  cut  off  by  any  plane. 
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Suppose  DED'E'  to  represent  the  section  made  by  the 
plane,  and  ABA'B'  the  parallel  central  section.  Take  OA, 
OB,  the  axes  of  this  section  as  axes  of 
x  and  y  respectively  ;  and  the  conju- 
gate diameter  00  as  axis  of  z. 

Then  the  equation  of  the  surface 


s 


Fig.  44. 

where  OA  =  a',  OB  =  b',  OC  =  <f. 

It  will  now  be  convenient  to  transfer  the  origin  to  the 
point  C',  without  altering  the  directions  of  the  axes,  when  the 
equation  of  the  surface  becomes 

tf      y*      22      s2 
The  area  A,  of  the  section,  by  Art.  128,  is 

22         ZZ\  . 

7-*)''  (3) 

hence,  denoting  O'N  by  h,  the  volume  cut  off  by  the  plane 
DEL?  is  represented  by 


•  i  j 

sm  <u  |      —  -  -^   oi, 

.  c       c 


or 

A3 


But,  by  a  well-known  theorem,*  we  have 
a'b'c'  sin  u>  =  ^Sc, 

where  «,  i,  c,  are  the  principal  semiaxes  of  the  surface. 

Hence  the  expression  for  the  volume  F"in  question  be- 
comes 


Salmon's  Geometry  of  Three  Dimensions,  Art.  96. 
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C'N 
or,  denoting  by  k, 


(5) 


This  result  shows  that  the  volume  cut  off  is  constant  for  all 
sections  for  which  k  has  the  same  value.  Again,  since 

ON 

-^j>  =  i  -  k,  the  locus  of  Nis  a  similar  ellipsoid  ;  and  we  infer 

C/G 

that  if  a  plane  cut  a  constant  volume  from  an  ellipsoid,  the  locus 
of  the  centre  of  the  section  is  a  similar  and  similarly  situated 
ellipsoid. 

183.  Elliptic  Paraboloid.  —  The  corresponding  results 
for  the  elliptic  paraboloid  can  bo  deduced  from  the  preceding 
by  adopting  the  usual  method  of  such  derivation  :  viz.,  by 
taking 

a*=pc,    b*  -  qet 

and  afterwards  making  c  infinite  ;  observing  that  in  this  case 

£ 

the  ratio  -?  becomes  unity. 

Making  these  substitutions  in  (4),  it  becomes 

V  =  w  \/pqh*  (  i  --  jX  or  TT  A*  V^P9i  since  (f  =  oo. 


Hence,  if  a  constant  length  be  measured  on  any  diameter 
of  an  elliptic  paraboloid  and  a  conjugate  plane  drawn,  then 
the  volume*  of  the  segment  cut  from  the  paraboloid  by  the 
plane  is  constant. 

Again,  the  area  of  an  elliptic  section  by  (3)  is 

t,(2h     /A         irabc 
ira  b    —  -  -y  ,  or 
c 


*  Fora  more  direct  investigation  the  student  is  referred  to  a  memoir  "  On 
some  Properties  of  the  Paraboloid,"  Quarterly  Journal  of  Mathematics,  June, 
1874,  by  Professor  Allman. 
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On  making  the  same  substitutions,  this  becomes  for  the 
paraboloid 

2w  ^/pq 


sin 


Now,  if  we  suppose  a  cylinder  to  stand  on  this  section, 
the  volume  of  the  portion  cut  off  by  the  parallel  tangent 
plane  to  the  paraboloid  is  obtained  by  multiplying  the  area 
of  the  section  by  h  sin  to ;  and,  consequently,  is 


27T 

i.  e.  is  double  the  corresponding  volume  of  the  paraboloid. 
This  is  an  extension  of  the  theorem  of  Art.  1 80. 

EXAMPLES. 

1 .  Prove  that  the  volume  of  the  segment  cut  from  a  paraboloid  by  any  plane 
is  f  ths  of  that  of  the  circumscribing  cone  standing  on  the  section  made  by  the 
plane  as  base. 

2.  A  cylinder  intersects  the  plane  of  xy  in  an  ellipse  of  semiaxes  OA  =  a, 
OB  =  b,  and  the  plane  of  xz  in  an  ellipse  of  semiaxes  OA  =  a,  00  =  c  \  the 
edges  of  the  cylinder  being  parallel  to  BC ;  find  the  volume  of  the  portion  of  the 
cylinder  bounded  by  the  three  co-ordinate  planes.  Ans.  %  abc. 

3.  The  axes  of  two  equal  right  cylinders  intersect  at  right  angles  ;  find  the 
volume  common  to  both.     Ans.  */•  a3,  where  a  is  the  radius  of  either  cylinder. 
This  surface  is  called  a  Groin. 

184.  Volume  by  Double  Integration. — In  the  ap- 
plication of  the  preceding  method  of  finding  volumes  the 
area  represented  by  AX)  instead  of  being  immediately  known, 
requires  in  general  a  previous  integration ;  so  that  the  deter- 
mination of  the  volume  of  a  surface  involves  two  successive 
integrations,  and  consequently  V  is  expressed  by  a  double 
integral. 

Thus,  as  the  area  Ax  lies  in  a  plane  parallel  to  that  of  ys, 
its  value,  as  in  Art.  126,  may  generally  be  represented  by 
J  zdy,  taken  between  proper  limits.  Hence  F"may  be  repre- 
sented by 


or,  adopting  the  usual  notation,  by 

Hzdydx, 
taken  between  limits  determined  by  the  data  of  the  question. 
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The  value  of  z  is  supposed  given  by  a  relation  z  =/(#,  y), 
by  means  of  the  equation  of  the  bounding  surface  ;  hence 


In  the  determination  of  this  integral  we  regard  x  as 
constant  (since  all  the  points  in  the  area  have  the  Bame 
value  of  #),  and  integrate  with  respect  to  y  between  its  proper 
limits. 

Thus,  if  ?/,  and  y0  denote  the  limiting  values  of  y,  the 
definite  integral 

y, 


becomes  a  function  of  x  :  this  function,  when  integrated 
with  respect  to  x  between  the  proper  limits,  determines  the 
volume  in  question. 

If  xi  and  x<>  denote  the  limits  of  x,  V  may  be  represented 
by  the  double  integral 


f*i  fVi 

f(x,y}dydx. 
J  *„  J  y0 


We  shall  exemplify  this  by  a  figure,  in  which  we  suppose 
the  volume  bounded  by  the  piano  of  av/,  by  a  cylinder 
perpendicular  to  that  plane,  and 
also  by  any  surface.*  Let 
RP 'It,' 'Q  represent  the  section  of 
the  cylinder  by  the  plane  of  xy ; 
and  suppose  PMNQ,  to  be  the 
section  of  the  volume  by  a  plane 
parallel  to  yz  at  the  distance  x 
from  the  origin.  Let  PL  =  i 
QL  =  y0,  then  the  area  PMNQ 
is  represented  by  the  integral 


zdy. 


*  The  determination  of  a  volume  of  any  form  is  virtually  contained  in  this. 
For,  if  \ve  suppose  the  surface  circumscribed  by  a  cylinder  perpendicular  to  the 
plane  of  ry,  the  required  volume  will  become  the  difference  between  two 
tylinders,  bounded  by  the  upper  and  lower  portions  of  the  surface,  respectively. 
Bee  Bertrand,  Calc.  Int.  §  447. 
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The  values*  of  y±  and  y0  in  terms  of  x  are  obtained  from 
the  equation  of  the  curve  RPR'Q,, 

Again,  suppose  P'M'N'Q'  to  represent  the  parallel  section 
at  the  infinitesimal  distance  dx  from  PMNQ,  then  the 
elementary  volume  between  PMNQ  and  P'M'N'Q'  is  repre- 
sented by 

pi 
ax      zdy. 

Now,  if  R  T  and  R' T'  be  tangents  to  the  bounding  curve, 
drawn  perpendicular  to  the  axis  of#,  and  if  OT'-Xi,  OT=x0, 
the  entire  volume  is  represented  by 


r*i  pi 
J  *•„  J  ya 


z  dy  dx. 

It  should  be  observed  that  zdydjc  represents  the  volume 
of  the  parallelepiped  whose  height  is  s,  and  whose  base  is  the 
infinitesimal  rectangle  having  dx  and  dy  as  sides  ;  and  conse- 
quently the  volume  may  be  regarded  as  the  sum  of  all  such 
parallelepipeds  corresponding  to  every  point  within  the  area 
RPlt'Q. 

It  is  also  plain  that  we  shall  arrive  at  the  same  result 
whether  we  integrate  first  with  respect  to  x,  and  afterwards 
with  respect  to  y,  or  vice-versd  ;  i.  e.  whether  we  conceive  the 
volume  divided  into  slices  parallel  to  the  plane  of  xz,  or  to 
that  of  yz. 

We  shall  illustrate  the  preceding  by  an  example.  f 

Suppose  ItPJRfQ  to  be  the  circle 


and  the  bounding  surface  the  hyperbolic  paraboloid 

xy  =  cz  ; 

*  In  our  investigation  we  have  assumed  that  the  parallels  intersect  the 
curve  in  but  two  points  each;  the  general  case  is  omitted^  as  the  solution  in 
such  cases  can  be  rarely  obtained,  and  also  as  the  investigation  is  unsuited  for 
an  elementary  treatise. 

I  This  and  the  next  example  are  taken  from  Cauchy's  Applications  Gtomi- 
triqucs  du  Calcul  Infinitesimal,  p.  109. 
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then  we  have 


and 


1  zdy  =  i    *  xydy  =  •  V-  (y?  -  y<?)  =  ^-  */E>  -(x-  a) 

Jy0  cJya  2C 

Again,  #,  =  a  +  R,    x0  =  a  -  R  ; 

~     2ft 


Now  let    a;  -  a  =  R  sin  0,  and  we  get 

IT 

F=  £^5!  f  cos20(a  +  .B  sin  B}dB. 

"    J  .E 

2 
w  «• 

But  *  cos2  0  dB  =  -,         Z  cos2  0  sin  0rf0  =  o, 

J  «  2  J  „. 


2 

ai.B2 


=  7T 


Again,  if  for  the  cylindrical  surface  which  has  for  its 
base  the  circle  we  substitute  a  system  of  four  planes  x  =  x^ 
x  =  X,  y  =  yoj  y  =  F,  we  get 

F=r    r   ^Ldyfa 
\  iff     \y      C 

•'     o    */  *o 


+  S2  + 
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in  which  21}  s2)  Ss>  24*  are  the  ordinates  of  the  four  corner 
points  of  the  portion  of  the  surface  in  question. 

Again,  from  the  well-known  properties  of  the  surface,  in 
order  to  construct  the  hyperbolic  paraboloid  it  is  sufficient 
to  trace  the  gauche  quadrilateral  whose  summits  are  the 
extremities  of  the  ordinates  zi9  s2,  z3,  s4 ;  then  a  right  line 
moving  on  a  pair  of  opposite  sides  of  this  quadrilateral,  and 
comprised  in  a  plane  parallel  to  the  other  pair,  will  generate 
the  paraboloid  in  question. 

Hence  we  arrive  at  the  following  proposition : — 

Having  traced  a  gauche  quadrilateral  on  the  four  lateral 
faces  of  a  right  prism  standing  on  a  rectangular  base,  if  a 
right  line  move  on  two  opposite  sides  of  this  quadrilateral 
and  be  parallel  to  the  planes  of  the  faces  which  contain  the 
other  two  sides,  then  the  volume  cut  from  the  prism  by  the 
surface  so  generated  is  equal  to  the  product  of  the  area  of 
the  rectangular  base  of  the  prism  by  one-fourth  of  the  sum 
of  the  edges  of  the  prism  between  the  vertices  of  the 
rectangle  and  those  of  the  quadrilateral. 

1 85.  Double  Integration. — From  the  preceding  Article 
it  is  readily  seen  that  the  double  integral 


J] 


/(a?,  y]dydx 


can  be  represented  geometrically  by  a  volume  ;  and  the  deter- 
mination of  the  double  integral,  when  the  limits  are  given,  is 
the  same  as  the  finding  the  volume  of  a  solid  with  correspond- 
ing limits. 

For  instance,  the  example  in  the  preceding  page  is  equi- 
valent to  finding  the  value  of  the  double  integral 


ff- 


\xydxdy 
taken  for  all  values  of  x  and  y  subject  to  the  condition 


and  similarly  in  other  cases. 

When  the  limits  of  x  and  y  are  constants,  as  in 


faf  rbf 

f(x 

JJ/r 


[18] 
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the  double  integral  represents  the  volume  cut  by  the  surface 

*  =/(*,  y) 

from  the  parallelepiped  whose  base  is  the  rectangle  formed 
by  the  lines 

x  =  a,     x  =a',    y  =  b,     y  =  b'. 

It  is  plain  that  in  this  case  the  order  of  integration  is  in- 
different, as  already  seen  in  Art.  115. 

1 86.  It  is  sometimes  more  convenient  to  refer  the  curve 
RPR'Q,  to  polar  co-ordinates,  in  which  case  we  conceive  the 
area  divided  into  infinitesimal  rectangles  of  the  type  rdrdO. 

The  corresponding  parallelepiped  is  represented  by 
zrdrdO,  and  the  expression  for  V  becomes 


=  \\zr  dr  dO, 


taken  between  proper  limits. 

For  instance,  if  the  bounding  surface  be  a  sphere,  whose 
centre  is  the  origin,  we  have 


2  = 
and  the  equation  becomes 


but 


[  ./a'-r8  r  dr  =  -  $  (a2  -  r2)*. 


Hence,  if  V  denote  the  volume  included  between  the 
sphere  and  the  exterior  surface  of  the  cylinder,  we  shall  have 


where  we  suppose   each  radius  of  the  sphere  to  out    the 
cylinder  in  but  one  point. 

For  example,  let  the  base  of  the  cylinder  bo  the  pedal  of 
in  ellipse  whose  major  axis  coincides  with  a  diameter  of  the 
iphere;  then 

V  =  «2cos20  +  &2sin20, 

and  V=(?  -&** sin3 0</0. 
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If  this  be  integrated  between  the  limits  o  and  -  we  get 
the  £th  of  the  entire  volume ;  hence  the  entire  volume 

r=-(«2-&2)3. 

EXAMPLES. 

1.  A  sphere  is  cut  by  a  right  cylinder,   the  radius  of  whose  base  is  half  that 
of  the  sphere,  and  one  of  whose  edges  passes  through  the  centre  of  the  sphere  ; 
find  the  volume  common  to  both  surfaces. 

2V  a3      8aS 
Ans. ,  a  being  the  radius  of  the  sphere. 

2.  If  the  base  of  the  cylinder  be  the  complete  curve  represented  by  the 
equation  r  =  a  cos  nd,  where  n  is  any  integer,  find  the  volume  of  the  solid  be- 
tween the  surface  of  the  sphere  and  the  external  surface  of  the  cylinder. 

187.  It  is  readily  seen,  as  in  Art.  141,  that  the  volume  in- 
cluded within  the  surface  represented  by  the  equation 


^d1   b*   c, 
is  abc  x  the  volume  of  the  surface 

F(x,  y,  z)  =  o. 

For,  let  -  =  aft    T  =  t/>    ~~  =  2/»  an(^  we  8na^  have 

zdxdy  =  abcz'  dx'dy'y 
and  .-.  J  J zdxdy  =  abc  \\z' dx  dif  \ 

which  proves  the  theorem. 

Hence,  for  example,  the  determination  of  the  volume  of 
an  ellipsoid  is  reduced  to  that  of  a  sphere. 

Again,  if  the  point  (x,  y,  z}  move  along  a  plane,  the  cor- 
responding point  (x'y  yf,  z'}  will  describe  another  plane.  From 
this  property  the  expression  for  the  volume  of  an  ellipsoidal 
cap  (Art.  182)  can  be  immediately  deduced  from  that  of  a 
spherical  cap  (Art.  170). 

[18  a] 
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In  like  manner  the  volume  included  between  a  cone  en- 
veloping an  ellipsoid  and  the  stirface  of  the  ellipsoid  is  reducible  to 
the  corresponding  volume  for  a  sphere. 

1 88.  Quadrature  on  the  Sphere. — We  next  propose 
to  give  a  brief  discussion  of  quadrature  on  a  sphere,  and 
commence  with  the  results  on  the  subject  usually  given  in 
treatises  on  Spherical  Trigonometry.  In  the  first  place, 
since  the  area  of  a  lune  is  to  that  of  the  entire  sphere  as  the 
angle  of  the  lune  to  four  right  angles,  the  area  of  a  lune  of 
angle  A  is  represented  by  2R*A  ;  whore  R  is  the  radius  of 
the  sphere,  and  A  is  expressed  in  circular  measure. 

Again,  the  area  of  a  spherical  triangle  ABC  is  expressed 
by  It?  (A  +  B  +  C  -  IT)  ;  for,  the  sum  of  the  three  lunes 
exceeds  the  hemisphere  by  twice  the  area  of  the  triangle,  as 
is  easily  seen  from  a  figure. 

Hence,  it  readily  follows  that  the  area  S  of  a  spherical 
polygon  of  n  sides  is  represented  by 

S  =  RZ{A  +  B  +  C  +  &e.  -  («  -  2)71-}; 

A,  B,  C,  &c.,  being  the  angles  of  the  polygon. 

This  result  admits  of  being  expressed  in  terms  of  the 
sides  of  the  polar  polygon  ;  for,  representing  these  sides  by 
a',  b',  c't  &c.,  we  have 

.     A  =  TT  -  «',     B  =  TT  -  i',  &o., 
and  consequently 

S  =  &{2Tr-((t  +  V  +  c'  +  &o.)}. 
Or,  denoting  the  perimeter  of  the  polar  figure  by  S, 

2  +  RS  =  zirR*.  (6) 

This  proof  is  perfectly  general,  and  holds  in  the  limit, 
when  the  polygon  becomes  any  curve ;  and,  accordingly,  the 
area  bounded  by  any  closed  spherical  curve  is  connected  with 
the  perimeter  of  its  polar  curve  by  the  relation  (6). 

Again,  the  spherical  area  bounded  by  a  lesser  circle 
(Art.  170)  admits  of  a  simple  expression.  If  p  denote  the 
circular  radius  of  the  circle,  or  the  arc  from  its  pole  to  its 
circumference,  the  area  in  question  is  represented  by 

27T  R*(l  -  008 /o)  J 
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for  (see  fig.  Art.  1 70)  we  have 
AN=AC- 


This  result  also  follows  immediately  as  a  simple  case  of 
equation  (6). 

Again,  the  area  bounded  by  the  lesser  circle  and  by  two 
arcs  drawn  to  its  polo  is  plainly  represented  by 

where  a  is  the  circular  measure  of  the  angle  between  the  arcs. 

We  can  now  find  an  expression  for  the  aroa  bounded  by 
any  closed  curve  on  a  sphere ;  for 
the  position  of  any  point  P  on  the 
surface  can  be  expressed  by  means 
of  the  arc  OP  drawn  to  a  fixed, 
point,  and  of  the  angle  POX  x-| 
between  this  arc  and  a  fixed  arc 
through  0.  These  are  called  the 
polar  co-ordinates  of  the  point,  and 
are  analogous  to  ordinary  polar 
co-ordinates  on  a  plane. 

Now,  let  OP  =  p,  and  POX  =  w ; 
then  any  curve  on  the  sphere  may  be  supposed  to  be  expressed 
by  a  relation  between  p  and  w. 

Again,  suppose  OQ  to  represent  an  infinitely  near  vector, 
and  draw  Pit  perpendicular  to  OP;  then,  neglecting  in 
the  limit  the  area  PQR,  the  elementary  area  OPQ  by  the 
preceding  is  represented  by 

R*  ( i  -  cos  p)  da. 

Hence  the  area  bounded  by  two  vectors  from  0  is 
expressed  by  the  integral  IF  (i  -  cos  p)  dm,  taken  between 

suitable  limits. 

If  the  curve  be  closed,  the  entire  superficial  area  becomes 

(i  -  cos  p)  (/<•». 

The  value  of  cos  p  in  terms  of  <o  is  to  be  determined  in 
each  case  by  means  of  the  equation  of  the  bounding  curve. 


area 
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fJir 

The  integral  R*       cos  p  da  obviously  represents  the 

Jo 

included  between  the  closed  curve  and  tlie  great  circle  which 
has  0  for  its  pole. 

The  length  of  the  curve  can  also  be  represented  by  a 
definite  integral  ;  for,  regarding  PllQ  as  ultimately  a  right- 
angled  triangle,  we  have  in  the  limit, 


PI?  +  MQZ  :  also  PR  = 
Hence  ds*  =  dr1  +  sin     o?w 


or 


rr.    fdfl\\ 

as  =  di»  A  sm2/o  -f    -f-    > 
\  \dwj 

'.  s  =     dd)    I  sin'/o 


Again,  it  is  manifest  from  (6)  that  the  determination  of 
the  length  of  any  spherical  curve  is  reducible  to  finding  the 
area  of  its  polar  curve,  and  vice  versd. 


EXAMPLES. 

I.  Find  the  area  of  the  portion  of  the  surface  of  a  sphere  which  is  inter- 
cepted by  a  right  cylinder,  one  of  whose  edges  passes  through  the  centre  of  the 
sphere,  and  the  radius  of  whose  base  is  half  that  of  the  sphere. 

Here,  the  equation  of  the  base  may  be  written  in  the  form  r  =  It  sin  «, 
H  being  the  radius  of  the  sphere,  and  u>  being  measured  from  the  tangent  to  the 
circular  base. 

Again,  from  the  sphere  we  have  r  =  R  ainp  ;  .•.  p  =  «  is  the  equation  of 
the  curve  of  intersection  of  the  sphere  and  the  cylinder ;  hence  the  area  in 
question  is 


This  being  doubled  gives  the  whole  intercepted  area  =  iirR*  -  4/J*. 

This  is  the  celebrated  Florentine  enigma,  proposed  by  Vincent  Viviani  as  a 
challenge  to  the  Mathematicians  of  his  time,  in  the  following  form  : — "  Inter 
venerabilia  olim  Gneciaj  monumenta  extat  adhuc,  perpetuo  quidem  duraturum, 
Temphun  augustissimum  ichnographia  circular!  Almse  Geometrise  dicatum,  quod 
Testudine  intus  perf  ecte  hemisphserica  operitur :  sed  in  hac  f  enestrarum  quatuor 
sequales  arese  (circum  ac  supra  basin  hemisphserae  ipsius  dispositarum)  tali  con- 
£guratione,  amplitudine,  tantaque  industria,  ac  ingenii  acumine  sunt  exstructse, 
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ut  his  detractis,  superstes  curva  Testudinis  superficies,  pretioso  opere  musivo 
ornata,  Tetragonismi  vere  geometric!  sit  capax."  —  Acta  Eruditorum,  Leipsic,  1692. 
[See  Montucla,  Histoire  des  Mathematiques,  tome  ii.,  p.  94.] 

In  general,  if  r  =/(«)  be  the  equation  of  the  base  of  a  cylinder,  it  is  easily 
seen  that  the  equation  of  the  curve  of  ita  intersection  with  the  sphere  may  be 
written  in  the  form  R  sin  p  =/(w). 

For  example,  let  the  diameter  of  the  right  cylinder  be  less  than  half  that 
of  the  sphere  ;  then  writing  the  equation  of  the  base  in  the  form  r  —  a  sin  u, 
where  a  is  the  diameter  of  the  section,  we  get  .R  sin  p  —  a  sin  w,  or  sin  p  =  K  sin  CD 
(where  K  is  <  i),  as  the  equation  of  the  curve  of  intersection  of  the  sphere  and 
the  cylinder. 

Hence  the  intercepted  area  is  denoted  by 


Hence  the  area  in  question  depends  on  the  rectification  of  an  ellipse. 

2.  Find  the  area  of  the  portion  of  the  surface  of  the  cylinder  intercepted  by 
the  sphere,  in  the  preceding. 

Here  the  area  in  question  is  easily  seen  to  be  represented  by  2  J  zds,  where 
ds  denotes  the  element  of  the  curve  which  forms  the  base,  corresponding  to  the 
edge  z. 

Now  (i),  when  the  diameter  of  the  base  is  equal  to  the  radius  of  the  sphere, 
we  have 

z  =  R  cos  «,  and  ds  =  £da>  ; 

JT 

{a 
cos  o>d<a  =  4-K2  ;  i.e.  the  square  of  the  diameter  of 
o 
the  sphere. 

2.  When  the  diameter  is  less  than  the  radius  of  the  sphere, 
2  \zds  =  2a\  \/JR*  -atsaPtodw  =  2aR    */  I  -  K?  sin3  co  du>  ;  .'.  &c. 

189.  Quadrature  of  Surfaces.  —  In  seeking  the  area 
of  a  portion  of  any  surface  we  regard  it  as  the  limit  of  a 
number  of  infinitely  small  elements,  each  of  which  is  con- 
sidered as  a  portion  of  a  plane  which  is  ultimately  a  tangent 
plane  to  the  surface.  Now  let  dS  denote  such  an  element  of 
the  superficial  area,  and  da  its  projection  on  a  fixed  pjane 
which  makes  the  angle  9  with  the  plane  of  the  element;  then,  , 
from  elementary  geometry,  we  shall  have 

d(T  =  cos  QdSy  or  dS  =  eeoOda. 


Hence  S  =    sec  Od<r, 

taken  between  suitable  limits. 
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The  applications  of  this  formula  usually  involve  double 
integration,  and  are  generally  very  complicated  ;  there  is, 
however,  one  mode  by  which  the  determination  of  the  area  of 
a  portion  of  a  surface  can  be  reduced  to  a  single  integration, 
and  by  whose  aid  its  value  can  in  some  cases  be  found  ;  viz., 
by  supposing  the  surface  divided  into  zones  by  a  system*  of 
curves  along  each  of  which  the  angle  61  between  the  tangent 
plane  and  a  fixed  plane  is  constant ;  then,  if  dS  denote  the 
superficial  area  of  the  zone  between  the  two  infinitely  near 
curves  corresponding  to  the  angles  0  and  6  +  dO  ;  and,  if  dA 
be  the  projection  of  this  area  on  the  fixed  plane,  we  shall 
have  dS  =  sec  OdA. 

If  we  suppose  the  surface  referred  to  a  rectangular 
system  of  axes,  the  fixed  plane  being  that  of  xy  ;  and 
adopting  the  usual  notation,  if  we  take  A,  ju,  v  as  the  direction 
angles  of  the  normal  at  any  point  on  the  surface,  we  get 
for  dS,  the  area  of  the  zone  between  the  curves  corresponding 
to  v  and  v  +  dv,  the  equation 

dS  =  sec  vdA, 

where  A  denotes  the  area  of  the  projection  on  the  plane  of 
xy  of  the  closed  curve  defined  by  the  equation  v  =  constant. 

Now  whenever  we  can  express  the  area  A  in  terms  of  v 
and  constants,  then  the  area  of  a  portion  of  the  surface, 
bounded  by  two  curves  of  the  system  in  question,  is  reducible 
to  a  single  integration. 

The  most  important  applications  of  this  method  are 
furnished  by  surfaces  of  the  second  degree,  to  which  we 
proceed  to  apply  it,  commencing  with  the  paraboloid. 

190.  ftnadraturc  of  the  Paraboloid. — Writing  the 
equation  of  the  surface  in  the  form 


*  This  method  has  been  employed  in  a  more  or  less  modified  form  by 
M.  Catalan,  Liouville,  tome  iv.,  p.  323,  by  Mr.  Jellett,  Camb.  and  Dub.  Math. 
Journal,  vol.  i.,  as  also  bv  other  writers.  The  curves  employed  are  called 
parallel  curves\>y  M.  Lebesgne,  Liouville,  tome  ii.,  p.  332,  and  Curven  itokliner 
Normalen,  by  Dr.  Schlomilch. 
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the  equation  of  the  tangent  plane  at  the  point  (.r,  y,  s)  is 


p          q 

where  X,  Y,  Z  are  the  co-ordinates  of  any  point  on  the  plane. 
Comparing  this  with  the  equation 

X  COS  A  +    Y  COS  yu  +  Z  COS  V  =  P, 

\        x  v 

we  get          cos  A  =  —  cos  v,    cos  u  =  -  -  cos  v  : 
p  q 

substituting  in  the  identical  equation 

COS2  A  +  COS2yU  -f  COS2  V  =   I, 

we  get  -r  +  -1  =  tan2v.  (7) 

p       q  \  /  / 

Consequently  tho  curve  along  which  the  tangent  plane 
makes  the  angle  v  with  the  tangent  plane  at  the  vertex  is 
projected  on  that  plane  into  the  ellipse 

-z  4  —,=  tan2v. 
p       q 

The  area  A  of  this  ellipse  is  irpqiorfv ;  accordingly,  we 
have 

dA  =  wpqd(itm*v) ; 
.'.  dS  =  irpq  sec  vd  (tan2  v)  =  irpq  sec  vd(&QGlv)  ; 

hence  the  area  of  the  paraboloidal  cap  bounded  by  the  curve 
v  =  o  is 

irpq      secvc?(sec2v)  =  f  irpq  (sec*  a  -  i). 

Also  the  area  of  the  belt*  between  the  curves 

v  -  a  and  v  =  a  is  %irpq(sec3a  -  sec3 a).  (8) 


*  This  form  for  the  quadrature  of  a  paraboloid  is,  I  believe,  due  to  Mr.  Jellett: 
see  Camb.  and  I)ub.  Math.  Journal,  vol.  i.  p.  65.  The  proof  given  .above  is  in 
a  great  measure  taken  from  Mr.  AlLman's  paper  in  the  Quarterly  Journal,  already 
referred  to. 
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191.   <iu  a  drat  ii  re   of  the    Ellipsoid.  —  Proceeding  in 
like  manner  to  the  ellipsoid 


*     y*     22 

-=  +  7=  +  -=  =  I, 

a*     V     c2 


the  equation  of  the  tangent  plane  at  the  point  (x,  y,  2)  is 


Xx      Yy     Z* 

_    4.         "    4.   __   _    » 

«          T^         ,»         T          —     —      1. 

a?        b*       <? 


Hence,  comparing  with  the  equation 

X  cos  A  +  Y  cos  n  +  Z  cos  v  =  Pt 

we  get 

c2  x  c2  v 

cos  X  =  —  -  cos  v.       cos  u  =  ——  cos  v. 

O2  2  ft2  * 

Hence,  we  have 

c*  Ac*     i/2  \ 

008*  I/ -T^  I  -7+  77  )  =  COS2  A  +  C082U  =  BUI*!/  J 

*  \a*     o*/ 

or8      v2        22 

or,  substituting  i ;  -  ^-,  f or  -, 

or      o'        <r 

-.  [  d1  sin*v  +  c*  coslv  )  +  TT  (  ft*  sin'v  +  c*  cos2v  ]  =  sinsv. 
<*\  /      *4\  / 

This  shows  that  the  projection  on  the  plane  of  xy  of 
a  curve  along  which  v  =  constant  is  an  ellipse. 
Again  the  area  A  of  this  ellipse  is 


(a2  sin2i/  +  c2  coszv)4  (62  sin2  v  +  c*  cos2  v)*' 

and   accordingly,   the  area  dA   of  the  elementary  anuulus 
between  two  consecutive  ellipses  is 

dv  \  (a*  sin*  v  +  c2  cos2  v)i  (ft2  sin'r  +  c*  cos*  v)i) 

The    corresponding  elementary  ellipsoidal    zone   dS  is 
represented  by 

d  (  sin'v  ) 

av. 


cos  v  dv  \  (a2  sin2v  +  <?  cos2  v)i  (62  sin2  v  +  c9  cos2 
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Now,  if  S  denote  the  superficial  area*  between  two 
curves  corresponding  to  v  =  a  and  v  =  a',  after  one  or  two 
reductions,  it  is  easily  seen  that 


where      / 


(/+/')»  (9) 

sin  v  dv 


sni;  +  Ccosv*  a  snv 


-f 

Jo- 

T,  _  f* sin  v  dv 

=  J  a  (a2  sin2v  +  c2  cos2  »)t  (62  sin2  v  +  c2  cos2i/)i' 

It  is  easily  shown  that  the  former  of  these  integrals  is 
represented  by  an  arc  of  an  ellipse,  and  the  latter  by  an  arc 
of  a  hyperbola  ;  it  being  assumed  that  a  >  b  >  c. 

For,  assuming  a2  -  <?  =  »V,  and  b2  -  c*  =  We"1,  and 
making  cos  v  «=  X,  we  get 


r=_LT'_ 

HPJ.0..  ('  - 

.     fcos  a 

r=_L 


dx 


dx 


Again,  let  ex  =  sin  B  in  the  former  integral,  and  ex  =  sin  6 
in  the  latter,  and  we  get 


Now,  since  e  >  e,  the  former  integral  represents  an 
arc  of  an  ellipse,  and  the  latter  an  arc  of  a  hyperbola.  (See 
Ex.  19,  p.  249). 

*  This  form  for  the  quadrature  of  an  ellipsoid  is  given  by  Mr.  Jellett  in 
the  memoir  already  referred  to.  He  has  also  shown  that  the  ellipse  and  the 
hyperhola  in  question  are  the  focal  conies  of  the  reciprocal  ellipsoid ;  a  result 
which  can  be  easily  arrived  at  from  the  forms  of  I  and  /'  given  above. 

For  application  to  the  hyperboloid,  and  further  development  of  these  results, 
the  student  is  referred  to  Mr.  Jellett' s  memoir. 
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192.  Integration  over  a  Closed  Surface.  —  We  shall 
conclude  this  Chapter  with  the  consideration  of  some  general 
formulae  in  double  integration  relative  to  any  closed  surface. 
We  commence  by  adopting  the  same  notation  as  in  Art.  189, 
where  X,  /u,  v  are  taken  as  the  angles  which  the  exterior 
normal  at  the  element  dS  makes  with  the  positive  directions 
of  the  axes  of  x,  y,  z,  respectively. 

Again,  let  each  element  of  the  surface  be  projected  OL 
the  plane  of  zy,  and  suppose*  for  simplicity  that  each  z  ordi- 
nate  meets  the  surface  in  but  two  points  :  then,  if  the  indefi- 
nitely Email  cylinder  standing  on  any  element  dA  in  the 
plane  of  xy  intersects  the  surface  in  the  two  elementary  por- 
tions dSi  and  dSt  (where  dSi  is  the  upper,  and  dSt  the  lower 
element),  and  if  v:  and  v2  be  the  corresponding  values  of  v,  it 
is  plain  that  vi  is  an  acute,  and  vt  an  obtuse  angle,  and  we 
have 

dA  =  cos  vidSi  =  —  cos  i/2e?/S2. 


Hence,  if  we  take  into  account  all  the  elements  of  the  surface, 
attending  to  the  sign  of  cos  v,  we  shall  have 

J/cos  vdS  =  o. 
In  like  manner  we  get 

J/cosArf/S  =  o,  and  J/cos)urf/S  =  o; 

the  integrals  extending  in  each  case  over  the  whole  of  the 
closed  curve 

These  formula)  are  comprised  in  the  equation 

//  (a  cos  A  +  /3  cos  fi  +  y  cos  i>)  dS  =  o.  (  i  o) 

Again,  if  s,  and  s2  be  the  values  of  z  corresponding  to  the 
element  dA,  then,  denoting  by  dVilie  element  of  volume 
standing  on  dA  and  intercepted  by  the  surface,  we  plainly 
have 


dV  '  =  (si  -  z,)dA  =  zidSi  cos  vt  +  z2dS2  cos  i»2, 

•  It  it  easily  seen  that  this  and  the  following  demonstrations  are  perfectly 
general,  inasmuch  as  each  ordinate  must  meet  a  closed  surface  in  an  even  number 
of  points,  which  may  be  considered  in  pairs. 
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and  the  sum  of  all  such  elements,  that  is,  the  whole  volume, 
is  evidently  represented  by 

JJz  cos  vdS. 
Hence,  denoting  the  whole  volume  by  F,  we  have 

F  =  JJ#  cosXdS  =  JJy  cos pdS  =  JJzcos vdS ; 

the  integrals,   as  before,   being   extended   over  the   entire 
surface. 

Again,  it  is  easily  seen  that  we  have 

JJ#  coavdS  =  o,    JJy  cosi^/$  =  o,    //  x  cosfidS  =  o, 
JJ  y  coa\dS  =  o,    JJ  z-cos  A dS  =  o,    JJ  s  cos  ju^/S'  =  o. 

For,  as  in  the  first  case,  it  readily  appears  that  the  elements 
are  equal  and  opposite  in  pairs  in  each  of  these  integrals. 
These  results  are  comprised  in  the  equation 

JJ '(ax  +  fty  +  jz)  (a  cos  X  +  j3'  cos  /t  4  y'  cos  v)  dS 

=  (««'  +  0/3'  +  77')  F.     (") 
For  a  like  reason,  we  have 

J/zy  COSvfl?$=  O,      J/2flJ  C03f*dS  =  O,      f  I  y*  QOB\dS'*  O. 

Also         JJV  cos  vc?/Sf  =  o,    JJ  #*  oospdS  =  o,  &o. 
Next,  let  us  consider  the  integral 
JJ#s  vosvdS. 

This  integral  is  equivalent  to  JJtfrfF;  consequently,  if 
5,  y,  z,  be  the  co-ordinates  of  the  centre  of  gravity_of  the 
enclosed  volume  F,  we  get  JJ  xz  cos  vdS  =  \\xd  F  =  #F;  in 
like  manner  J  J  xz  cos  A  dS  =  I  F. 

Again,  the  integral 

J  J  s2  cos  v  dS 
consists  of  elements  of  the  form  (z*  -  s22)  dA  ;  but 

(S,  +  *a)  (Z.  -  22)  rf-4 
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But  the  8  ordinate  of  the  centre  of  gravity  of  dV  is 
plainly  — 2,  and  consequently 


In  like  manner  it  can  be  shown  that 

JJV  cos  A  dS  =  2x  V,    /  J  y2  cos  pdS  =  zy  V. 
Accordingly  we  have 

Vx  =  i/JV  GOsXdS  =  \\xy  cosfjidS  =  \\xz  cos  vdS, 
Vy  =  \\yx  oosXdS  —  \  f$y2QOS[JidS  =  ffi/zcosvdS) 
Vz  =  //  zx  cos  XdS  =  J/ay  cosfjidS  =  -j/Ja2  cos  vdS. 

193.  Expression  for  Volume  of  a  Closed  Surface. 

—Next,  if  we  suppose  a  cone  described  with  its  vertex 
at  the  origin  0,  and  standing  on  the  elementary  base  dS, 
its  volume  is  represented  (Art.  169)  by  %pdS,  where  p  is  the 
length  of  the  perpendicular  drawn  from  0  to  the  tangent 
plane  at  the  point. 

Also,  if  r  be  the  distance  of  0  from  the  point,  and  y  the 
angle  which  r  makes  with  the  internal  normal,  we  have 
p  =  r  cos  y. 

Hence  the  elementary  volume  is  equal  to  %r  cosydS,  and 
it  is  easily  seen  that  if  we  integrate  over  the  entire  surface, 
the  enclosed  volume  is  represented  by 

•J-/JV  ooBydS. 

1 94.  Again,  if  we  suppose  a  sphere  of  unit  radius  described 
with  0  as  centre,  and  if  dw  represent  the  superficial  portion 
of  this  sphere  intercepted  by  the  elementary  cone  standing  on 
dS,  then  it  is  easily  seen  that  cosydS  =  i*dv\ 

_  cos  y  dS 

Now  if  0  be  inside  the  closed  surface,  and  the  integral 
be  extended  over  the  entire  surface,  it  is  plain  that  //  di»  =  4?r, 
being  the  surface  of  the  sphere  of  radius  unity ; 

'coBydS 
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Again,  if  0  be  outside  the  surface,  the  cone  will  out  the 
surface  in  an  even  number  of  elements,  for  which  the  values 
of  cos  y  will  be  alternately  positive  and  negative,  and,  the 
corresponding  elements  of  the  integral  being  equal  but  with 
opposite  signs,  their  sum  is  equal  to  zero,  and  we  shall  have 

cos  y  dS 


If  0  be  situated  on  the  surface,  it  follows  in  like  manner 
that 

(J^Irffl-2,. 

Hence,  we  conclude  that 

dS  =  4?r,  27T,  or  o,  (12) 


according  as  the  origin  is  inside,  on,  or  outside  the  surface. 

The  multiple  integrals  introduced  into  this  and  the  two 
preceding  Articles  are  principally  due  to  Gauss. 

The  student  will  find  some  important  applications  of 
this  method  in  Bertrand's  Gale.  Int.,  §§  437,  455,  456, 
476,  &o. 
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EXAMPLES. 

1.  A  sphere  of  15  feet  radius  is  cut  by  two  parallel  planes  at  distances  of 
3  and  7  feet  from  its  centre  ;  find  the  superficial  area  of  the  portion  of  the  sur- 
face included  between  the  planes  approximately.  Ant.  376.9908  sq.  feet. 

2.  Being  given  the  slant  height  of  a  right  cone,  find  the  cosine  of  half  its 
vertical  angle  when  its  volume  is  a  maximum.  I 

Ans.    —  =. 

V3 

3.  Prove  that  the  volume  of  a  truncated  cone  of  height  h  is  represented  by 

—  (#4  -Rr  4  r2), 

where  R  and  >•  are  the  radii  of  its  two  bases. 

4.  A  cone  is  circumscribed  to  a  sphere  of  radius  7?,  the  vertex  of  the  cone 
being  at  the  distance  I)  from  the  centre  ;  find  the  ratio  of  the  superficial  area  of 
the  cone  to  that  of  the  sphere.  D-  -  JJ* 

Ans. 


5.  Two  spheres,  A  and  S,  have  for  radii  9  feet  and  40  feet  ;  the  superficial 
area  of  a  third  sphere  C  is  equal  to  the  sum  of  the  areas  of  A  and  Ji  ;  calculate 
the  excess,  in  cubic  feet,  of  the  volume  of  G  over  the  sum  of  the  volumes  of  A 
and  B.  Ana.  17558. 

6.  If  any  arc  of  a  plane  curve  revolve  successively  round  two  parallel  axes, 
show  that  the  difference  of  the  surfaces  generated  is  equal  to  the  product  of  the 
length  of  the  arc  into  the  circumference  of  the  circle  described  by  any  point  on 
either  axis  turning  round  the  other. 

If  the  axes  of  revolution  lie  at  opposite  sides  of  the  curve,  the  sum  of  the 
surfaces  must  bo  taken  instead  of  the  difference. 

7.  Find,  in  terms  of  the  sides,  the  volume  of  the  solid  generated  by  the 
complete  revolution  of  a  triangle  round  its  side  e. 

Ant.  4*  «(*-«)(*-*)(*-«) 
3  o 

8.  Apply  Guldin's  theorem  to  determine  the  distance,  from  the  centre,  of  the 
centre  of  gravity,  (  i  )  of  a  semicircular  area  ;  (2)  of  a  semicircular  arc. 


9.  If  a  triangle  revolve  round  any  external  axis,  lying  in  its  plane,  find  an 
expression  for  the  area  of  the  sui-face  generated  in  a  complete  revolution. 

10.  Prove  that  the  volume  cut  from  the  surface 

«"  =  Ax*  4  By9 

by  any  plane  parallel  to  that  of  xy,  is  -  th  part  of  the  cylinder  standing  on 
the  plane  section,  and  terminated  by  the  plane  of  xy. 
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11.  A  cone  is  circumscribed  to  a  sphere  of  23  feet  radius,  the  vertex  of  the 
cone  being  265  feet  distant  from  the  centre  of  the  sphere  ;  find  the  ratio  of  the 
superficial  area  of  the  cone  to  that  of  the  sphere. 

12,  The  axis  of  a  right  circular  cylinder  passes  through  the  centre  of  a 
sphere  ;  find  the  volume  of  the  solid  included  between  the  concave  surface  of  the 
sphere  and  the  convex  surface  of  the  cylinder. 

7TC3 

Ans.  — ,  where  c  is  the  length  of  the  portion  of  any  edge  of  the  cylinder 
intercepted  by  the  sphere. 

This  question  is  the  same  as  that  of  finding  the  volume  of  the  solid  generated 
by  the  segment  of  a  circle  cut  off  by  any  chord,  in  a  revolution  round  the 
diameter  parallel  to  the  chord. 


13.  Find  the  volume  of  the  solid  generated  by  the  revolution  of  an  arc  of  a 

circle  round  its  chord.  Ans.  2ira  |          +  °"'  Smg  -  ca}t 

3  J 

where  a  =  radius,  c  =  distance  of  chord  from  centre,  and  cos  o  =  -. 

a 

In  this  we  suppose  the  arc  less  than  a  semicircle  :  the  modification  when  it 
is  greater  is  easily  seen. 

14.  If  the  ellipsoid  of  revolution, 
and  the  hyperboloid 


i2     ' 

be  cut  by  two  planes  perpendicular  to  the  axis  of  revolution,  prove  that  the 
zones  intercepted  on  tlie  two  surfaces  are  of  equal  area. 

15.  Find  the  entire  volume  bounded  by  the  positive  sides  of  the  three  co- 
ordinate planes,  and 

abc 
'  l>  *'  g^' 

1 6.  Find  the  volume  of  the  surface  generated  by  the  revolution  of  an  arc  of 
a  parabola  round  its  chord ;  the  chord  being  perpendicular  to  the  axis  of  the 
curve. 

o 

Ans.  — irb-e,  where  e  is  the  length  of  the  chord,  and  b  the  intercept  made 

15 

by  it  on  the  diameter  of  the  parabola  passing  through  the  middle  point  of  the 
chord. 

17.  A  sphere  of  radius  r  is  cut  by  a  plane  at  distance  d  from  the  centre  ;  find 
the  difference  of  the  volumes  of  the  two  cones  having  as  a  common  base  the 
circle  in  which  the  plane  cuts  the  sphere,  and  whose  vertices  are  the  opposite 
ends  of  the  diameter  perpendicular  to  the  cutting  plane. 

Ans.  §*•<?•(»•*  -  d'2). 

[19] 
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iS.  Find  the  HTM  of  a  spherical  triangle ;  and  proTe  that  if  a  outre  traced 
on  a  sphere  have  for  its  equation  sin  A  =«  /(/),  X  denoting  latitude,  and  /  longi- 
tude, the  area  between  the  curve  and  the  equator  »  //(/)  J/. 

19.  Show  that  the  volume  contained  between  the  surface  of  a  hypwboloid 
of  one  sheet,  its  asymptotic  cone,  and  two  planes  parallel  to  that  of  the  voal 
axes,  is  proportional  to  the  distance  between  those  pianos. 

ao.  Find  the  entir*  volume  of  the  surface 


5« 7 

21.  The  vertex  of  a  cone  of  the  second  degree  is  in  the  surface  of  a  sphere, 
and  its  internal  axis  is  the  diameter  passing  through  its  vertex  ;  tiud  the  volume 
of  the  portion  of  the  sphere  intercepted  within  the  cone. 

22.  Prove  that  the  volume  of  the  portion  of  a  cylinder  intercepted  between 
any  two  planes  is  equal  to  the  product  of  the  area  of  a  perpendicular  section 
into  the  distance  between  the  centres  of  gravity  of  the  areas  of  the  bounding 
•actions. 

13    If  A  be  the  area  of  the  section  of  any  surface  made  by  the  plane  of  *y, 
provo,  us  in  Art  192,  that 

A  =  //ooarrfS, 

the  integral  being  extended  through  the  portion  of  the  surface  which  lies  above 
the  piano  of  xy. 

24.  If  a  right  couo  stand  on  an  ellipse,  prove  that  its  volume  is  represented 
by 


where  0  is  the  vertex  of  the  cone,  A  and  A'  the  extremities  of  the  major  axis 
of  the  ellipse,  and  a  is  the  semi-angle  of  the  cone. 

15.  In  the  same  case  prove  that  the  superficial  area  of  the  cone  is 
-  (OA  +  OA')  (OA  .  OA')*  sin  a. 
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CHAPTER  X. 

INTEGRALS     OF     INERTIA. 

195.  Integrals  of  Inertia. — The  following  integrals  are 
of  such  frequent  occurrence  in  mechanical  investigations, 
that  it  is  proposed  to  give  a  brief  discussion  of  them  in  this 
Chapter. 

If  each  element  ofthe  mass  of  any  solid  body  be  supposed 
to  be  multiplied  by  the  square  of  its  distance  from  any  fixed 
right  line,  and  the  sum  extended  throughout  every  element 
of  the  body,  the  quantity  thus  obtained  is  called  the  moment 
of  inertia  ofthe  body  with  respect  to  the  fixed  line  or  axis. 

Hence,  denoting  the  element  of  mass  by  dm,  its  distance 

from  the  axis  by  /;,  and  the  moment  of  inertia  by  /,  we  have 

/=  2p*dm.  (i) 

In  like  manner,  if  each  element  of  mass  of  a  body  be 
•multiplied  by  the  square  of  its  distance  from  a  plane,  the 
sum  of  such  products  is  called  the  moment  of  inertia  of  the 
body  relative  to  the  plane. 

If  the  system  be  referred  to  rectangular  axes   of  co- 
ordinates, then  the  expression  for  the  moment  of  inertia 
relative  to  the  axis  of  z  is  obviously  represented  by 
^(x*  +  y*}dm. 

Similarly,  the  moments  of  inertia  relative  to  the  axes  of 
x  and  y  are  represented  by  S  (y*  +  sz)  dm  and  S  (a?  +  s2)  dm, 
respectively. 

Again,  the  quantities  S#2«?w,  "2y*dm,  Sz2tfm,  are  the 
moments  of  inertia  of  the  body  with  respect  to  the  planes 
of  yz,  xz,  and  xy,  respectively.  Also  the  quantities  Sa?yd/w, 
'Szxdni,  Syzdm,  are  called  the  products  of  inertia  relative  to 
the  same  system  of  co-ordinate  axes. 

In  like  manner  the  moment  of  inertia  of  the  body  with 
reference  to  a  point  is  'Sr^dm,  where  r  denotes  the  distance  of 
the  element  dm  from  the  point.  Thus  the  moment  of  inertia 
relative  to  the  origin  is  S  (a?  +  y9  +  s2)  dm. 

[19  aj 
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196.  moments  of  Inertia  relative  to  Parallel 
Axes,  or  Planes. — The  following  result  is  of  fundamental 
importance: — The  moment  of  inertia  of  a  body  with  respect  to 
any  axis  exceeds  its  moment  of  inertia  icith  respect  to  a  parallel 
axis  drawn  through  its  centre  of  gravity,  by  the  product  of  the 
mass  of  Hie  body  into  the  square  of  the  distance  between  the 
parallel  fixes. 

For,  let  7  be  the  moment  of  inertia  relative  to  the  axis 
through  (ho  centre  of  gravity,  1'  that  for  the  parallel  axis, 
M  the  mass  of  the  body,  and  a  the  distance  between  the  axes. 

Then,  taking  the  centre  of  gravity  as  origin,  the  fixed 
axis  through  it  as  the  axis  of  z,  and  the  plane  through  the 
parallel  axes  for  that  of  zx,  we  shall  have 

/  =  S  («*  +  y*)  dm,     I'  =  S  { (x  +  a)2  +  y*}  dm. 
Hence  /'  -  /  =  2 a  ^xdm  +  a2  Srfw  =  alSf, 

since  ^xdm  =  o  as  the  centre  of  gravity  is  at  the  origin ; 

.-.  I'  =  I  +  a*M.  (2) 

Consequently,  the  mpment  of  inertia  of  a  body  relative  to 
any  axis  can  be  found  when  that  for  the  parallel  axis  through 
its  centre  of  gravity  is  known. 

Also,  the  moments  of  inertia  of  a  body  are  the  same  for 
all  parallel  axes  situated  at  the  same  distance  from  its  centre 
of  gravity. 

Again,  it  may  be  observed  that  of  all  parallel  axes  that 
which  passes  through  the  centre  of  gravity  of  a  body  has  the 
least  moment  of  inertia. 

It  is  also  apparent  that  the  same  theorem  holds  if  the 
moments  of  inertia  be  taken  with  respect  to  parallel  planes, 
instead  of  parallel  axes. 

A  similar  property  also  connects  the  moment  of  inertia 
relative  to  any  point  with  that  relative  to  the  centre  of 
gravity  of  the  body. 

In  finding  the  moment  of  inertia  of  a  body  relative  to 
any  axis,  we  usually  suppose  the  body  divided  into  a  system 
of  indefinitely  thin  plates,  or  lamina,  by  a  system  of  planes 
perpendicular  to  the  axis ;  then,  when  the  moment  of  inertia 
is  determined  for  a  lamina,  we  seek  by  integration  to  find 
that  of  the  entire  body. 
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197.  Radius  of  Gyration. —If  k  denote  the  distance 
from  an  axis  at  which  the  entire  mass  of  a  body  should  be 
concentrated  that  its  moment  of  inertia  relative  to  the  axis 
may  remain  unaltered,  we  shall  have 

Ml?  =  I=^p-dm.  (3) 

The  length  k  is  called  the  radius  of  gyration  of  the  body 
with  respect  to  the  fixed  axis. 

In  homogeneous  bodies,  which  shall  be  here  treated  of 
principally,  since  the  mass  of  any  part  varies  directly  as  its 
volume,  the  preceding  equation  may  be  written  in  the  form 

#F  =  S/dF, 

where  dV denotes  the  element  of  volume,  and  F"the  entire 
volume  of  the  body. 

Hence,  in  homogeneous  bodies,  the  value  of  k  is  indepen- 
dent of  the  density  of  the  body,  and  depends  only  on  its  form. 

We  shall  in  our  investigations  represent  the  moment  of 
inertia  in  the  form  j  _  •, r,  2 . 

and,  it  is  plain  that  in  its  determination  for  homogeneous 
bodies  ice  may  take  the  element  of  volume  for  the  element  of  mass, 
and  the  total  volume  of  the  body  instead  of  its  mass. 

Also,  in  finding  the  moment  of  inertia  of  a  lamina,  since  its 
radius  of  gyration  is  independent  of  the  thickness  of  the  lamina, 
we  may  take  the  element  of  area  instead  of  the  element  of 
mass,  and  the  total  area  of  the  lamina  instead  of  its  mass. 

198.  If  A  and  B  be  the  moments  of  inertia  of  an  infi- 
nitely thin  plate,  or  lamina,  with  respect  to  two  rectangular 
axes  OX,  OY,  lying  in  its  plane,  and  if  O  be  the  moment  of 
inertia  relative  to  OZ  drawn  perpendicular  to  the  plane,  we 

have  C-A  +  B.  (4) 

For,  we  have  in  this  case  A  =  Sy'cfrw,  B  =  HZx^dm,  and 
0  =  S  («•  +  y2}  dm. 

Again,  for  every  two  rectangular  axes  in  the  plane  of  the 
lamina,  at  any  point,  we  have 

'2lxidm  +  ^y1  dm  =  const. 

Hence,  if  one  be  a  maximum,  the  other  is  a  minimum,  and 
vice  versa. 

We  shall,  in  all  investigations  concerning  laminoo,  take  C 
for  the  moment  of  inertia  relative  to  a  line  perpendicular  to 
the  lamina. 
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199.    Uniform    Rod,     Rectangular    Lamina. — We 

commence  with  the  simple  case  of  a  rod,  the  axis  being  perpen- 
dicular to  its  length,  and  passing  through  either  extremity. 

Let  x  be  the  distance  of  any  element  dm  of  the  rod  from 
the  extremity ;  then,  since  the  rod  is  uniform,  dm  is  propor- 
tional to  dx,  and  we  may  assume  dm  =  ^dx:  hence,  the 
moment  of  inertia  /is  represented  by  /uS^cfo,  or  by 


a?dx, 

I 

where  /  is  the  length  of  the  rod. 

Hence  I  =  —  =  M  — . 

3  3 

If  the  axis  be  drawn  through  the  middle  point  of  the  rod, 
perpendicular  to  its  length,  the  moment  of  inertia  is  plainly 
the  same  for  eacli  half  of  the  rod,  and  we  shall  have  in  this  case 

7 -If-. 

12 

Next,  let  us  take  a  rectangular  lamina,  and  suppose  the 
axis  drawn  through  its  centre,  parallel  to  one  of  its  sides 

Here,  it  is  evident  that  the  lamina  may  be  regarded  as 
made  up  of  an  infinite  number  of  parallel  rods  of  equal 
length,  perpendicular  to  the  axis,  each  having  the  same 
radius  of  gyration,  and  consequently  the  radius  of  gyration 
of  the  lamina  is  the  same  as  that  of  one  of  the  rods. 

Accordingly,  we  have,  denoting  the  lengths  of  the  sides 
of  the  rectangle  by  2a  and  2b,  and  the  moments  of  inertia 
round  axes  through  the  centre  parallel  to  the  sides,  by  A  and 
By  respectively, 

A  -  - Mlf-     B  =- Ma~.  (5) 

3  3 

Hence  also,  by  (4),  the  moment  of  inertia  round  an  axis 
through  the  centre  of  gravity  and  perpendicular  to  the  plane 
of  the  lamina,  is 

-  M(a*  +  P).  (6) 

By  applying  the  principle  of  Art.  196  we  can  now  find 
its  moments  of  inertia  with  respect  to  any  right  line  either 
lying  in,  or  perpendicular  to,  the  plane  of  the  lamina. 
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200.  Rectangular  Parallelepiped. —  Since  a  parallel- 
epiped may  be  conceived  as  consisting  of  an  infinite  number 
of  laminae,  each  of  which  has  the  same  radius  of  gyration 
relative  to  an  axis  drawn  perpendicular  to  their  planes,  it 
follows  that  the  radius  of  gyration  of  the  parallelepiped  is 
the  same  as  that  of  one  of  the  laminae. 

Hence,  if  the  length  of  the  sides  of  the  parallelepiped  be 
20,  2&,  and  2c,  respectively;  and,  if  A,  B,  0 be  respectively 
the  moments  of  inertia  relative  to  three  axes  drawn  through 
the  centre  of  gravity,  parallel  to  the  edges  of  the  parallel- 
epiped, we  have,  by  the  last, 

A  =  ±M(b*  +  c*),    5- -If  («•  +  «»»),     0  =  -JK-(a«+if).        (7) 

j  O  «J 

201.  Circular    Plate,     Cylinder. — If    the    axis    be 
drawn  through  its  centre,  perpendicular  to  the  plane  of  a 
circular  ring  of  infinitely  small  breadth,  since  each  point  of 
the  ring  may  be  regarded  as  at  the  same  distance  r  from  the 
axis,  its  moment  of  inertia  is  r*dm,  where  dm  represents  its 
mass. 

Hence,  considering  each  ring  as  an  element  of  a  circular 
plate,  and  observing  that  dm  =  n2irrdr,  we  get  for  (7,  the 
moment  of  inertia  of  the  circular  plate  of  radius  a, 


pa 

C  =  2irfji      r3dr  = 

Jo 


7ira 

=  M  — . 

2 


Consequently,  the  moment  of  inertia  of  a  ring  whose 
outer  and  inner  radii  are  a  and  b,  respectively,  with  respect  to 
the  same  axis,  is 


2 

Again,  by  (4),  the  moment  of  inertia  of  a  circular  plate 

a2 
about  any  diameter  is  M—t  since  the  moments  of  inertia  are- 

4 
obviously  the  same  respecting  all  diameters. 

In  like  manner,  the  moment  of  inertia  of  a  ring  relative 
to  any  diameter  is 
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Also,  the  moment  of  inertia  of  a  right  cylinder  about  its 
axis  of  figure  is 


a  being  the  radius  of  the  section  of  the  cylinder. 

Again,  the  moment  of  inertia  relative  to  any  edge  of  tho 

cylinder  is  -  Ma*. 

202.  flight  Cone.  —  To  find  the  moment  of  inertia  of  a 
right  cone  relative  to  its  axis,  wo  conceive  it  divided  into  an 
infinite  number  of  circular  plates,  whoso  centres  lie  along  the 
axis  ;  and,  denoting  by  x  the  distance  of  the  centre  of  any 
section  from  the  vertex  of  the  cone,  and  by  a  the  semi-angle 
of  the  cone,  we  have 


*a  f* 
Jo 


IO 

where  h  is  the  height  of  the  cone,  and  I  the  radius  of  its  base. 
Hence,  since  by  Art.  1 69  the  volume  of  the  cone  is  -  6V*, 
we  have 


10 


(8) 


203.  Elliptic  Plate.  —  Next  let  us  suppose  the  lamina 
an  ellipse,  of  semi-axes  a  and  b  ;  and 
let  A  and  B  be  the  moments  of  inertia 
relative  to  these  axes,  respectively. 

Describe  a  circle  with  the  axis 
minor  for  diameter,  and  suppose  the 
lamina  divided  into  rods  by  sections 
perpendicular  to  this  axis.  Let  ff  be 
the  moment  of  inertia  for  the  circle  Fig.  47. 

round  its  diameter. 

Then,  denoting  by  dB  and  dff  the  moments  of  inertia  of 
corresponding  rods,  we  have 

dB  :  dB'  =  (tip)*  : 
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But  J3',  by  Art.  201,  is  -    — 


M 

Similarly,  A  =  —  i2. 

4 

Hence  the  moment  0  round  a  line  through  the  centre  of 
the  ellipse,  perpendicular  to  its  plane,  is 

f(«'  +  *2)-  (9) 

It  is  plain,  as  before,  that  the  expression  for  the  moment 
of  inertia  of  an  elliptical  cylinder  relative  to  its  axis  is  of  the 
same  form. 

204.  Sphere.  —  If  we  suppose  a  sphere  divided  into  an 
infinite  number  of  concentric  spherical  shells,  the  moment  of 
inertia  of  each  shell  is  plainly  the  same  for  all  diameters  ; 
and  accordingly,  representing  the  mass  of  any  clement  of  n 
shell  by  dm,  and  by  x,  y,  z  any  point  on  it,  we  have 

"S,x?dm  =  ^ifdm  =  Ss'cfrw. 
But  S  (a*  +  if  +  2*)  dm  =  S  r*  dm  ; 

.'.  J|«+f^)dbt--2r*<fai. 

O 

Hence,  (a)  the  moment  of  inertia  of  a  shell  whose  radius 

2 

is  r  with  respect  to  any  diameter  is  -  mrz,  where  in  repre- 

O 

sents  the  mass  of  the  shell. 

Again,  (i)for  a  solid  sphere  of  radius  J?,  since  the  volume 
of  an  indefinitely  thin  shell  of  radius  r  is  qirr^dr,  we  get 

SrV0  =  47r  f  r'dr  =  ±irR*  =  -  VR\ 

Jo  5  5 

When  this  is  substituted,  the  moment  of  inertia  of  a  solid 
homogeneous  sphere  relative  to  any  diameter  is  found  to  be 

-MR\  (10) 

0 
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205.  Ellipsoid.  —  Let  the  equation  of  an  ellipsoid  be 
a?      y*      z2 

_    4.    v        4.    _    _     f    • 

a*  +  P  +  * 

and  suppose  A,  B,  C  to  be  the  moments  of  inertia  relative  to 
the  axes  a,  b,  c,  respectively  ;  then 

C  =  /uS  («•  +  y')  dV  =  n      f  (a*  +  y' 


/M  ,*/ 

Now,  let  -  =  a?',    \  =  y',    -  =  2', 

060 

and  we  get 

0  =  nabc        (aV  +  6V)  dufdt/ctf, 


where  the  integrals  are  extended  to  all  points  within  the 
sphere 

x*  +  y"  +  /»  =  i. 
But,  by  the  last  example  we  have 

a"  dx'dy'dz'  =  f  [  [  y'*<M  duels'  =  -^  TT  ; 

A  jff 

/.  (7  =  —  Tr/uaic  (a2  +  6s)  =  —  (a2  +  &').  (i  i) 

*5  5 


In  like  manner, 


—  (b*  +  c*),    £  =  —(c*  +  a*). 

0  0 


It  should  be  remarked  that  the  moments  of  inertia  of  the 
ellipsoid  with  respect  to  its  three  principal  planes  are 

M  ,       Jf         M  , 

—  a*,     —  0  ,     —  c  ,  respectively. 
555 
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206.  Moments  of  Inertia  of  a  Lamina. — Suppose 
that  any  plane  lamina  is  referred  to  two  rectangular  axes 
drawn  through  any  origin  0,  and  that  a  is  the  angle  which 
any  right  line  through  0,  lying  in  the  plane,  makes  with  the 
axis  of  x ;  then,  if  /be  the  moment  of  inertia  of  the  lamina 
relative  to  this  line,  we  have 

/  =  lip* dm  =  2  (y  cos  a  -  x  sin  a)2 dm 

=  cos2 a  SyVw  +  sin2 a  S#2e?w  -  2  sin  a  cos  a  *5Lxydm 
=  a  cos2  a  +  b  sin*  a  -  2h  sin  a  cos  a ;  (12) 

where  a  and  b  represent  the  moments  of  inertia  relative  to 
the  axes  of  x  and  y,  respectively ;  and  h  is  the  product  of 
inertia  relative  to  the  same  axes. 

Again,  supposing  X  andiFto  be  the  co-ordinates  of  a  point 
taken  on  the  same  line  at  a  distance  jR  from  the  origin,  we 

X  Y 

get  cos  a  =  -57,  sin  a  =  -=7  ;  and,  consequently, 
./i  -/t 

IR*  =  aX*  +  bY*  -  2h  XY. 
Accordingly,  if  an  ellipse  be  constructed  whose  equation  is 

aX* +  bY*- 2hXY=  const,  (13) 

we  have 

IB?  =  const. ; 

and,  consequently,  the  moment  of  inertia  relative  to  any  line 
drawn  through  the  origin  varies  inversely  as  the  square  of 
the  corresponding  radius  vector  of  this  ellipse. 

The  form  and  position  of  this  ellipse  are  evidently  inde- 
pendent of  the  particular  axes  assumed  ;  but  its  equation  is 
more  simple  if  the  axes,  major  and  minor,  of  the  ellipse  had 
been  assumed  as  the  axes  of  co-ordinates.  Again,  since  in 
this  case  the  coefficient  of  XY  disappears  from  the  equa- 
tion of  the  curve,  we  see  that  there  exists  at  every  point  in 
a  body  one  pair  of  rectangular  axes  for  which  the  quantity 
h  or  'Sixydm  =  o. 

This  pair  of  axes  is  called  the  principal  axes  at  the 
point ;  and  the  corresponding  moments  of  inertia  are  called  the 
principal  momenta  of  inertia  of  the  lamina  relative  to  the  point. 


300  Integrals  of  Inertia. 

Again,  if  A  and  B  represent  the  principal  moments  of 
inertia,  equation  (12)  becomes 

/=  A  cos'a  +  B  sin'a.  (14) 

Hence,  for  a  lamina,  tlie  moment  of  inertia  relative  to 
any  axis  through  a  point  can  be  found  when  the  principal 
moments  relative  to  the  point  are  determined. 

The  equation  of  the  ellipse  (13)  becomes,  when  referred 
to  the  principal  axes, 

AX*  +  BY*  =  const. 

207.  mromental  Ellipse.  —  Since  the  moments  of  inertia 
for  all  axes  are  determined  when  those  relative  to  the  centre 
of  gravity  are  known,  it  is  sufficient  to  consider  the  case 
where  the  origin  is  at  the  centre  of  gravity.  With  reference 
to  this  case,  the  ellipse 

AX*  +  BY*  =  const.  (15) 

is  called  the  monicntftl  ellipse  of  the  lamina. 

Again,  if  two  different  distributions  of  matter  in  the 
same  plane  have  a  common  centre  of  gravity,  and  have  the 
same  principal  axes  and  principal  moments  of  inertia,  at 
that  point,  they  have  the  same  moments  of  inertia  relative  to 
all  axes. 

This  is  an  immediate  consequence  of  (14).  Hence  it  is 
easily  seen  that  the  moments  of  inertia  for  any  lamina  are 

the  same  as  for  the  system  of  four  equal  masses,  each  —  , 

placed  on  the  two  central  principal  axes,  at  the  four  dis- 
tances ±  a  and  ±  b,  from  the  centre  of  gravity,  where  a  and  b 
are  determined  by  the  equations 


Again,  if  two  systems  of  the  same  total  mass,  in  a  plane, 
have  a  common  centre  of  gravity,  and  have  equal  moments 
of  inertia  relative  to  any  three  axes,  through  their  common 
centre  of  gravity,  they  have  the  same  moments  of  inertia  for 
all  axes. 
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This  follows  immediately  since  an  ellipse  is  determined 
when  its  centre  and  three  points  on  its  circumference  are 
given. 

^  Again,  it  may  be  observed  that  the  boundary  of  an 
elliptical  lamina  may  be  regarded  as  the  momental  ellipse  of 
the  lamina. 

For,  if  /  be  the  moment  of  inertia  relative  to  any 
diameter  making  the  angle  a  with  the  axis  major,  we  have 

/  =  A  cos2o  +  B  sin2a. 
But,  by  Art.  203, 

A_M         n_M   ,. 

^L  —         u  ,       Jj  —         tt    J 

4  4 

M 

.*.  /=  —  (bz  cos2  a  +  az  sin2  a) 

M  ,  ,,/cos2a      sin2 a 

=  —  a  h  I J 

4 

Ma 


Hence  the  moment  of  inertia  varies  inversely  as  the  square 
of  the  semi-diameter  r ;  and,  consequently,  the  ellipse  may  be 
regarded  as  its  own  momental  ellipse. 

208.  Products  of  Inertia  of  lamina.— Suppose  the 
lamina  referred  to  its  principal  axes  at  a  point  0 ;  and  let  p 
and  q  be  the  distances  of  any  element  dm  from  two  axes, 
which  make  the  angles  a  and  /3  with  the  axis  of  x  ;  then  we 
have 

Spgdm  =  S  (y  cos  a  -  x  sin  a)  (y  cos  j3  -  x  sin  j3)  dm 
=  cos  a  cos  j3  '2yzdm  +  sin  a  sin  /3  ^x^dm 

-  sin  (a  +  /3)  ^xydm 
*=  A  cos  a  cos  )3  +  B  sin  a  sin  |3, 

since    A  =  2,1/dm,     B  =  '2xzdm,  and  ^xydm  =  o. 
Hence,  if  "Sipqdm  =  o,  we  have 

A  cos  a  cos  /3  +  B  sin  a  sin  j3  =  o, 

art 
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and  accordingly  the  axes  are  a  pair  of  conjugate  diameters 
of  the  momenta!  ellipse 

AX*  +  BY'  =  const. 

Hence,  if  two  laminse  in  the  same  plane  have  for  any  point 
two  pairs  of  axes  for  which  "Spqdm  =  o  and  *2>p'(fdm  =  o, 
they  have  the  same  principal  axes  at  the  point.  This  follows 
from  the  easily  established  property,  that  if  two  ellipses  have 
two  pairs  of  conjugate  diameters  in  common,  they  must  be 
similar  and  coaxal. 

209.  Triangular  JLanilna  and  Prism. — Suppose  a 
triangular  lamina,  whose  sides  are  a,  b,  c,  to  bo  divided  into 
a  system  of  rods  parallel  to  a  side  a  ; 
and  let  A  represent  the  moment  of 
inertia  relative  to  a  line  parallel  to 
the  side  a,  and  drawn  through  the 
opposite  vertex;  also  let  p  be  the 
perpendicular  of  the  triangle  on 
the  side  a,  and  x  the  distance  of  an 
elementary  rod  from  the  vertex ;  then  j.-  g 

we  have,  since  the  mass  dm  of  the 

ft/Vt 

elementary  rod  may  be  represented  by  /i  —  dx, 


p 

a  ff  ap*     M  , 

=  u  -      y?dx  =  u  —  =  — p*. 
Pjo  4        * 


In  like  manner,  let  B  and  C  be  the  moments  of  inertia 
relative  to  lines  drawn  through  the  other  vertices  parallel  to 
b  and  c  ;  and  let  q,  r  be  the  corresponding  perpendiculars  of 
the  triangle,  and  we  have 

B.*f,     o-*-* 

2*  2 

Again,  if  A0,  B0,  Co,  represent  the  moments  of  inertia 


Triangular  Lamina  and.  Prism.  308 

relative  to  three  parallels  to  the  sides,  drawn  through  the 
centre  of  gravity  of  the  lamina,  we  have,  by  (2), 


,  .        (16) 

Also,  if  Ai,  Si,  CH  be  the  moments  of  inertia  relative 
to  the  sides  a,  b,  c,  respectively,  it  follows,  in  like  manner, 
from  (2),  that 

A,  =  \Mp\     B^^Mq*,      0^-Mr\  (17) 

o  o  o 

Again,  it  is  readily  seen  that  the  values  of  A,  An,  A{)  &c., 
are  the  same  as  if  the  whole  mass  M  were  divided  into  three 
equal  masses,  placed  respectively  at  the  middle  points  of  the 
sides  of  the  lamina. 

Consequently,  by  Art.  207,  the  moments  of  inertia  of  the 
triangular  lamina  relative  to  all  axes  are  the  same  as  for 

M 

three  masses,  each  —  ,  placed  at  the  middle  points  of  the 

O 

sides  of  the  triangle. 

Hence,  if  /  be  the  moment  of  inertia  of  a  triangular 
lamina  with  respect  to  the  perpendicular  to  its  plane  drawn 
through  its  centre  of  gravity,  we  have 

I  =±M(ai  +  &  +  (?).  (18) 

This  expression  also  holds  for  the  moment  of  inertia  of  a 
right  triangular  prism  with  respect  to  its  axis* 

In  like  manner  the  moments  of  inertia  of  the  triangular 
lamina  relative  to  the  three  perpendiculars  to  its  plane, 
drawn  through  its  vertices,  are 


4      V  3/     4      V  37     4      V  3, 

and  the  same  expressions  hold  for  a  triangular  prism  relative 
to  its  edges. 

*  By  the  axis  of  a  prism  is  understood  the  right  line  drawn  through  its 
centre  of  gravity  parallel  to  its  edges. 
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210.  Iflomeutal  Ellipse  of  a  Triangle. — It  can   be 

shown  without  difficulty  that  the  ellipse  which  touches  at  the 
middle  points  of  the  sides 
may  be  taken  for  the  mo- 
mental  ellipse  of  the  triangle. 
For,  let  x,  y,  z  be  the 
middle  points  of  the  sides, 
and  it  is  easily  seen  that  o 
is  the  centre  of  this  ellipse ; 
also,  if  /,,  72,  /3  be  the 
moments  of  inertia  of  the 

lamina  relative  to  the  lines  a.r,  by,  cz,  respectively,  it  can  be 
readily  shown  from  (17),  that  we  have 


xY  '  (by)*  '  («)' 
i  i  i 


Accordingly,  by  Art.  207,  the  ellipse  xyz  may  be  taken  for 
the  momental  ellipse  of  the  lamina. 

211.  TetralieilroflC-^-If  ar-solid  tetrahedron  be  supposed 
divided  into  thin  laminee  parallel  to  one  of  its  faces,  and  if 
A,  S,  Ct  D  represent  its-moments  of  inertia  with  regard 
to  the  four  planes  drawn  respectively  through  its  vertices 
parallel  to  its  faces ;  then,  denoting  the  areas  of  the  corre- 
sponding faces  by  «,  b,  c,  d,  and  the  corresponding  perpen- 
diculars of  the  tetrahedron  by  p,  q,  r,  s,  respectively,  it  is 
easily  seen,  as  in  Art.  209,  that  we  shall  have 

x* 
P* 


5        5 
In  like  manner  we  have 


B  =  -  J///,      0  =  -  M  r2,     D  =  ^ 
555 


Solid  Ring. . 
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Again,  if  A0,  B^  C0,  DQ  be  the  corresponding  moments  of 
inertia  relative  to  the  parallel  planes  drawn  through  the 
centre  of  gravity  of  the  tetrahedron,  we  have,  by  (2), 


-Jtfi".  (19) 


Also,  if  AI>  B},  CD  DI  be  the  moments  of  inertia  relative 
to  the  four  faces  of  the  tetrahedron,  we  have 


A,  =  — 

IO 


— 

10 


— 

10 


=  —  ^s-2.  (20) 

10 


212.  Solid  Ring-.*  —  If  a  plane  closed  curve,  which  is 
symmetrical  with  respect  to  an  axis  AB,  be  made  to  revolve 
round  a  parallel  axis,  lying  in 
its  plane,  but  not  intersecting  the 
curve,  to  prove  that  the  moment 
of  inertia  /  of  the  generated  solid, 
taken  with  respect  to  the  axis  of 
revolution,  is  represented  by 

If  (ft8  +  3^), 

where  M  is  the  mass  of  the  solid, 
h  the  distance  between  the  parallel 
axes,  and  k  the  radius  of  gyration 
of  the  generating  area  relative  to  its  axis. 

For,  if  the  axis  of  revolution  be  taken  as  the  axis  of  x, 
and,  if  y,  Y  be  the  distances  of  any  point  P  within  the 
generating  area  from  AB,  and  from  OX,  respectively;  and, 
if  d  A  be  the  corresponding  element  of  the  area,  then  the 
volume  of  the  elementary  ring  generated  by  dA  is  2ir  Yd  A, 
and  its  mass  2?rju  Yd  A  ;  hence  the  moment  of  inertia  of  this 
elementary  ring,  relative  to  the  axis  of  X,  is  2irfjiY3dA. 
Accordingly,  we  have 


7= 


+  y3}  dA. 


*  The  theorems  of  this  Article  were  given  by  Professor  Townsend  in  the 
Quarterly  Journal  of  Mathematics,  1869. 

[20] 
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Moreover,  since  the  curve  is  symmetrical  with  respect  to 
the  axis  AB,  it  is  easily  seen  that  we  have 


*S,ydA  =  o,     *2,y*dA  =  o. 
Also,  by  definition,     Sy3eL4  =  AP. 
Hence  /=  2iriJ.hA(h*  +  3&*). 

Again,  by  Art.  177,     M=2irnhA\ 

.-.  I=M(h*  +  $V}.  (21) 

This  leads  immediately  to  some  important  cases. 

Thus,  for  example,  the  moment  of  inertia  of  a  circular 
ring,  of  radius  a,  round  its  axis  is 


Again,  if  a  square  of  side  a  revolve  round  any  line  in  its 
plane,  situated  at  the  distance  h  from  its  centre,  we  have 


There  is  no  difficulty  in  adding  other  examples. 

213.  General  Expression  for  Products  of  Inertia. 

—  We  shall  conclude  this  Chapter  with  a  short  discussion  of 
the  general  case  of  the  moments  and  products  of  inertia,  for 
any  body,  or  system. 

Let  us  suppose  the  system  referred  to  three  rectangular 
planes,  and  let  p,  q,  r  represent  the  respective  distances  of 
any  element  dm  from  the  three  planes 

x  cos  a  +  y  cos  /3  +  s  cos  7  =  0, 

X  COS  a'  +  y  COS  j3'  +  2  COS  7'  =  O, 
X  COS  a"  +  y  COS  /3"  +  %  COS  y'  =  O. 

Then 


=  cos  a  cos  a  2  a?  dm  +  cos  /3  cos  /3'  S  y*  dm  +  cos  y  cos  7'  2  s2  dm 
+  (cos  a  cos  /3'  -f  cos  /3  cos  a')  Sxydni 

•f  (cos  7  cos  a'  +  cos  a  cos  7')  'S.zxdtn 

+  (cos  /3  0087'  +  cos  7  cos/3')  ^yzdm  ; 
and  we  get  similar  expressions  for  *2,prdm  and  "Sqrdm. 
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Now,  suppose  that  we  take 

S#*c?w  =  a,     ~S,y*dm  =  bt     J&tfdm  =  c, 
"S>yzdm  =ft     "Sixzdm  =  g,     ^xydm  =  h  ; 
then  the  preceding  equation  may  be  written 

'S.pqdm  =  cos  a  (a  cos  a'  +  h  cos  /3'  +  g  cos  7') 
+  cos  j3  (A  cos  a'  +  b  cos  j3'  +  /  cos  7') 
+  008  7  (gr  cos  a  +/  cos  /3'  +  c  cos  7')  ;  (22) 

along  with  similar  expressions  for  "2,rpdtn  and  "2qrdm. 

214.  Principal  Axes.  —  Next,  let  us  suppose  that  the 
planes  are  so  assumed  as  to  satisfy  the  equations 

"Spqdm  =  o,     Srpdm  =  o,     ^qrdm  -  o  ; 

then  it  is  easily  seen*  that  these  planes  are  a  system  of  con- 
jugate diametral  planes  in  the  ellipsoid  represented  by  the 
equation 


aX*  +  bY*  +  cZ2  +  2/YZ  +  2gZX  +  zhXT  =  const.     (23) 

Hence  it  follows  that  at  any  point  there  exists  one  system  of 
rectangular  planes  for  which  the  corresponding  products  of 
inertia,  for  any  body,  vanish  :  viz.,  the  principal  planes  of  the 
preceding  ellipsoid.^ 

These  three  planes  are  called  the  principal  planes  of  the 
body  relative  to  the  point,  and  the  right  lines  in  which  they 
intersect  are  called  the  principal  axes  for  the  point. 

Again,  every  two  solids  have  for  every  point  at  least  one 
common  system  of  planes  for  which  J&pqdm  =  o,  "Sirpdm  =  o, 
'Siqrdm  =  o,    'Sp'q'dtn   =  o,    'Sr'p'dm'  =  o,    *2>q'rfdm'  =  o;  . 
where  the  unaccented  letters  refer  to  the  elements  of  one 
solid,  and  the  accented  to  those  of  the  other. 

This  is  obvious  from  the  property  that  every  two  con- 
centric ellipsoids  have  one  common  system  of  diametral  planes. 


*.  Salmon's  Geometry  of  Three  Dimensions,  Art.  72. 

t  The  exceptional  cases  when  the  ellipsoid  is  of  revolution,  or  is  a  sphere, 
will  be  considered  subsequently. 

[20  a] 
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Again,  if  two  solids  have  for  any  point  more  than  one 
system  of  planes  for  which  the  foregoing  six  products  of 
inertia  vanish,  they  must  have  the  same  principal  planes  at 
the  point.  This  follows  since  the  two  ellipsoids  in  that  case 
must  be  similar  and  coaxal. 

215.  Principal  Moments  of  Inertia. — Let  US  now 
'Suppose  the  co-ordinate  planes  to  be  the  principal  planes  of 
the  body  for  the  origin,  then  the  moment  of  inertia  relative 
to  the  plane 

*  cos  a  +  y  cos  /3  +  z  cos  7  =  o 
is 

S/7*<//«  =  S  (x  cos  a  4  y  cos  /3  +  z  cos  y)*dm 

=  cos2a2#2f£/M  +  cos2/3  'Si/'dm  H  cos2  7  2  2*  <///<,      (24) 
since  in  this  case  we  have 


S;ryw  =  o,     "Szxm  =  o,     Sysw  =  o. 

Again,  let  1  be  the  moment  of  inertia  of  the  body  relative 
to  the  line  through  the  origin  whose  direction  angles  are 
a,  /3,  y  ;  then  we  have 

/  +  2y;Vi/»  =  2i*dm  =  S(a*  +  if  +  sa)  dm  ; 
/.  I  =  cos2  a  S  (y'  +  «')  dm  +  cos*/3  S  (*'  4  x*)  dm 

+  cos2  7  S  (^  +  y2)  dm ; 
or  I  =  A  cosza  +  B  cos*/3  f  C  cos'-y,  (25) 

where  ^4,  .Z?,  (7  are  the  moments  of  inertia  of  the  body 
relative  to  its  three  principal  axes. 

A,  B,  C  are  called  the  three  principal  moments  of  inertia 
of  the  body  relative  to  the  origin. 

If  the  centre  of  gravity  be  taken  as  the  origin,  the 
corresponding  values  of  A,  B,  C  are  called  the  principal 
momenta  of  inertia  of  the  body. 

We  suppose,  in  general,  that  A  is  the  greatest,  and  C  the 
least  of  the  three  principal  moments. 

It  follows  from  (25)  that  the  moment  of  inertia  of  a  body 
relative  to  any  line  passing  through  a  given  point  is  known, 
whenever  the  angles  which  the  line  makes  with  the  principal 
axes  are  known,  as  also  the  moments  of  inertia  relative  to 
these  axes. 
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2  1  6.  Ellipsoid  of  CM  y  ration.  —  Suppose,  as  before,  the 
solid  referred  to  its  three  principal  axes  at  any  point,  and  let 
a,  by  c  be  the  corresponding  radii  of  gyration,  i.e.  let 


and  /=  Hk2;  then  equation  (25)  becomes 

k*  =  a9  cos2  a  +  b*  cos2j3  +  c2cos2y.  (26) 

Now,  if  we  suppose  an  ellipsoid  described  having  the 
principal  axes  for  the  directions,  and  a,  b,  c  for  the  lengths 
of  its  corresponding  semi-axes  ;  then  (26)  shows  that  the 
radius  of  gyration  of  the  body,  relative  to  the  perpendicular 
from  the  origin  on  any  tangent  plane  to  this  ellipsoid,  is 
equal  in  length  to  this  perpendicular.  (Salmon's  Geometry 
of  Three  Dimensions,  Art.  89.) 

The  foregoing  ellipsoid  is  called  the  ellipsoid  of  gyration 
relative  to  the  point.  It  should,  however,  be  observed  that 
by  the  ellipsoid  of  gyration  of  a  body  is  meant  the  ellipsoid 
in  the  particular  case  where  the  origin  is  at  the  centre  of 
gravity  of  the  body. 

217.  HIo  mental  Ellipsoid.  —  If  X,  F,  Z  be  the  co- 
ordinates of  a  point  R  taken  on  the  right  line  through  the 
origin  0,  whose  direction  angles  are  a,  /3,  y,  we  have 

X  =  OR  coso,     F=  OR  cos  /3,    Z  '=  OR  cosy. 

Substituting  the  values  of  cos  a,  cos  /3,  cos  y,  deduced 
from  these  equations,  in  (25),  it  becomes 


CZ*. 
Suppose,  now,  that  the  point  R  lies  on  the  ellipsoid 

AX*  +  BY*  +  CZ*  =  const.,  (27) 

and  we  get  /  .  OR*  =  X,  denoting  the  constant  by  X  ; 


Hence  the  moment  of  inertia  relative  to  any  axis,  draion 
through  the  origin^  varies  inversely  as  the  square  of  the  cor- 
responding diameter  of  the  ellipsoid  (27). 
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From  this  property  the  ellipsoid  is  called  the  momenta! 
ellipsoid  at  the  point. 

When  the  origin  is  taken  at  the  centre  of  gravity  of  the 
hody,  this  ellipsoid  is  called  the  central  ellipsoid  of  the  body. 

If  two  of  the  principal  moments  of  inertia  relative  to  any 
point  be  equal,  the  momental  ellipsoid  becomes  one  of  re- 
volution, and  in  this  case  all  diameters  perpendicular  to  its 
axis  .of  revolution  are  principal  axes  relative  to  the  point. 

If  the  three  principal  moments  at  any  point  be  equal,  the 
ellipsoid  becomes  a  sphere,  and  the  moments  of  inertia  for  all 
axes  drawn  through  the  point  are  equal.  Every  such  axis  is 
a  principal  axis  at  the  point. 

For  example,  it  is  plain  that  the  three  principal  moments 
for  the  centre  of  a  cube  are  equal,  and,  consequently,  its 
moments  of  inertia  for  all  axes,  through  its  centre,  are  equal. 

218.  Equiiuomental  Cone. — Again,  since 

COS*  a  +  COS2/3  +  COS2  7  =  I, 

equation  (25)  may  be  written  in  the  form 

(A  -  I)  cos*  a  +  (B  -I)  cos2/3  +  (0-  I)  oos'7  =  o  ; 

hence  the  equation 

(A  -  I)  X2  4  (B  -  I)  Y*+(C-I)Z*  =  o        (29) 

represents  a  cone  such  that  the  moment  of  inertia  is  the  same 
for  each  of  its  edges.  Such  a  cone  is  called  an  eguimomental 
cone  of  the  body. 

Again,  the  three  axes  of  any  equimomental  cone,  for  any 
solid,  are  the  principal  axes  of  the  solid  relative  to  the  vertex 
of  the  cone. 

When  /=  By  the  cone  breaks  up  into  two  planes;  viz., 
the  cyclic  sections  of  the  momental  ellipsoid. 

For  a  more  complete  discussion  of  the  general  theory  of 
moments  of  inertia  and  principal  axes,  the  student  is  referred 
to  Routh's  Rigid  Dynamics,  chapters  i.  and  n. ;  as  also  to 
Professor  Townsend's  papers  in  the  Camb.  and  Dub.  Math. 
Journal,  1846,  1847. 
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EXAMPLES. 

Find  the  expressions  for  the  moments  of  inertia  in  the  following,  the  bodies 
being  supposed  homogeneous  in  all  cases  : — 

1.  A  parallelogram,  of  sides  a,  b,  and  angle  0,  with  respect  to  its  sides. 

Ana.  —  32  sin2  0,     ~  a*  sin2  0. 
3  3 

2.  A  rod,  of  length  a,  with  respect  to  an  axis  perpendicular  to  the  rod  and 
at  a  distance  d  from  its  middle  point. 


Am.  M 


(f+4 


3.  An  equilateral  triangle,   of  side  «,  relative  to  a  line  in  its  plane  at  the 
distance  d  from  its  centre  of  gravity. 

(a2         \ 
—  4  dz } . 
24         / 

4.  A  right-angled  triangle,  of  hypothenuse  c,  relative  to  a  perpendicular  to 
its  plane  passing  through  the  right  angle. 

c2 

Ans.  M-. 
6 

5.  A  hollow  circular  cylinder,  relative  to  its  axis. 

Ans.  M ,  where  r  and  r'are  the  radii  of  the  bounding  circles. 

6.  A  truncated  cone  with  reference  to  its  axis. 

7  M  b6  -  b'6 

Ans.  - —  T: — — ,  where  b  and  b'  are  the  radii  of  its  bases. 
10  b3  -  b3 

•j.  A  right  cone  with  respect  to  an  axis  drawn  through  its  vertex  perpen- 
dicular to  its  axis. 

Ans.  —  [  A2  H — ) ,  where  h  denotes  the  altitude  of  the  cone, 

5    \         4/ 
and  b  the  radius  of  its  base. 

8.  An  ellipsoid  with  respect  to  a  diameter  making  angles  o,  ft,  y  with  its 
axes. 

Ans.  —  (a2  sin2a  +  i2  sin2  £  +  c2  sin2?  1 . 
5  \  / 

9.  Area  bounded  by  two  rectangles  having  a  common  centre,  and   whose 
sides  are  respectively  parallel,   with  respect  to  an  axis  through  their  centre 
perpendicular  to  the  plane. 

13  ab  —  a'k' 
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10.  A  square,  of  side  a,  relative  to  any  line  in  its  plane,  passing  through  its 
centre. 

a2 

Ans.  M-. 
12 

11.  A  regular  polygon,  or  prism,  with  respect  to  its  axis. 

Ans.  —  [R*  +  2r-  ] ,  where  Jt  and  r  are  the  radii  of  tbe 
circles  circumscribed,  and  inscribed  to  the  polygon. 

1 2.  Prove  that  a  parallelogram  and  its  maximum  insciibed  ellipse  have  the 
same  principal  axes  at  their  common  centre  of  figure. 

13.  Prove  that  the  moments  and  products  of  inertia  of  any  triangular 

lamina,  of  mass  M,  are  the  same  as  for  three  masses,  each  — ,  placed  at  the 

^ 
three  vertices  of  the  triangle,  combined  with  a  mass  -  M  placed  at  its  centre  of 

4 
gravity. 

14.  Prove  that  the  moments  and  products  of  inertia  of  any  tetrahedron  are 

the  same  as  for  four  masses,  each  — ,  placed  at  the  vertices  of  the  tetrahedron, 

4  20 

combined  with  a  mass  -  M  placed  at  its  centre  of  gravity. 

15.  If  a  system  of  equimomental  axes,  for  any  solid,  all  lie  in  a  principal 
plane  passing  through  its  centre  of  gravity,  prove  that  they  envelop  a  conic, 
having  that  point  for  centre,  and  the  principal  axes  in  the  plane  for  axes. 

1 6.  Prove  also  that  the  ellipses  obtained  by  varying  the  magnitude  of  the 
moment  of  inertia  form  a  confocal  system. 

1 7.  Prove  that  the  sum  of  the  moments  of  inertia  of  a  body  relative  to  any 
three  rectangular  axes  drawn  through  the  same  point  is  constant. 

18.  Prove  that  a  principal  axis  belonging  to  the  centre  of  gravity  of  a  body 
is  also  a  principal  axis  with  respect  to  every  point  on  its  length. 

19.  Prove  that  the  envelope  of  a  plane  for  which  the  moment  of  inertia  of 
a  body  is  constant  is  an  ellipsoid,  confocal  with  the  ellipsoid  of  gyration  of  the 
body. 

20.  If  a  system  of  equimomental  planes  pass  through  a  point,  prove  that 
they  envelop  a  cone  of  the  second  degree. 

2 1 .  For  different  values  of  the  constant  moment  the  several  enveloped  cones 
are  confocal  ? 

22.  The  common  axes  of  this  system  of  cones  are  the  three  principal  axes  of 
the  body  for  the  point  ? 

23.  The  three  principal  axes  at  any  point  are  the  normals  to  the  three  sur- 
faces confocal  to  the  ellipsoid  of  gyration,   which  pass  through  the  point. 
(M.  Binct,  Jour,  de  VEc.  Poly.  1813.) 
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CHAPTER  XI. 

MULTIPLE    INTEGRALS. 

219.  Double  Integration.  —  In  the  preceding  Chapters  we 
have  considered  several  cases  of  double  and  triple  integra- 
tion in  the  determination  of  volumes  and  other  problems 
connected  with  surfaces.  We  now  proceed  to  a  short  treat- 
ment of  the  general  problem  of  Multiple  Integration,  com- 
mencing with  double  integrals. 

The  general  form  of  a  double  integral  may  be  written 
rx  ,y 

f(x,y)dxdy, 

J*o  JVo 

in  which  we  suppose  the  integration  first  taken  with  respect 
to  y,  regarding  x  as  constant.  In  this  case,  Y,  i/0,  the  limits 
of  i/,  are,  in  general,  functions  of  x  ;  and  the  limits  of  x  are 
constants. 

For  example,  let  us  take  the  integral 


o* 

in  which  /  is  supposed  greater  than  m. 

a2 

1X  T 

jr-irfy— 
m    x 

,    ra  ///2»»  2flm 

therefore        U--\    x1'1  --  -  x™  }dx  =  -  --  ;. 
mjo       \xm        J         I2  -  mz 

It  should  be  observed  that  in  many  cases  the  variables  arc 
to  be  taken  so  as  to  include  all  values  limited  by  a  certain 
condition,  which  can  be  expressed  by  an  inequality  :  for  in- 
stance, to  find 


extended  to  all  positive  values  of  x  and  y  subject  to  the  con- 
dition x  +  y  <  h. 
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Here  the  limits  for  y  are  o  and  h  -  x  ;  and  the  subsequent 
limits  of  x  are  o  and  h. 


Hence 


u 


A  rh-* 


-If 

Jo  J  o 


Let  x  =  hu  ;  then 


>n 


I    I**"1  (!-«)' 

Jo 


du  = 


r(m) 


(0 


by  Art.  121. 

220.  Change  of  Order  of  Integration. — We  have 
seen  (Art.  115)  that  when  the  limits  of  x  and  y  are  constants 
we  may  change  the  order  of  integration,  the  limits  remaining 
unaltered.  But  when  the  limits  of  y  are  functions  of  .r,  if 
the  order  of  integration  be  changed,  it  is  necessary  to  find 
the  new  limits  for  x  as  functions  of  y.  This  is  usually  best 
obtained  from  geometrical  considerations. 

For  example,  in  the  integral 


the  limits  for  y  are  given  by  the  right  line  y  =  x  and  the 
hyperbola  xy  =  a?',  and  the  integral 
extends  to  all  points  in  the  space 
bounded  by  the  axis  of  y,  the  hy- 
perbola AL,  and  the  right  line  OA, 
where  A  is  the  vertex  of  the  hyper- 
bola. Draw  AB  perpendicular  to 
the  axis  of  y.  Now  when  the  order 
of  integration  is  changed,  we  sup- 
pose the  lines  which  divide  the  area 
into  strips  taken  parallel  to  the  axis 
of  x  instead  of  that  of  y.  Thus  the 
integral  breaks  up  into  two  parts — one  corresponding  to 
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the  triangle  OAB,  the  other  to  the  remaining  area  :  hence 


-  f  [/to 

Jo  Jo 


/(*,  y}  dydx. 


As  another  example,  let  us  interchange  the  variables  in 
the  integral 

fa  Clx  v 

Vdxdy. 
o  Jmx 

Here,  let  OC  and  OD  be  the 
lines  represented  by  y  =  Ix  and 
y  =  mx ;  and  let  OA  =  a. 

Then  the  integral  is  extended  to 
all  points  within  the  triangle  OCD. 

Accordingly,changing  the  order,      o' 
wo  get 


. 

(la     fa  fma  Cm 

Vdydx+\          Vdydx. 
ma  Jy  Jo      Jy 


EXAMPLES. 
I.  Find  the  value  of  the  douhle  integral 


o  J  o  </(<*-  a;)(z- 
Here,  changing  the  order,  the  integral  becomes 


But 

2.  Prove  that 

( 


/(re, 


=  IT  ;  hence  U  —  v  {/(«)  -/(o)}. 


A     X 
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3-  Hence  find  the  value  of 


f2'  fV^T^  <t>'(y)(x"-  -f  y*)xdxdy 

—  -< 

Jo    Jo  V4a-*2  -  (a;3  +  y2)2 


4.  Change  the  order  of  integration  in  the  double  integral 
U=f"  ^^_Vdxdy. 

The  limits  of  y  are  represented  by  the  circle  x-  +  y2  =  2ax,  and  the  parabola 
y2  =  2ax;  and  we  readily  find  that 

{a  ta-^a'n*  f  f**  f5"  f 

Vdydx  +  Vdydx+  \  }'dydr. 

o  J»a  Jo  Ja+v'o'-i'9  J     Jy11 

te  '    u~ 

221.  Iliriehlet's  Theorem.  —  The  result  given  in 
equation  (i)  has  been  generalized  by  Dirichlet  (Liouville's 
Jouniaf,  1839),  and  extended  to  a  large  class  of  multiple 
integrals,  as  follows : 

Commencing  with  three  variables,  let  us  consider  the  in- 
tegral 


in   which  the   variables  are   supposed  always  positive,  and 
limited  by  the  condition 

x  +  y  +  2  <  i. 

In  this  case  the  limits  of  z  are  o  and  i  -  x  -  y ;  those  of 
y  are  o  and  i  -  x ;  and  those  of  x  are  o  and  i. 

Hence       U  =  \  ~* x1'1  y^  a"-1  dx  dy  ds. 

Jo  Jo     Jo 

It  is  easily  seen,  from  (1) ,  that 

~yr-. zn-*dydz  =  (,  _  x^n   r(m)r(n) 
Jo    J0  r(m+  n  +  i) 
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Therefore 


r(!»)_rw  r- 
r(f»+»+i)jo 


r(w)r(n)  _  . 

(w  +  n+  i)  '  F(/  +  m  +  n  +  i)        F(/+  m  +  w  4  i)'  ^ 


Again,  in  the  same  multiple  integral,  if  x,  y,  s,  being  still 
always  positive,  are  subject  to  the  condition 

x  +  y  +  z  <  h, 
we  get 


)' 

This  readily  appears  by  substituting  x  =  hx',  y  =  hy, 
&  =  hzf,  in  the  multiple  integral. 

There  is  no  difficult}^  in  extending  these  results  to  any 
number  of  variables.  For  we  readily  proceed  from  (3)  to  the 
case  of  four  variables  ;  and  so  by  induction  to  any  number. 

Thus,  the  value  of  the  multiple  integral 

U  =  ///...  a1"1  ym~l  s'"1  •  .  •  d-jedydz  .  .  .  , 

extended  to  all  positive  values  of  x,  y,  s,  &c.,  subject  to  the 
condition 

x  +  y  +  z  +  &c.  <  i, 
is 


Again,  in  the  integral 

U  =  J|J  x1'1  ijm~l  zn~l  djcdyds, 

suppose  the  variables  to  be  still  always  positive,  but  limited 
by  the  condition 
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then  mating 


5   -'  IS."1         ""' 


the  integral  transforms  into 

£T=  • «P    f;»    «f     dudvdtv, 

P<Ir   JJJ 


where     tt  +  t>  +  w  <  i. 
Accordingly, 


P    q 

Again,  from  (3),  the  value  of  the  triple  integral 


extended  to  all  positive  values,  subject  to  the  condition 

x  +  y  +  z  >  u  and  <  u  +  du, 
is  immediately  found  by  differentiation  to  be 


Hence  the  multiple  integral 

JJJ  F(x  +  y  +  z)a?-1  jT'1  2"  -1  dxdydz, 
taken  between  the  same  limits,  has  for  its  value 

rwrwr® 

T  (/  +  m  +  n) 
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Accordingly,  the  value  of  the  multiple  integral 
JJJ  F(x  +  y  +  *)  x1-1  ym-1  zn~l  dxdydz, 

extended  to  all  positive  values  of  the  variables,  subject  to  the 
condition 

x  +  y  +  s  <  h} 

r(0  r(m)  r(«)  , 

\    f          \      '          \    /     I       77>/*.\  rt,t-f m+n— 1  .«/,.•  /At 

i°) 


r(/  +  m  4-«) 

In  like  manner  it  is  seen  that  if  the  multiple  integral 


be  extended  to  all  positive  values,  subject  to  the  condition 


y\*    fz\r 

-     +    T    +  H  < 
a        \bj      \cj 


we  have 


pqr 


These  results  can  be  readily  extended  to  any  number  of 
variables. 

EXAMPLES. 
I.  Find  the  value  of 


extended  to  all  positive  values,  subject  to  x  +  y  <  h. 

Ans.  - 
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2.  More  generally,  prove  that 

f  j  F(x  +  y)^r*dxdy  =  ^  (F(h)  - 


where  x  -f  y  <  h. 

3.   Find  the  value  of 

f  J  f  .  .  dx\  dxt  .  .  .  dxn, 

extended  to  all  positive  values  of  the  variables,  subject  to  the  condition 


4.  Prove  that 

rrr        dxdydz        _** 

JJJ  Vl  —  x1  —  y~  —  z2        8 

the  integral  being  extended  to  all  positive  values  of  the  variables  for  which  the 
expression  is  real. 

5.  Show  in  general  that 

n+l 

frr  dx\  dx-i  dx3 .TT  2 

II    *  "  »/7  2  5  '       1  / 

2""  ' 

under  the  same  condition  as  in  last. 

222.  Transformation    of  Tin  Hi  pie  Integrals. — 

now  proceed  to  consider,  in  general,  the  transformation  of  a 
multiple  integral  to  a  new  system  of  independent  variables. 
Suppose  it  be  required  to  transform  the  integral 


to  another  system  of  variables,  u,  v,  w ;  being  given  #,  y,  z  in 
terms  of  u,  v,  w. 

This  transformation  implies  in  general  three  parts — 
(i)  the  expression  of  /(#,  y,  z)  in  terms  of  u,  v,  w\  (2}  the 
determination  of  the  new  system  or  systems  of  limits ; 
(3)  the  substitution  for  dxdydz. 

The  solution  of  the  first  two  questions  is  a  purely  algebraical 
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problem.  "We  here  accordingly  limit  ourselves  to  the  con- 
sideration of  the  third  question,  and  write  the  integral  in  the 
form 

ldx\dy\f(x,  y,  z)  dz. 

In  the  integration  with  respect  to  z,  x  and  y  are  regarded 
as  constant;  accordingly,  in  order  to  replace  z  by  the  new 
variable  wt  we  suppose  z  expressed,  by  means  -of  the  given 
equations,  in  terms  of  x,  y,  10 ;  and  then  we  replace  dz  by 

dz 

—  div.     Again ,  to  transform  the  integration  from  y  to  v,  we 

{£ 
suppose  y  expressed  in  terms  of  v,  w,  x,  and  then>$v/  replaced 

i     dti   ,  ITT      dx  -j 

by  y-  dv :  we  next  suppose  x  replaced  by  —  itu  ;    and  we 

finally  replace 

,    ,    ,    ,      dz  dy  dx 
dx  dy  dz  by  - — ; — —  du  dv  dw. 
dw  do  du 

It  should  be  observed  that  in  each  of  the  latter  transfor- 
mations a  change  in  the  order  of  integration  is  supposed. 
By  this  means  the  transformed  expression  is 

.   dz  dii  dx  , 

(h  (u,  v,  w) f-  —  du  dv  air,  (8) 

'  dio  dv  du 

where  $  (u,  v,  w)  is  the  transformation  of  /(#,  y,  z). 

The  preceding  transformation  would  present,  in  general, 
a  problem  of  extreme  difficulty,  especially  in  the  investiga- 
tion of  the  new  limits  at  each  change  in  the  order  of  inte- 
gration. The  one  consideration  in  every  case  to  be  carefully 
observed  is,  that  the  transformed  integral  or  integrals  must 
include  every  element  which  enters  into  the  original  expres- 
sion, and  no  more. 

Again,  it  may  be  observed  that  in  the  foregoing  trans- 
formation for  dx  dy  dz  the  order  of  substitution  may  be  inter- 
changed in  any  manner. 

Thus,  if  we  commence  by  replacing  x  by  u,  we  must 
suppose  x  expressed  in  terms  of  u,  //,  z ;  and  then  replace  dx 

dx 
by  —  du,  and  so  on. 

r  du 

[21] 
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As  an  illustration  we  shall  consider  the  ordinary  trans- 
formation from  rectangular  to  polar  coordinates,  viz.  :  — 

x  =  r  sin  0  sin  0,     y  =  r  sin  0  cos  <j>,     z  =  r  cos  0. 

Here  we  have 

a?*  +  y*  +  «'  «=  r*  ; 
therefore 


hence 


</r      a?      sin  0  sin  </>' 


dz  .    n      dy  .    n   . 

in,  -r»  =  -  r  sin  0,     -j-  =  -  r  sin  0  sin  d> ; 

(/(/  «0 

,,       „  dx  dz  dy       , 

therefore  r-  =  »"  sin  0 ; 

«/•  «0  «^ 

and  for  the  element  of  volume  dxdy  dz  we  substitute 
r2  sin  0  dr  dti  d<j>, 

a  result  which  can  be  also  readily  shown  from  geometrical 
considerations. 

Next,  let  us  consider  the  more  general  transformation 


in  which  m*  +  n*  =  i. 

Squaring,  and  adding  the  three  equations,  we  get 

x1  +  y*  +  zz  =  r2. 

In  replacing  x  by  r,  we  get,  therefore, 
dx     r  i 
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Next,  to  replace  y  by  </>,  we  must  express  y  in  terms  of  r, 
,  ai,d  z :  thus 


y  =  r  sn 


Heuoe 


«*  cos'20 


r 

=  sin  <f>    n 


cos2  ^ 


tan 


m  t 


»*  on 


mV 


and,  finally, 
Hence  for 


Vcos>  +  «V 
dx 


r  (m2  cos2  <j>  +  n*  cos2  (9)  f 
cos  ^  ^/w2  4  w2  cosa  0  ' 


—  =  -  r  sin  9  cos  0. 


z  we  substitute 


cos2    -f 


dr  dd 


(9) 


i/  i  -  mz  sin2  <ft  v/  i  -  n2  sin*  9 
In  general  (Z>/^.  Calc.,  Arts.  338,  342),  the  product 
dz  dy  dx 
dw  dv  du 

is  the  Jacobian  of  the  original  system  of  variables,  a-,  y,  z, 
regarded  as  functions  of  the  new  system,  w,  «?,  w. 

Accordingly,  the  general  substitution  for  dx  dy  dz  is 


dx  dx  dx 
du  dv  dw 
dy^dy  dy_ 
du  dv  dw 
dz  dz  dz 
du  dv  dw 


du  dv  dw. 


(10) 


223.   Transformation  for  Implicit  Functions. — If, 

instead  of  being  given  x,  y,  z  explicitly  as  functions  of  it,  v,  tc, 

[21  a] 
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we  are  given  equations  of  the  form 

F,(a?,y,«,  u,v,w)  =  o,  -ft(.r,y,s,  u,vtw)  =  o,  F3(x,y,*,  u,v,w)  =  o, 

we  have  (Dip.  Cak.,  Art.  341),  adopting  the  usual  notation 
for  Jacobi  aus, 


And  for  dxdydz  we  must  then  substitute 


,  (  1  1  ) 

1/2 

where  Ji  is  the  Jacobian  of  the  given  system  of  equations 
with  respect  to  the  new  variables,  and  J2  their  Jacobian  with 
respect  to  the  original  system. 

224.   Transformation  of  Element  of  a  Surface.  — 

If  the  equation  of  a  surface  be  referred  to  a  system  of  rect- 
angular axes  it  is  easily  seen,  from  Art.  1  89,  that  the  element 
of  its  superficial  area,  whose  projection  on  the  plane  of  xy  is 
dx  dyt  is  equal  to 

/       (dz\*    (d*\ 
dxdy  \\  +   —    +    —    . 
"V        \dxj     \dy) 

Accordingly  the  area  of  a  surface  may  be  represented  by 


teken  between  proper  limits.  In  this  result  z  is  regarded  as 
a  function  of  x  and  y  by  means  of  the  equation  of  the 
surface. 

To  transform  this  expression  to  new  variables  M,  t>,  we, 
by  the  preceding  Article,  substitute 

(dx  dy      dy  dx\  , 
-    du  dt  instead  of  dx  du. 
dn  dv      du  dvj 
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Also 


dz  _  dz  dx  dz  dy 

du   dx  du  dy  du' 

dz  _  dz  dx  dz  dy 

dv   dx  dv  dy  dv  ' 


therefore 


dz 


dz  dy      dy  dz ' 
du  dv      du  dv 


dx      dx  dy      dy  dx 
du  dv      du  dv 


dz 


dz  dx 
dv  du 


dx  dz 
dn  dn 


dx  dy      dy  dx 
du  dv      du  dv  • 


(13) 


Substituting  in   (12),  the  expression  for  the  superficial 
area  becomes 


dv<ly     dy  dx\3    idxdz     dzdxV     fdzdy    dy  dz\* 
du  do     dude)      \dvdu    dv  du)      \dvdu    dv  du) 


225.   General  Transformation    for  n  Variables.  — 

The  transformation  of  Art.  223  can  be  readily  generalized. 
Thus,  for  the  case  of  n  variables,  in  the  transformation  of  the 
multiple  integral 

JJJ  .  .  Vdxi  dx*  dxz  .  .  .  dxn 


to  a  system  of  new  variables,  y^  y^  ...  i/ni  we  substitute  for 
d#i  d.vz,  .  .  .  dxn  the  Jacobian  of  the  system  a?I}  xZ)  .  .  .  xn  re- 
garded as  functions  of  1/1,  y2,  y*  •  •  •  y»',  hence 


.     ,  , 

dxl  dxz  ...  dxn  = 


(14) 


And  in  the  case  of  implicit  functions,  we  substitute 
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where  </,  and  J2  are  respeotively  the  Jacobians  of  the  system 
of  equations  with  respect  to  the  new,  and  to  the  original 
system  of  variables  (compare  Diff.  Calc.,  Art.  341). 

EXAMPLES. 

1.  Transform  the  multiple  integral 

JJJJ  Vdxdydzdw 
by  the  substitution 

x  =  r  cos  G  cos  <f>,     y  =  r  cos  0  sin  <£,     *  =  rsinflcos^,     w  =  r  sin  0  sin  <J/. 
The  transformed  expression  is 

JJJJ  Vir3  sin  6  cos  Bdrdedfydfy, 
where  FI  is  the  now  value  of  V. 

It  "2  "3  "3  "'  "'  "* 

2.  If  x\  = ,     jcj  = ,    jta  =         -t 

«i  Ha  "s 

prove  that  JJJ  r<fai  rfzj  dx3  transforms  into  4  JJJ  FI  dm  dut  dut. 

226.  We  shall  next  prove  that 

du      do      dn>\  .  ff  . 

—  +  -  -  +  -7-  \dx  dy  dz  =      (u  coVA  +  v  cos  u  +  w  cos  v)  «o, 

dx     dy      dz)  JJ 

where  the  integrations,  respectively,  extend  over  a  closed 
surface  S,  and  through  the  volume  contained  by  the  surface : 
X,  ft,  v  being  the  direction  angles  of  the  outward  drawn 
normal  at  dS,  and  n,  r,  w  being  functions  of  x,  y,  z,  which 
are  supposed  finite  and  continuous  for  all  points  within  S. 

Here,  since  8  is  a  closed  surface,  any  intersecting  right 
line  meets  it  in  an  even  number  of  points ;  consequently 


rfyd*S(Ma-w,), 


where  «i  and  ut  represent  the  values  u  for  two  corresponding 
points  of  intersection  with  S,  made  by  an  indefinitely  thin 
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parallelepiped  standing  on  dy  dz  ;  and  S  denotes  the  summa- 
tion extended  to  all  such  points  of  intersection.  Now,  as  in 
Art.  192,  let  dSi,  dS2,  dS3,  &c.,  represent  the  corresponding 
elementary  portions  of  the  surface  ;  and  Au  A2,  A3,  &o.,  the 
angles  that  the  exterior  normals  make  with  the  positive  direc- 
tion of  the  axis  of  x  ;  we  shall  have 

dydz  =  -  cos  Ai  dS\.  =  cos  Az  dSz  =  -  cos  A3  dS3  =  cos  A*  c?/S4  =  &c. 
Accordingly, 

—  dxdydz=  \\UGOB\dS,     </  (15) 

under  the  same  restrictions  as  to  limits  as  before.  Hence  it 
follows  immediately  that 


fff  fdu     dv      dw\  ,  ff 

-r-  +  -7-  +  —  \dxdy  'dz= 
JJJVfe      dy      dzj  I 


This  result  obviously  holds  good  when  the  triple  integral 
is  extended  through  any  space  which  is  bounded  externally 
by  one  closed  surface  and  internally  by  another,  provided 
the  double  integral  is  extended  over  both  the  bounding  sur- 
faces. 

Again,  if  for  u  we  substitute  u  F,  for  v  ,  v  V,  and  for  w, 

,  we  get  immediately 

dV       dV       dV\, 

—r-   +  V   -r—+W  -r~      d 

dx         dy          dz  J 

B"      ,          A  N  ,0      ([{rrfdu      dv      dw\ 

V(u  cos  A  +  v  cos  a  +  w  cos  v)  dS  -       K    -3-  +  -7-  +  - 
\dx      dy      dzj 
*JJJ  \  is  / 

(17) 
under  the  same  restrictions  as  above. 

227.  Green's  Theorem.  —  We  shall  now  give  a  brief 
notice  of  the  very  remarkable  theorem  given  first  by  Green  • 
("Essay  on  the  application  of  Mathematics  to  Electricity  and 
Magnetism,"   Nottingham,   1828,  reprinted,    1871),  as  fol- 
lows :  — 

If  £7  and  Fbe  functions  of  a?,  //,  z,  the  rectangular  coordi- 
nates of  a  point;  then,  provided  ?7and  V  are  finite  and  con- 
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tinuousfor  all  points  within  a  given  closed  surface  S,  we  have 


dUdV     dUdV     dUdV\  ,    ,    ,  \ 

— —  +  — — ;-  +  — — —    dx  dy  dz 

dx  dx       dy  dy       dz   dz  J 


[(TTdV^  Trfd*r     d*V     d'tV\... 

\\U—dS-     \U  (-^  +  -j^  +  -—}dxdi/dz 
JJ      dn          JJJ      \d&       d>f       dx*  J 


where  the  triple  integrals  are  extended  to  all  points  within 
the  surface  S,  and  the  double  integrals  to  all  points  on  8 ; 
and  dn  is  the  element  of  the  normal  to  the  surface  at  dS, 
measured  outwards. 

d  (  TTdV\     dUdV     TTd*V 
Here,  since      —    v-j-]m  T~  T~ +  ^TV> 
dat\      dx  J      dx  dx  dx* 

we  have 

fd(rTdV\j  ({(dUdV, 

T\VT-  )dxdt/dz=\\i—  —dtdyd* 
dx\      dx  J  JJJ  dx    dx 

V 


the  integrals  being  extended  to  all  points  within  S. 
Again,  by  (15),  we  have 

Wdf-dr\,  {(rrdV       ^ 

—    U  —  }dx  dy  dz  =  \\U  —  cos  X  dS, 
JJJ  dx\      dx  J  JJ      dx 

under  the  same  restrictions  as  to  limits  as  before. 
Hence 

(((dUdV  ,  ((rrdV  fff  rrd*V  i 

\—  -j-  dxdydz  =      U—  cos  X  dS  -       U-^-  dx  dy  dz, 
JJJ  dx   dx  JJ      dx  JJJ       dx* 

along  with  corresponding  equations  for  y  and  a. 


Green's  Theorem* 


Accordingly, 

d_ 

doc  dx   '  dy  dy       d&   dx 

dV 


dU  dV     dU  dV     dU  dV\ 
-JT  —  +  —  —  +  —  --  —  \ 


dxdyd* 


ffrr/tfF  .          dV  dV 

=   \\U     -7-  COS  A  +    — -  COS  u    +  -7 - 

JJ      \dx  dy  dz 

JJJ       \dx?  +~dyr  +  ~dz* 
Again,  we  obviously  have 


cos 


dx 
—  , 

dn 


-> 

cos  A  =  —      cos  n  =  —  ,     cos  v  =  -7-  : 

dn 


dy 

—  , 
dn 


,,  < 

therefore    -j-  cos  A  +  —  —  cos  u  +  —  cos  v  =  —  . 
ax  dy  dz  dn 

Hence 

fdUdV     dUdV     dUdV\ 
-j-  -r-  +  -j—  -7-  +  -r-  -7-  \dscdydx 
\dx   dx       dy    dy       dz    dz  J 


7 
-dS- 


JdU    ^     fff  v(d*U     d*U     d*U\ 
~dii  rt    ~  JJJ      \.<&  *  dy*  *  d?  J 


829 


-      (18) 


The  latter  expression  is  obtained  by  the  interchange  of  U  and 
V  in  the  preceding. 
If  U-  T,  we  get 


^ 

dxdijdz.     19) 
*  y; 


jT  1 

*/J 


ffTr^F 
F-j- 
rf» 
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If,  as  in  Dijf.  Calc.,  Art.  332,  we  denote 
d*V     d*V     d*V 

then  equation  ( 1 8)  may  be  written  in  the  following  abridged 
form  : — 

[[(    dv      dU\        fir 

JJ\      dn          dn  J          JJJ 


228.  Case  where  U  becomes  Infinite.  —  We  shall  now 
determine  the  modification  to  be  made  when  one  of  the  func- 
tions, U  for  example,  becomes  infinite  within  S.  Suppose 
this  to  take  place  at  one  point  P  only  :  moreover,  infinitely 

near  this  point  let  U  be  sensibly  equal  to  -  where  r  is  the  dis- 

tance from  P.  If  we  suppose  an  indefinitely  small  sphere,  of 
radius  «,  described  witli  its  centre  at  P,  it  is  clear  that  (18)  is 
applicable  to  all  points  exterior  to  the  sphere  ;  also,  as 


sur- 


it  is  evident  that  the  triple  integrals  may  be  supposed  to  ex- 
tend through  the  entire  enclosed  space,  since  the  part  arising 
from  points  within  the  sphere  is  a  small  quantity  of  the  same 

order  as  a*.    Moreover,  the  part  of  \\U  -7—  dS,  due  to  the 

face  of  the  sphere,  is  indefinitely  small  of  the  order  of  the  radius 

cr     /v  T~r 
a.  It  only  remains  to  consider  the  part  of  \\V  —  dS  due  to  the 

spherical  surface.  Here,  as  V  is  supposed  to  vary  conti- 
nuously, we  may  take  for  its  value  that  (  V)  at  the  point  P  : 
also 


- 

dn       dr          dr          r*        a*  ' 
consequently  the  value  of      F  —  dS,  over  the  sphere,  is 
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Thus  (20)  becomes  in  this  case 
dV 


[k- 

JJ       dn 


(21) 

where,  as  before,  the  integrals  extend  through  the  whole 
volume  and  over  the  whole  exterior  surface. 

The  same  method  will  evidently  apply  however  great 
may  be  the  number  of  points,  such  as  P,  at  which  either  U 
or  V  becomes  infinite. 

229.  Integration  through  External  Space. — Let  us 
next  suppose  a  surface  8t  drawn  inclosing  another  surface  Si, 
and  let  Green's  theorem  be  applied  to  the  space  between 
these  surfaces,  we  get 


I 


fdU  dV     dUdV     dU  dV\ 

~T~  ~T~  +  ~J~  ~J~  +  -J-  -r- \ 
\dx    dx       dy   dy       dz    dz  / 


Let  us  now  suppose  82  to  be  a  sphere  of  indefinitely  great 
radius  ;  then,  provided  the  double  integral 


\\" 


become  evanescent,  Green's  equation  can  be  applied  to  in- 
tegration through  the  infinite  space  outside  $,,  as  well  as 
through  the  finite  space  within  it. 
Moreover,  since  in  this  case 


dV 
we  see  that  the  double  integral  vanishes  whenever  r*  D "-7- 

becomes  evanescent  when  r  is  indefinitely  increased ;  i.  e.  when- 
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ever  UV  is  of  lower  degree  than  -  i  in  the  coordinates  ;  a 
property  which  holds  good  in  all  physical  applications  of 
Green's  theorem. 

230.  Application    to    (Spherical    Harmonica.  —  We 

shall  conclude  by  establishing  a  few  fundamental  properties 
of  spherical  harmonic  functions. 

In  Green's  theorem  let  U  =  Fj,  V  =  Vm,  where  Vi  is  a 
solid  harmonic  (D(ff.  Calc.,  Art.  333)  of  the  degree  /,  and  Vm 
another  of  the  degree  m.  Now  suppose  a  sphere  of  radius  «, 
taken  as  the  bounding  surface  S,  then  equation  (21)  becomes 


Next,  let   Vi  =  r1  Yh   lrm  •=  iMYm,  so  that  F,  and  FM  are 
surface  harmonics  (Dijf.  Calc.  Art.  334) ;  tlien 


,=          nd__m^ 

an        dr  dn 

Hence,  since  r  =  a  over  the  surface  S,  equation  (22)  be- 
comes 


ma'"""  IT  YiYmdS  -  fe'*"-1  [[ 


or  -« 

Accordingly,  so  long  as  I  and  m  are  unequal,  we  have 

,rwrfs-o,  (23) 


whore  the  integration  is  extended  to  all  points  on  the  surface 
of  the  Bphore. 

This  may  be  written 


(air  ptl 


o,  (24) 

adopting  the  usual  notation  (D\ff.  Cak.t  Art.  336). 
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If  we  substitute  P/  and  Pm  for  F;  and  Fw,  we  get,  so  long 
as  /  and  m  are  unequal, 

'P,P 


or 


n: 

J*'p,Pm^-o,  (25) 


since  P/  and  Pm  are  functions  of  /j  only. 
Again,  we  have 


PTT  m 

Fj.CMd/i<fy-o,  (26) 

Jo  J-i 


whore  /)„,  is  Laplace's  coefficient  of  the  mth  order 
Art.  337). 

231.  Wo  can  now  find  the  value  of 


(2*   f+1 
o  J-l 


For,  let  P  be  the  point  a1,  .y,  z,  and  P'  the  point  of,  y\  z  , 
then,  since  jjjy  satisfies  the  equation  v2  ( j^jp }  ~  °»  wo  nave 


j  pp 

from  (21),  assuming  8  to  be  a  sphere  of  radius  r, 


in  wliich  we  suppose  Pf  situated  inside  the  sphere  8. 
Again  (Dip.  Calc.,  Art.  337), 


rtnoo    T     ,/n 


/-o\ 

,      .= 

d      \ 


henoe 

also,  since   F"m  =  rm  Fw,  we  have 
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Substituting  in  (27),  and  observing  from  (26)  that 


except  when  n  =  m,  we  get 
(2m  + 


J°*  J"  Zm  Ym  dp  d+  =  ^-^  F'M,  (29) 

where  F'w  is  the  value  that  Ym  assumes  at  the  point  P', 
i.  e.  when    n  =  p't  <p  -  0'. 


or 


232.  Next,  let     7V'>  =  Oz'  -  i)»'  PM,  (30) 

in  accordance  with  the  usual  notation;  then  (Diff.  Calc., 
Art.  336)  the  general  value  of  the  spherical  harmonic  Ym 
may  be  written 

F*  =  A0Pm  +  S(  At  cos  «^  -f  B,  sin  s0)  TmW.          (3  1  ) 
If  now  we  substitute  Pm  for  Ym  in  (29),  it  becomes 


Again,  if  we  substitute  oos  s$TmW  for  FOT,  we  get  from 
(29), 

cos  8^  LOT  TWW  rf^  rf^  =          -    cos  «^'  rTO0,     (33) 


*  f 


where  7"OTC)  denotes  the  value  of  TmM  when  we  substitute  // 
instead  of  /z. 

Also,  since  Lm  is  a  spherical  harmonic,  we  may  write 

Lm  -  a0Pm  +  S(a,  cos  s£  +  ft,  sin  s0)  TmM,          (34) 

in  which  the  coefficients  a^  ...  ctt,  ft«  .  .  .  are  for  the  present 
undetermined. 
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If  this  value  of  Lm  be  substituted  in  (32),  we  readily  get 


since  all  the  other  definite  integrals  vanish  identically. 
Hence,  since  a0  =  Pfm  (Diff.  Calc.,  p.  428), 

*  (Pm)*dp  =  — ? — .  (35) 

i       /  d\m 

Consequently,  as    Pm  =  — ; —  I  -7-  j   (V  -  i  )"*, 

2m  |j»  \dpj 

•  I  /    ^    \       /     o  \       I         i  ^  I  I    ^^  I 

we  nave  nT~)   (P      lJt  df* =         V.L—/  ^        /.^\ 


v  *    ^     i    ^  mttrw     r     A 

Again,  if  we  substitute  for  Z)OT  in  (33),  we  get  in  like 
manner 

f2*  f+1  47T 

as  (cos  s0  Tmw)2  rf/t  d(ft  = cos  s^»  T'mW. 

Jo    J-i  2W  +  I 

Hence 

a*  I     (^mw)2  fy —  cos 8A'!rmW.         (37) 

J_i  v  2m  +  i 

233.  In  order  to  determine 

and  consequently  ««,  we  shall  commence  by  proving  the  fol- 
lowing theorem  in  the  Differential  Calculus,  viz., 


(a  -  a)n  (x-b}n  D'n+n  {  (x  -  a)m  (x  -  b)m\ 
i  m+  n 

™ 


in  which  m  and  n  are  integers,  and  m  >  n  ;  also  D  represents  —  . 
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Here,  by  Leibnitz'  Theorem  (Di/.  Calc.,  Art.  48),  the 
general  term  in  the  development  of 

Dm*n  {(x  -  a)m  (x  -  b)m] 
is  of  the  form 

(m  -f  n)  (in  +  n  -  i) . . .  (w  +  n  -  r  +  i)  T 

_J_ — \—  —LD'»+n-r(x-(i)m.Dr(x-b}m. 

Moreover,  as  this  is  evanescent  so  long  as  /•  is  loss  than  «, 
we  cun  assume  r  =  n  +  p,  and  the  preceding  may  bo  written 

I  m  f  n 

>»-  (x  -  a)"> .  DM*>(x  -  b)m, 


\n  +  p  |  m  -p 

I  m  +  n          \m         I  m 

or,         j — *== p^  •  j — (*  -  ay  (x  -  b)m-n-r. 

In  +  p  \m  -  p  \p    \rn-n  -p  v 

Accordingly,  the  expression 

(x  -  a)n  (x  -  b}n  Dm*n  { (x  -  a)m  (x  -  b}m] 
p=m-n       I  m+  n        I  m        \m 


|  -  j  - 

P=O     \n  +p  I  m-p  \p   \rn-n  -  p 

Again,  the  general  terra  in 


.  (3Q) 


Dm-n((x-a}m(x-b)m\ 
may  be  written 

\jn  -n 

~JL 

\m         \m 

(x-a) 


\p I m -n- p ' 
I  m-n 


\p  \m-n-p  I n  +  p  \m  -  p 

Comparing  this  with  (39),  the  theorem  in  (37)  follows  im- 
mediately. 
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Again,  if  we  substitute  /j.  for  %,  s  for  »,  and  make  b  =  i, 
a  =  -  i,  this  result  can  bo  written  in  Rodrigues'  form,  viz., 

[w  +  s 

Hence,  since 

T  (s)  -  ^  ~  J 
•*m* ' 

we  get 


(40) 

—  S 


2"'\  111 


Consequently,  multiplying  the  two  expressions, 


I  in  +  s        i 


-    '"- 


>»     =          rTn—v          - 

I  m  -  s  (2m\my 
Therefore, 

f  (Wdf*  =  I2i?        f  Vv-  o"^'"-1^-  0"'^- 

J_,  |>»-g(2ro|m)aj_i 

Again,  integrating  by  parts,  and  observing  that  the  term 
outside  the  sign  of  integration  vanishes  for  either  limit, 
we  get 


hence,  by  successive  integration  by  parts,  we  get  fmnlly 


[22] 
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Consequently 


[  m  -h  s  f*1 

(-iVH  ( 

v      'w-s.Li 


(40 
Honce,  from  (36), 

a,  =  (-!)'-  =  coB*0'2V«;  (42) 

Im  4  s 

and   the   complete   expression   for  Lm  can   be    immediately 
written  down.     (Compare  Dijf*  Calc.,  p.  428.) 

234.  Expansion  of  a  Function  in  Spherical  Har- 
monics.— We  next  proceed  to  prove  that  any  function 
/(/u,  0),  which  is  -finite  and  continuous,  can  be  expanded 
in  a  series  of  spherical  harmonics,  i.  e.  that 

f(ftt  0)  =  Fo  +  Pi  +  P»  +  .  •  •  +  P»  +  &o.        (43) 

For  if  we  assume  this  result,  multiply  both  sides  of  the 
equation  by  Ln)  and  integrate,  we  get,  from  (26), 

1ZJr  f*1  f"  f*1  v 

a    J-i  Jo   J-l 

-  J^H  n,  from  (27), 
Again,  writing  //,  0'  for  n,  0  in  (43),  we  have 

•ft       '      Jf\  V  '     i      ~V '    i      V  '    .  .      ~\T  >  O 

f(pt  f)-  Xf  +  Xi  +  Xt  +  •  •  .  +  P«  4  &C. 

^^      ~       / 

*  4*       n  =  i 
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We  shall  verify  this  result  by  proving  that/(/,  *')  is  the 
limit  of  the  expression  at  the  right  hand  side  of  (44)  when 
»  is  increased  indefinitely. 

/* 

For,  suppose  h  =  —  ;  then  since,  by  hypothesis,  /  is  less 
than  r,  equation  (28)  may  be  written 

=  LQ  +  /*£,  -f  J?La  +  .  .  .  +  h"  Ln  f  .  .  .,        (45) 


T 
(i  -ihX  +  tfy 

where 


.    A  =  cos  PCF  =  w'  +  /3  v/*  cos  (0  -  f  ). 

If  we  differentiate  (45)  with  respect  to  h,  and  multiply  by 
2h,  we  get 


-f  .  .  . 


Adding  to  (45),  we  liave 
i  -  /r 


5/^^3  +  ..  .  +  (2)1  T  i}hnLn+  .  .  .   (46) 
(i  -2/iA  +  A2)2" 


Hence 


where  the  integrals  are  supposed  to  be  extended  over  the 
surface  of  a  unit  sphere,  of  which  dS  is  an  element. 
Hence  we  infer  that 


is  the  limiting  value  of 


ff 
JJ 


/(  _  :_ 


(i  -  2h\  +  A8)* 

Again,  when  i  -  A  is  indefinitely  small,  the  coefficient  of 
[22  a] 
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A 


every  element  in  the  latter  integral  is  indefinitely  small  except 
tho30  for  which  (i  -  2//A  +  A2)  4,  or 
PP',  is  indefinitely  small,  i.  c.  for 
which  the  point  P  is  taken  in- 
definitely near  to  the  point  A  on 
the  sphere.  Consequently  the 
integral  has  ultimately  the  same 
value  as  if  it  were  only  taken 
over  a  very  small  portion  of  the 
surface  around  the  point  A  ;  but 
throughout  this  portion  we  may 
assume/(/u,  </>)  =f(n',  $'),  namely, 
its  value  at  the  point  A.  Hence 
the  limiting  value  of 


(i  -  2/<A  +  A')* 


'/(/«', 


-h*)dS 


(i  -2AA 


•S3- 

when  // 


i. 


Again,  since  A  =  cos  ACP,  we  may  write  (l\(l<j)i  for  dS, 
where  ^,  is  the  angle  the  plane  ACP  makes  with  a  fixed 
plane  drawn  through  CA,  and  we  have 

d8 


=    27T 


d\ 


-  2h\  +  tfjl      i  -  A8 


Accordingly,  for  all  values  of  h, 
(i  -h^d 


when  taken  over  the  surface  of  a  unit  sphere ;  and  we  con- 
clude that 


!      »»=*>  f2i7f+1 

—  S          (2«  +  I)  /(», 

47T       «  =  1V  ^Jo    J-i      W 


=/(/,  0'),       (48) 


thus  verifying  equation  (44). 

This  is  the  well-known  general  formula  of  Laplace  ;  from 
which  we  infer  that  every  finite  continuous  function  of  jit  and  ^> 
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can  be  expressed  in  a  series  of  Spherical  Harmonics.  There 
is  no  difficulty  in  showing  that  the  series  is  unique  :  i.  e.  that  a 
given  function  can  only  be  expanded  in  one  way  in  a  series 
of  Spherical  Harmonics. 

235.  It  may  be  observed  that  the  determination  of  the 
value  in  spherical  harmonics  of  a  given  function  of  fl  and  <b 
is  usually  best  obtained  by  means  of  the  corresponding  solid 
harmonic  functions.  We  shall  illustrate  this  by  an  example. 

To  transform     u  =  cos  0  siu20  sin2</>  cos  «£. 
Here  r*  u  =  ocyz*  ;  and  we  readily  see  that  we  may  suppose 
u  =  F2  +  F4.  (49) 

This  gives  xijg  =  r*Pt  -t-  F"4,  (5°) 

where  V*  and  Fi  are  solid  harmonics. 

Operating  with  y2  on  both  sides,  we  get 


__ 

hence  V>  =  \xy,  and  therefore  F2  =  IJUA/I  -  /.t2  cos  0.     Also 
from  (50), 


{(i  -  ft*)  sin2 
cos  rf»  -  cos  30 


Again,  since       cos  0  sm  0  = 
we  readily  get 


Hence  cos  0  sin2  0  sin2  0  cos  d>  =  £*-—.  cos 

7 


cos 


It  is  readily  seen  that  a  function  cannot  be  exhibited  in  a 
finite  series  of  spherical  harmonics  unless  the  corresponding 
expression  in  #,  y,  s  is  rational,  or  becomes  rational  when 
multiplied  by  r. 


342  Examples. 

EXAMPLES. 
r.  If  Z7=  a  cos  «  +  ft  sin  w  cos  v  +  e  sin  M  sin  r, 

J21T    f2JT  C+1 

/(J7)  sin  u  du  dv  =  2*-  I      f(Aw)  dw, 
o    J  o  J-> 

where  ^  =  Va*  +  J*  +  e*. 

Let  «  =  cos  M,     y  =  sin  u  cos  r,     e  =  sin  M  sin  v  ; 

then  (#,  y,  z)  are  the  coordinates  of  a  point  on  a  sphere  of  unit  radius,   with 

centre  at  the  origin. 

Also  let  a  =  Aa,  b  =  Aft,  e  =  Ay  ;  then  a,  0,  y  is  also  a  point  on  the  same 
sphere,  and 

a  cos  u  +  I  sin  u  cos  »  +  e  sin  u  sin  v  =  /4  cos  8, 

where  0  is  the  arc  joining  the  point  a,  $,  y  to  x,  y,  z.  Again,  the  element  of 
the  surface  of  the  sphere  at  the  latter  point  may  be  represented  by  sin  u  du  dv, 
or  by  sin  0  do  d<p,  indifferently.  Consequently, 

/  (a  cos  M  +  b  sin  M  cos  v  +  e  sin  u  sin  v)  sin  u  du  do  =f(A  cos  fl)  sin  8  dd  d<f>. 
Integrating  each  of  these  over  the  entire  surface,  wo  get 

wfiw  t2vC*  Cn 

\    f(U)sinududv  =  \         f(A  cos  0)  sin  0  d8  dip  =  2ir      f(A  eos0)  sin8de. 
o  Jo  Jo    Jo  Jo 

2.  Hence  deduce  the  following  : 


fn-ra 

I 

Jo  Jo 


••  J-i 

tirf27r  2*C  f*1 

/(  U)  sin*  M  cos  v  du  dv  «=  —  I    f(Aw)  wdw. 
o  Jo  -^  J-i 

These  are  deduced  from  (i)  by  differentiation  under  the  sign  of  integration. 
3.  Show  that  the  integral 

U  =  J//(*  +  y)  x1-1  y1"-1  Ax  dy, 

supposed  extended  to  all  positive  values  subject  to  the  condition  *  +  y  <  tc,  can 
be  reduced  to  a  single  definite  integral,  by  the  substitution 

x  =  uv,    y  =  u(i  —v). 

Hence  x  +  y  =  u,  and  dx  dy  becomes  udv  dv  ;   also  the  limits  for  u  are  0  and  k, 
and  those  for  v  are  o  and  i  ;  hence 

U=  f  f  /(«)  «"»-> 
Jo  Jo 


r  (*  +  tit) 


T  f  /(«)  K""-1*!.          (Compare  Art.  221). 
tit)  jo 
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4.  Show  that  the  foregoing  process  can  be  extended  to  the  integral 

F  =  JXf/(*  +  y  +  *)  x1-1  ym~l  z'-1  dxdydz, 

when  the  variables  are  always  positive  and  subject  to  the  condition 

»  +  y  +  z  <  a. 

Substitute  for  x  and  y  as  in  last ;  then,  regarding  z  as  constant,  the  limits 
for  v  are  O  and  I,  and  those  for  u  are  o  and  a  —  z  ;  hence 


This  process  is  readily  extended  to  any  number  of  variables. 
5.  Find  the  value  of  the  definite  integral 

By  Art.  120  we  have 


rCgMymrl 

Jo  Jo 


r(0  r(m) 

tr**  *>v dx  dy  =  -. 

a1  bm 


Trnnsfoi-m  by  the  substitution  x  =  w,  y  =  u(i  —v);  then,  since  the  limits  for  v 
are  o  and  I,  and  those  for  u  are  o  and  oo  ,  we  get 

_r( 


£(/)  _r(m)  _  f1 
a'61"          Jo 


6.  Prove  that 


ri    «,<-!(,  _t,).n-i^          r(i)  r(»Q 
Jo  {i»(i-«)+  «y}'t'»  ~  r(/  +  »i)~«*  A*' 


(       (       1?(0#  -f  Ay,  a'x  +  A' 

J.oo  J-w 


where 


a    b 
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1 .  Prove  that 

n  it 

0"   2    (m2  cos2  0  +  >^  cos2  ft)  dG  <fy  _  y 
a  V(i  -~7w«Mn««)(i~M» sin*4>)  ~~  I' 

when  mz  +  n2  =  I. 

This  is  an  immediate  consequence  of  (9),  Art.  222. 

8.  Show  that  Legendre's  Theorem  connecting  complete  elliptic  integrals 
with  complementary  moduli  follows  immediately  from  the  preceding  example. 


f        M  I    ,- 

Let  *W  -  Jo  VT-nSnSrf?     *  W  =  Jo  Vl 

then  the  equation  in  Ex.  7  is  immediately  transformed  into 
F(m)  E(n)  +  E(m)  F(n)  -  F(n)  F(m)  =-. 

9.  Prove  that  the  area  of  a  surface  in  polar  coordinates  is  represented  by 


taken  between  suitable  limits. 

10.  Find  th«  value  of 

air 


Am.  2irPnP'n 

o 


ii.  Adopting  the  notation  of  Art.  232,  prove  the  relation 


where  u  =  p*  —  I  . 

Here  2>(wjtl  D«  Pm  D*fl  P,»)  =  M**1  (J9'*1  Pm)» 

+  u'D'l'm  (uD»*  Pm  +  2/i 

Also,  Art.  335,  Diff.  Gale.,  since  Pm  satisfies  the  equation 

D(ttDPm)  =  m(m+  i)  Pro, 

we  have  -Dt+1  (M  I>Pm)  =  m  (m  +  i  )  D*  Pm  ; 

hence        «Z)«42  Pm  +  2M  (s  +  i)  D'*1  P»,  =  (in  -*)(»»  +  *+  0  -D*  P«.- 
The  result  in  question  follows  immediately. 
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12.  Ilcuce  determine  the  value  of  the  definite  integral 


Multiplying  the  result  in  Ex.  II  by  dp,  and  integrating  between  the  limits 
+  i  and  —  i  ,  we  get 


-i 
llcncc,  substituting  *  -  i  for  », 


f"  f  +  1 

(  Tm(*>)*  dp.  =  -(m  +  s)  (m  +  I  -  s)  \      (  Zy*-1))8  dp 
J-i  J-i 

f-.i 
-s)  (m  -  s)        (T»»(''2))2 


=  &c. 

But  when  s  =  0,  TV,'*)  becomes  Pm  ;  hence,  by  equation  (35),  Art.  232, 


f  + 1  r       I  m  +  s 

(rmW)V/i  =  (-!)«-    — • 

J-i  ;    2m  +  i  I  >»-* 


Compare  Art.  233 


13.  Express  cos-0  sin20  sin</>  cos(/>  in  Surface  Harmonics. 
Proceeding  as  in  Art.  235,  we  easily  get 

cos7  6  sin'-'  6  sin  <p  cos  (j>  =  -fa  ( I  -  fi?)  sin  2</> 
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CHAPTEE  XII. 

ON    MEAN    VALUE    AND    PROBABILITY. 

236.  A  VERY  remarkable  application  of  the  Integral  Culculus 
is  that  to  the  solution  of  questions  on  Mean  or  Average 
Values  and  Probability.  In  this  Chapter  we  will  consider  a 
few  of  the  less  difficult  questions  on  these  subjects,  which 
will  serve  to  give  at  least  some  idea  of  the  methods  em- 
ployed. We  will  suppose  the  student  to  be  already  ac- 
quainted with  the  general  fundamental  principles  of  the 
theory  of  Probability. 

Mean  Values. 

237.  By  the  Mean  Value  of  n  quantities  is  meant  their 
arithmetical  mean,  i.e.  the  nth  part  of  their  sum. 

To  estimate  the  mean  value  of  a  continuously  varying 
magnitude,  we  take  a  series  of  n  of  its  values,  at  very  close 
intervals,  n  being  a  large  number,  and  find  the  mean  of  these 
values.  The  larger  n  is  taken,  and  consequently  the  smaller 
the  intervals,  the  nearer  is  this  to  the  required  mean  value. 

This  mean  value,  however,  depends  on  the  law  accord- 
ing to  which  we  suppose  the  n  representative  values  to  be 
selected,  and  will  be  different  for  different  suppositions. 
Thus,  for  instance,  if  a  body  fall  from  rest  till  it  attains  the 
velocity  v,  and  it  be  asked— What  is  its  mean  velocity 
during  the  fall  ?  If  we  take  the  mean  of  the  velocities  at 
successive  equal  infinitesimal  intervals  of  time,  the  answer 
will  be  £  v ;  but  if  we  consider  the  velocities  at  equal  intervals 
of  space,  it  will  be  f  v.  The  former  is  the  most  natural  sup- 
position in  this  case,  because  it  is  the  answer  to  the  question 
— What  is  the  velocity  with  which  the  body  would  move, 
uniformly,  over  the  same  space  in  the  same  time  ? — a  question 
which  implies  the  former  supposition.  We  might  frame  a 
similar  question,  of  a  less  simple  kind,  to  which  the  second 
value  above  would  be  the  answer. 


Case  of  One  Independent  Variable.  347 

Again,  if  we  wish  to  determine  the  mean  value  of  the 
ordinate  of  a  semicircle,  we  might  take  the  mean  of  a  series 
of  ordinates  equidistant  from  each  other ;  or  through  equi- 
distant points  of  the  circumference ;  or  such  that  the  areas 
between  each  pair  shall  be  equal:  in  each  case  the  mean 
value  will  be  different. 

Thus  we  see  that  the  Mean  Value  of  any  continuously 
varying  magnitude  is  not  a  definite  term,  as  might  be  sup- 
posed at  first  sight,  but  depends  on  the  law  assumed  as  to  its 
successive  values. 

238.  Case  of  One  Independent  Variable. — We 
will  therefore  suppose  any  variable  magnitude  y  to  be  ex- 
pressed as  a  function  $(x)  of  some  quantity  x  on  which  it 
depends,  and  its  mean  value  taken  as  x  proceeds  by  equal 
infinitesimal  increments  h  from  the  value  a  to  the  value  b. 
Let  n  be  the  number  of  values,  then  nh  =  b  -  a.  The  mean 
value  is 

-  U  (a)  +  ^  (a  +  h)  +  <j>  (a  +  2h)  + . . .  j . 

But  (Art.  90), 

(  )      f* 

h  <  (j)  (a]  +  (j>  (a  +  h)  +  0  (a  +  2  h)  +  ....  J  =      $  (#)  dx. 

)      J« 
Hence  the  mean  value  is 

i     f6 

M  =  -, 0  (an  dx.  ( i) 

o  -  aja  T 

EXAMPLES. 

1.  To  find  the  mean  value  of  the  ordinate  of  a  semicircle,  supposing  the 
series  taken  equidistant. 

i  fr      I 

~  2r  J.r  ~  4  Tr' 

viz.,  the  length  of  an  arc  of  45°. 

2.  In  the  same  case,  let  us  suppose  the  ordinates  drawn  through  equidistant 
points  on  the  circumference. 

]    r  TT  2 

if  =  -  \    r  sin  6  dO  =  -  r  ;  the  ordinate  of  the  centre  of  gravity  of  the  arc. 
ir  Jo  » 
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3.  Determine  the  mean  horizontal  range  of  a  projectile  in  vacua  for  different 
angles  of  elevation  from  45°  -  0  to  45°  +  0  ;  given  ihe  initial  velocity  F. 
If  a  be  the  angle  of  elevation,  the  range  is 


. 

=  —  sin  2a. 
ff 


i   f  F* 

Ifenco  M  =  — -      —  sin  2atfa,  between  the  limits  45°  i  0 

20  J    9 


therefore  Jf= 

(J         20 


•>  y 


•> 
The  mean  value  for  all  elevation;",  from  o°  to  90°,  is  - 

•*  y 

4.  A  number  n  is  divided  at  random  into  two  paits  ;  to  find  the  mean  value 
of  their  product. 

M  =  _["*(„_  x)dx=l-n*. 
n  Jo  o 

5.  To  find  the  mean  distance  of  two  points  taken  at  random  on  the  circum- 
ference of  a  circle. 

Here  we  may  evidently  take  one  of  the  points,  A,  as  fixed,  and  the  other,  J9, 
to  range  over  the  whole  circumference  ;  since  by  altering  the  position  of  A  we 
should  only  have  the  same  series  of  values  repealed  :  let  6  be  the  angle  between 
AS  nnd  the  diameter  through  A  :  as  we  need  only  consider  o«eof  the  two  semi- 
circles, 


IT  Jo 


6.  To  find  the  mean  values  of  the  reciprocals  of  all  numbers  from  n  to  2n, 
when  n  is  large;  that  is,  to  find  the  mean  value  of  tlie  quantities 


u 


that  is,  the  mean  value  of  the  function  —  ,  as  *  increases  by  equal  increments 

from  i  to  2  ;  therefore 

,.     fa  dx      i 

M=\    —  =  -log2. 
Ji  nx     n 

7.  To  find  the  mean  values  of  the  two  roots  of  the  quadratic 

*»  -  ax  +  b  =  o, 
'he  roots  being  known  to  be  real,  but  b  being  unknown,  except  that  it  is  positive. 
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In  this  case  b  is  equally  likely  to  have  any  value  from  0  to  -  ;   hence,  for  the 

4 
greater  root,  o, 


I     f  * 

M  =  r-j        arfJ 
3«"  Jo 

4.    f  " 

e  T,        a(2a-  a]  da;  since  i  =  a(a  —  o); 
J1 


therefore  M  =  -  «. 

6 

The  mean  value  of  the  smaller  root  is  7. 

6 

The  mean  squares  of  the  two  roots  are  —  a*,    —  a2.  These  might  be  deduced 
from  the  former  results,  since 


8.  Find  the  mean  (positive)  abscissa  of  all  points  included  between  the  axis 
of  x  and  the  curve 


The  mean  square  of  the  abscissa  is  |c*. 

239.  If  J/  be  the  mean  of  M  quantities,  and  M'  the  mean 
of  in'  others  of  the  same  kind,  and  if  \n  be  the  mean  of  the 
whole  m  +  m  quantities,  we  have  evidently 

iriM.'  .  . 

'     •  (2) 


Thus  if  it  be  required  to^fiacl  the  mean  distance  of  one 
extremity  of  the  diameter  of  a  semicircle  from  a  point  taken 
at  random  anywhere  on  the  whole  periphery  of  the  semicircle ; 
since  the  mean  value  when  it  falls  on  the  diameter  is  rt  and 

Af* 

the  mean  value  when  it  falls  oiTtlfc^airfc'is  — ,'we  have 

^^          -    TT 

w  * 

2r .  r  +  Trr  — •       , 
TT  _    or 

2r  +  rrr '  '  ~  2  +  ir 
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240.  Case  of  Two  or  More  Independent  Variables. 

—  If  z  =  $  (x)  be  any  function  of  two  independent  variables, 
and  if,  y  be  taken  to  vary  by  constant  infinitesimal  increments 
h,  k,  between  given  limits  of  any  kind,  the  mean  value  of  the 
function  z  will  be 


both  integrals  being  taken  between  the  given  limits. 

The  easiest  way  of  seeing  this  is  to  suppose  x,  y,  z  the 
coordinates  of  a  point  ;  and  to  conceive  the  boundary,  repre- 
senting the  limits,  traced  on  the  plane  of  xy,  and  then  ruled 
by  lines  parallel  to  x,  y  at  intervals  /i,  h  apart.  We  have 
thus  a  reticulation  of  infinitesimal  rectangles  hk  ;  and  if  at 
each  angle  an  ordinate  z  be  drawn  to  the  surface  s  =  0  (x,  y), 
as  the  number  of  ordinates  will  be  the  same  as  that  of  rect- 
angles, we  shall  have 

volume  Hzdxdy  =  sum  of  ordinates  x  hk; 
also  the  plane  area  \\dxdy  =  number  of  ordinates  x  hk  ; 

so  that  dividing  the  sum  of  the  ordinates  by  their  number, 
the  above  expression  results. 

It  may  be  shown,  in  like  manner,  that  for  three  or  more 
independent  variables  a  similar  expression  holds. 

It  is  evident  that  the  above  expression,  viewed  geometri- 
cally, gives  the  mean  value  of  any  function  of  the  coordinates 
of  a  series  of  points  uniformly  distributed  over  a  given  plane 
area. 

EXAMPLES. 

I.  Suppose  a  straight  line  a  divided  at  random  at  two  points;  to  find  the 
average  value  of  the  product  of  the  three  segments. 

Let  the  distance  of  the  two  points  X,  ¥,  from  one  end  of  the  line,  be 
called  x,  y.  Consider  first  the  cases  when  x  >  y  ;  the  sum  of  the  products  for 
these  is  half  the  whole  sum  ;  heuce 


*  L'io 


2.  A  number  a  is  divided  into  three  parts  ;  to  find  the  mean  value  of  one 
part. 
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Let  x,  y,  a  -  x  -  y  be  the  parts ; 


fa    ra- 

Jo   Jo 


x  djf  dy 


ra    fa-x 

dxdy 
Jo  Jo 


I 

=  -  a. 
3 


This  value  might  be  deduced,  without  performing  the  integrations,  by  consider- 
ing that  the  expression  is  the  abscissa  of  the  centre  of  gravity  of  the  triangle 
OAB  ;  OA,  OB  being  lengths  taken  on  two  rectangular  axes,  each  =  a. 

Of  course  the  result  in  this  case  requires  no  calculation  ;  as  the  sum  of  the 
mean  values  of  the  three  parts  must  be  =  a  ;  and  the  three  means  must  be  equal. 

The  mean  square  of  a  part  is  ^  a2. 
o 

3.  A  number  a  is  divided  at  random  into  three  parts  :  to  find  the  mean  value 
of  the  least  of  the  three  parts  ;  also  of  the  greatest,  and  of  the  mean. 

Let  x,  y,  a  —  x  —  y,  be  the  greatest,  mean,  and  least  parts.     The  mean  value 


of  the  greatest  is  MTr  •  the  limits  of  both 
Jj  dxdy 

integrations  being  given  by 

x>y>a-x-y>o. 

If  x,  y  be  the  coordinates  of  a  point,  referred 
to  the  axes  OA,  OB,  taking  OA  =  OB  =  a,  the 
above  limits  restrict  the  point  to  the  triangle  A  VH 
(AM  buing  drawn  to  bisect  OB)  ;  and  the  above 
value  of  M  is  the  abscissa  of  the  centre  of  gravity  of 

this  triangle  ;  i.  e.  -  of  the  sum  of  the  abscissas  of  its 

M 

angles  ;  hence 

i  /        i         i    \  il 

M=-  [a  +  -a  +-a)  =  -^a 

3  \       2        3    /  18 

The  ordinate  of  the  same  centre  of  gravity,  viz., 


Fig-  54- 


is  the  mean  value  of  the  mean  part;  hence  the  mean  values  of  the  three  parts 
required  are  respectively 

ii         5         J 

—  a,    -6  a,     -  a. 
18   '     18         9 

4.  To  find  the  mean  square  of  the  distance  of  a  point  within  a  given  square 
(side  =  2 a),  from  the  centre  of  the  square. 
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It  is  obvious  that  the  moan  square  of  the  distance  of  all  points  on  any  plane 
area  from  any  fixed  point  in  the  plane  is  the  square  of  the  radius  of  yi/ralion  of 
the  area  round  that  point. 

5.  To  find  the  mean  distance  of  a  point  on  the  circumference  of  a  circle  from 
all  points  inside  the  circle. 

Tnkir.g  the  origin  on  the  circumference,  and  the  diameter  for  the  axis,  if  dS 
be  any  clement  of  the  area,  we  have 


I 

J_- 


9» 


241.  Many  problems  on  Mean  Values,  as  well  as  on 
Probability,  may  be  solved  by  particular  artifices,  wliicli,  if 
attempted  by  direct  calculation,  lead  to  difficult  multiple 
integrals  which  could  hardly  be  dealt  with. 

EXAMPLES. 

1.  To  find  the  mean  distance  between  two  points  within  a  given  circle. 

If  M  be  the  required  mean,  the  sum  of  the  whole  number  of  cases  is  repre- 
sented by 

(«•»)'  Jf- 

Now  let  us  consider  what  is  the  differential  of  this,  that  is,  the  sum  of  the  new 
cases  introduced  by  giving  r  the  increment  dr.  If  MO  be  the  mean  distance  of 
a  point  on  the  circumference  from  a  point  within  the  circle,  the  new  cases  intro- 
duced, by  taking  one  of  the  two  points^!  on  the  infinitesimal  annulus  2-irrdr, 
are 

•jr/-2  JT/o  .  2irrdr: 

doubling  this,  for  the  cases  where  the  point  B  is  taken  in  the  anuulus,  we  gut 
d.  {  (*r-)2  M  }  =  4*2  Mot3  dr. 

Now  Mo  =  —  (Ex.  5,  Art.  240)  ; 

9ir 

therefore  wV.af=-  —  ir  \   r*dr\ 

9        Jo 

128 

therefore  M  =  -  . 

45* 

2.  To  find  the  mean  square  of  the  distance  between  two  points  taken  on  any 
plane  area  £1. 

Let  dS,  dS'  be  any  two  elements  of  the  area,  A  their  mutual  distance,  and 
we  have 

ir-~ 
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Now,  fixing  the  element  dS,  the  integral  of  A2tJS'  is  the  moment  of  inertia 
of  the  area  fl  round  dS  ;  so  that  if  JTbe  the  radius  of  gyration  of  the  area  round 
dS, 


let  r  =  distance  of  dS  from  the  centre  of  gravity  G  of  the  area,  k  the  radius  of 
gyration  round  0  ;  then 

K"-  =  r*  +  A2  ; 

therefore  M  =  tf  +  -  JJ  r2  dS  =  2&  ; 

thus  the  mean  square  is  twice  the  square  of  the  radius  of  gyration  of  the  area 
round  its  centre  of  gravity. 

242.  The  mean  distance  of  a  point  P  within  a  given  area 
from  a  fixed  straight  line  (which  does  not  meet  the  area)  is 
evidently  the  distance  of  the  centre  of  gravity  G  of  the  area 
from  the  line.  Thus,  if  A,  B  are  two  fixed  points  on  a  line 
outside  the  area,  the  mean  value  of  the  area  of  the  triangle 
APB  is  the  triangle  AGE. 

From  this  it  will  follow,  that  if  X,  Y,  Z  are  three  points 
taken  at  random  in  three  given  spaces  on  a  plane  (such  that 
they  cannot  all  be  cut  by  any  one  straight  line),  the  mean 
value  of  the  area  of  the  triangle  XYZisthe  triangle  GGr'G", 
determined  by  the  three  centres  of  gravity  of  the  spaces. 

EXAMPLE. 

i  .  A  point  P  is  taken  at  random  within 
a  triangle  ABC,  and  joined  with  the  three 
angles.  To  find  the  mean  value  of  the 
greatest  of  the  three  triangles  into  which 
the  whole  is  divided. 

Let  G  be  tli  e  centre  of  gravity  ;  then  if 
the  greatest  triangle  stands  on  AB,  P  is 
restricted  to  the  figure  GHGK,  and  the 
m.  an  value  of  APB  is  the  same  as  if  P 
were  restricted  to  the  triangle  GCK  ;  hence 
we  have  to  find  the  area  of  the  triangle 
whose  vertex  is  the  centre  of  gravity  of 
OCX,  and  base  AB  ;  Fig.  55. 

therefore  M=  -(ACB  +  AKB  +  A  GB)  =  ^  i  +  i  +  0  ABC; 

hence  the;  mean  value  is  -^  of  the  whole  triangle. 
Io 

i         5 

The  mean  values  of  the  least  and  mean  triangles  are  respectively  -  and  — 

This  question  can  readily  be  shown  to  be  reducible  to  Question  3,  Art.  240. 

[23] 
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243.  If  M  be  the  mean  value  of  any  quantity  depending 
on  the  positions  of  two  points  (e.g.  their  distance)  which  are 
taken,  one  in  a  space  Ay  the  other  in  a  space  B  (external  to 
A)  ;  and  if  M'  be  the  mean  value  when  both  points  are  taken 
indiscriminately  in  the  whole  space  A  +  B  ;  MAy  Mj,,  the 
mean  values  when  both  points  are  taken  in  A,  or  both  in  It, 
respectively  ;  then 

(A  +  B?M'  -  2  ABM  +  A*MA  +  B*MB.          (4) 
If  the  space  A  =  £, 

if,  also,  MA  =  MB 


thus  if  M  be  the  mean  distance  of  a  point  within  a  semi- 
circle from  a  point  in  the  opposite  semicircle,  J/i  that  of  two 
points  in  one  semicircle,  we  have  (Art.  241), 


To  determine  M  or  Mi  is  rather  difficult,  though  their 

sum  is  thus  found.     The  value  of  M  is  -  r. 
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EXAMPLES. 

I  .  Two  points,  X,  Y  are  taken  at  random  within  a  triangle.  What  is  the 
mean  area  M  of  the  triangle  XYC,  formed  by  joining  them  with  one  of  the 
angles  of  the  triangle  P 

Bisect  the  triangle  hy  the  line  CD  ;  let  jtfi  be  the  mean  value  when  both 
points  fall  in  the  triangle  ACD;  M%  the  value  when  one  falls  in  ACD  and  the 
other  in  BCD  ;  then 

2jfa  Jfi  +  J6. 

But  MI  =-M;  and  Jf\  =  OG'C,  where  G,  &'  are  the  centres  of  gravity  of 
A  CD,  LCD,  this  being  a  case  of  the  theorem  in  Art.  242  ;  hence 

If,  =  -  ABC,     and     M  «  -  ABC. 
9  27 

2.  To  find  the  mean  area  of  the  triangle  formed  by  joining  an  angle  of  a 
iquare  with  two  points  anywhere  within  it. 
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By  a  similar  method  this  is  found  to  be 

— »  of  the  whole  square. 

^  3.  What  is  the  mean  area  of  the  triangle  formed  by  joining  the  same  two 
points  with  the  centre  of  the  square  ? 

We  may  take  one  of  the  points  X  always  in  the  square  OA  ;  take  the  whole 
square  as  unity  ;  then  if  M  be  the  mean,  the  sum     ••%  „ 

of  all  the  cases  is 


M  =  - 
4          4 


+  2  1  Mi  +  I  Jfs, 
4  4 


M\,  Mz,  J'/a  being  the  mean  areas  when  the  second 
point  Y  is  taken  respectively  in  OA,  OS,  and  00. 
But  J(/3  =  jjf],  for  to  any  point  Yin  00  there  cor- 
responds one  Y'  in  OA,  which  gives  the  area 
OXY'^OXY; 


.Y 


therefore 


But 


Fig.  56- 


*-3-y 


=  —  ;  hence  -3f  =  -^  of  the  whole  square.* 


244.  If  two  spaces  A  +  C,  B  +  C  have  a  common  part  (7, 
and  M  be  any  mean  value  relating  to  two  points,  one  in  A  +  C, 
the  other  in  B  +  C ;  and  if  the  whole  space  A  +  B  +  C  =  W, 
and  Mw  be  the  mean  value  when  both  points  are  taken  indis- 
criminately in  W;  MA  when  taken  in  A,  &c.,  then 

2(A+C)(B+C)M=W*MW+C2H  -A*MA-&HB,   (5) 

as  is  easily  seen  by  dividing  the  whole  number  W2  of  cases 
into  the  different  classes  of  cases  which  compose  it. 


*  In  such  questions  as  the  above,  relating  to  areas  determined  by  points 
taken  at  random  in  a  triangle  or  parallelogram,  we  may  consider  the  triangle  as 
equilateral,  and  the  parallelogram  as  a  square.  This  will  appear  from  orthogonal 
projection  ;  or  by  deforming  the  triangle  into  a  second  triangle  on  the  same 
base  and  between  the  same  parallels,  when  it  is  easy  to  see  that  to  one  or  more 
random  points  in  the  former  there  correspond  a  like  set  in  the  latter,  determining 
the  same  areas.  This  second  triangle  may  be  made  to  have  a  side  equal  to  a 
side  of  an  equilateral  triangle  of  the  same  area ;  and  then  be  deformed  in  like 
manner  into  the  equilateral  triangle  itself.  Likewise  a  parallelogram  may  be 
deform* "i  into  a  square. 

[23  a] 
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EXAMPLE. 

Two  segments,  AB,  CD,  of  a  straight  line  have  a  common  part  CS;  to 
find  the  mean  distance  of  two  points  taken,  one  in  AS,  the  other  in  CD. 

2AB.CD.M=AD'.  -AD+  C£\-  CB-ACt.-AG-BDi.-BD, 
3333 

since  the  mean  distance  of  two  points  in  any  line  is  -  of  the  line  ; 

AD*+CB*-AC3-DB> 

therefore  M=  -  --  -  . 

t>AB  .  CD 

245.  The  consideration  of  probability  may  often  be  made 
to  assist  in  determining  mean  values.  Tims,  if  a  given 
space  S  is  included  within  a  given  space  A  ,  the  chance  of  a 
point  P,  taken  at  random  on  A,  falling  on  S  is 

S 


But  if  the  space  S  be  variable,  and  M  (8)  be  its  mean  value, 

,-*?.  <•> 

For,  if  we  suppose  5  to  have  n  equally  probable  values 
$i,  &,  Ss  .  .  .  .,  the  chance  of  any  one  Si  being  taken,  and  of 
P  falling  on  Si,  is 

181 

Pi=--r: 
nA 

now  the  whole  probability  p  =  p\  +  pz  +  p»  +  -  •  .  ;  which  leads 
at  once  to  the  above  expression. 

The  chance  of  two  points  falling  on  S  is 

M  (S*) 
P  =  --L-  (7) 


In  such  a  case,  if  the  probability  be  known,  the  mean  value 
follows,  and  vice  versa.  Thus,  we  might  find  the  mean  value 
of  the  distance  of  two  points  JT,  I7,  taken  at  random  in  a  line, 
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by  the  consideration  that  if  a  third  point  Zbe  taken  at  random 
in  the  line,  the  chance  of  it  falling  between  X  and  Fis  -  ;  as 
one  of  the  three  must  be  the  middle  one.  Hence  the  mean 

distance  is  -  of  the  whole  line. 
3 


Again,  the  mean  nth  power  of  the  distance  is  -.  -  -  -  , 

(n  +  i)(«  -i-  2j 

where  a  =  whole  line.     For  if  p  is  the  probability  that  n  more 
points  taken  at  random  shall  fall  between  X  and  Yy 


Now,  the  chance  that  out  of  the  n  +  2  points  X  shall  be 

2 

one  of  the  extreme  points  is  ;  and  if  it  is  so,  the  chance 

n  +  2  l 

that  Y  shall  be  the  other  extreme  point  is 


EXAMPLES. 


I.  From  a  point  X,  taken  anywhere 
in  a  triangle,  parallels  are  drawn  to  two 
of  the  sides.  Find  the  mean  value  of 
the  triangle  UXY. 

If  a  second  point  X'  be  taken  at 
random  within  ABC,  the  chance  of 
its  falling  in  XUJ'  is  the  same  as  the 
chance  of  X  falling  in  the  correspond- 
ing triangle  X'  U'  V;  that  is,  of  X' 
falling  in  the  parallelogram  XC.  Hence 
the  mean  value  of  Z7XF"=mean  value 
of  XC.  But  the  mean  value  of  (UXV 


+  XC)  is  -  ABC;  as  the  whole  triangle 

can  he  divided  into  three  such  parts  hy  drawing  through  X  a  parallel  to  AB* 
Thus 

M  (UXV)  =  £  ABG. 

The  mean  value  of  UV  ia-AB.     For  UV  is  the  fame  fraction  of  AB  that  the 
altitude  of  X  is  of  that  of  C:  see  Art.  242.  _ 

*  The  triangle  may  he  considered  equilateral  :  see  note,  Art.  243. 
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Cou.  Hence,  if  p  be  the  perpendiculur  from  X  on  AB,  h  the  altitude  of 
the  tri;mgle  ABC,  we  get 


If  the  area  ABC  be  taken  as  unity,  we  have,  since  UX  V:  AXB  =  AXB  :  ABC, 

UXV. 


Thus  the  mean  square  of  the  tiiangle  AXB  is  -.  If  two  other  points  Y,  Z  are 
taken  at  random  in  the  triangle,  the  chance  of  both  falling  on  AXB  is  thus  the 
same  as  that  of  a  single  point  falling  on  UXV;  i.e.  7.  Hence  we  may  easily 

infer  the  following  theorem  :  — 

If  three  points  X,  Y,  Z  ore  taken  at  random  in  a  triangle,  it  is  an  even 

chance  that  Y,  Z  both   fall   on    one   of  the  triangles    r\  P 

AXB,  AXC,  BXC.  f 

2.  In  a  parallelogram  A  BCD  a  point  X  is  taken  at 
random  in  the  triangle  A  HO,  and  another,  Y,  in  ADO. 
Find  the  chance  that  X  is  higher  thun  Y. 

Draw  XII  horizontal  :  tho  chance  is 

mean  area  of  AJIK  -f  ADO. 

But  AHK=XUy,  and  the  meau  area  of  XUris  \  ACB  H 

i  " 

(Ex.  i)  ;  hence  the  chance  is  -. 

A 

3.  If  0  be  a  point  taken  at  random  on  a  triangle,  and 
lines  be  drawn  through  it  from  the  angles,  to  find  the 
mean  value  of  the  trianglo  DEF.     (M.R.  MILLER.) 


U      V 

Fig.  58. 


It  will  be  sufficient  to  find  the  mean  area  of  the  triangle  AEF,  and  subtract 
three  times  its  value  from  ABC.  If  we  put  a,  ft,  y  for  the  triangles  BOG, 
AOC,  AOB,  it  is  easy  to  prove  that 


.ABC. 


(a  +  /3)(a  +  y) 


If  we  put  the  whole   area  ABC  =  i,  and  if 
dS  be  the  element  of  the  area  at  0, 


he  integration  extending  over  the  whole  triangle. 

But  if  p,  q  are  the  perpendiculars  from  0  on  the  sides  b,  e,  it  may  be  easily 
shown  that  the  element  of  the  area  is 


_ 

bcsinA 


Case  of  Two  or  More  Independent  Variables.          359 
Thus  the  mean  value  of  AEF  becomes 


oo        -)l-7 
Again,  by  Art.  95,  the  definite  integral 


-  —    MM   —     1 —  , 

1  —  fj  O 

/  ~2\ 

therefore  M  =  -  i  — 


Hence  the  mean  value  of  the  triangle  DEF  is 

10  -  ir2, 
that  of  ABC  being  unity. 

It  is  remarkable  that  the  same  value,  10  —  ir2,  has  been  found  by  Col.  Clarke 
to  be  the  mean  area  of  a  triangle  formed  by  the  [intersections  of  three  lines, 
drawn  from  A,  H,  G  to  points  taken  at  random  in  a,  b,  c  respectively. 

4.  To  find  the  average  area  of  all  triangles  having  a  given  perimeter  (2*). 
By  this  is  meant  that  the  given  perimeter  is  divided  at  random  in  every  possible 
way  into  three  parts,  a,  b,  c,  and  only  those  cases  are  taken  in  which  a,  b,  e  can 
form  a  triangle  ;  then  the  mean  value  of 


A  =  V  s  (s  -  a)  (s  -  b)  (s  -  c)  AX  Y  B 

Fig.  60. 

has  to  be  found. 

Take  AH  =  2s,  let  X,  T  be  the  two  points  of  division,  AS.  =  x,  AY=y: 
these  are  subject  to  the  conditions 

x  <  s,     y>s,    y  —  x  <t. 
Now  —  =  i/(g _ #) (y  -  s}(s -y  +  x)'t 

V  3 

(  '  I     -J(8-x)(y-s)(a-y  +  x) .  dydx 

J   tJy-i        . 

—          .      .  f 2»  f« 

V*  dydx 

J  <   Jy-i 

Again,  by  Art.  132,  we  have 

f«          ,7 r-; r     .  »    .  ., 

i    v (*-*)(«- y  +*)«*=  5  (z»  -  y)1 ; 


Mean  area  =  -— 
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In  the  same  case  we  should  easily  find 

Mean  square  of  area  =  —  -  . 

5.  Three  points  are  taken  at  random  within  a  given  triangle  ;  prove  that  the 
mean  area  of  the  triangle  formed  hy  them  is  —  of  the  given  triangle. 

Call  the  area  of  the  given  triangle  A,  the  required  mean  H:  we  will  first 
prove  that  if  MH  he  the  mean  area  when  one  of  the  three  points  is  restricted  to  a 
side  of  the  given  triangle, 

If  =2  Jf0. 
4 

Let  A  receive  an  increment  of  area  rfA,  hy  adding  to  it  an  infinitesimal  hand 
included  hetweon  the  base  a  and  a  line  parallel  to  it  ;  the  increase  produced  in 
the  sum  of  all  tlie  cases  is  found  by  considering  one  of  the  random  points  X 
taken  in  this  band  ;  the  additional  cases  introduced  will  he  represented  by 


The  whole  increase  is  treble  this,  for  we  must  consider  also  the  cases  when 
Y,  Z  fall  in  thi*  band  (the  cases  when  two  of  the  three  fall  in  it  may  be 
neglected,  their  numher  being  proportional  to  the  square  of  rfA).  Now  the  sum 
of  all  the  original  cases  is  A2  M  \  hence 


Now  —  is  constant  for  all  triangles  (see  note, 

A 
Art.  243) ; 


Jd 

hence—  d.  A4  = 
A 


.'.  M-  -  M0. 

4 


Again,  to  find  M0,  consider  the  random  point  X  fixed  at  a  particular  point 
I)  of  the  base  a,  the  other  two  points,  Y,  Z,  ranging  all  over  Ilie  triangle.  Let 
M'be  the  moan  value  of  1)YZ;  the  sum  of  all  the  cases,  viz.,  A7  M',  may  be 
decomposed  into  three  groups  :  (i)  when  Y,  Z  are  in  AliD  ;  (2)  both  in  ACD  ; 
(3)  one  in  each  triangle  : 

A. 
—  . 


4.  ABC 

*.  1-ACD  +  2ADD.ACD. 


hy  Ex.  (i),  Art.  243,  and  because  in  case  (3)  the  mean  value  is  the  area  of  the 
triangle  formed  by  joining  I)  with  the  centres  of  gravity  of  ADD  and  ACD 
(Art.  242).  Let  JiD  =  z,  altitude  of  triangle  -  p,  and  we  get 


Now  when  the  point  X  falls  on  the  element  Ax,  the  sum  of  all  the  cases  ia 
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and  hence,  when  X  ranges  from  B  to  C,  the  whole  sum  of  cases  is 
represented  hy 


therefore 


Hence 


aA2  M0  =  (|  »)3  -  a*  =  -  a  A3. 
9        9 

-  A  ;   and  therefore  M  =^  M,}  =  —  A. 
9  4  12 


COR.  Hence,  if  four  points,  A,  B,  C,  D,  are  taken  at  random  within  a 
triangle,  the  chance  that  they  determine  a  re-entrant  quadrilateral  is  -.  For 
the  chance  that  D  falls  in  ABC  is  the  mean  value  of  ABC  divided  by  the 
whole  triangle,  that  is  —  ;  and  we  have  to  add  to  this  the  chances  that  C  falls 

12 

2 

in  ABD,  &c.     The  chance  that  ABCD  is  convex  is  -. 

6.  The  moan  distance  of  the  vertex  of  a  triangle  from  all  points  in  the  area  is 
equal  to  its  distance  from  the  centre  of  gravity,  measured  along  a  parabolic  path , 
which  leaves  the  vertex  in  the  direction  of  one  of  its  sides,  and  reaches  the 
centre  of  gravity  in  a  direction  parallel  to  the  other — the  axis  of  the  parabola 
being  parallel  to  the  base. 

Let  an  indefinite  line  AP  be  con- 
ceived to  revolve  round  A,  from  the 
direction  AC  to  AB  ;  and  as  it  revolves, 
suppose  that  all  the  mass  of  the  triangle 
ABC  which  lies  to  the  right  of  it  is 
transferred  continuously  to  the  vertex  A. 
The  centre  of  gravity  of  the  whole  mass 
will  thus  describe  a  curve  starting  from 
0,  and  ending  at  A.  When  the  linn  is 

at  A  P  let  the  centre  of  gravity  be  at  g  ;    jj  p-  p  Q 

and  when  it  is  in  the  consecutive  position 

AP',  let  the  centre  be  at  g' .     As  the  Fig.  62. 

mass  of  the  triangle  APP'  has  been  transferred  to  A,  gg  is  parallel  to  AP;  also 

APP'    2    . 


since  -  AP  is  the  distance  traversed  by  the  centre  of  gravity  of  the  transferred 
portion  of  the  whole  mass.* 

2 

But  as  -  AP  is  the  mean  distance  of  all  points  iu  APP'  from  A,  tho  sum  of 

2 

every  element  in  APP'  multiplied  by  its  distance  from  A  =  APP'  x  -AP. 

w 

Hence  the  sum  of  all  the  elements  (jg',  i.e.  the  whole  arc  GA  =  sum  of  every 
element  of  ABC  into  its  distance  from  A,  divided  by  the  area  ABC,  i.e.  the 
mean  distance  required. 

*  See  Rankine,  Applied  Mechanics,  p.  54. 
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It  is  easy  to  show  that  if  gTia  drawn  parallel  to  BC,  we  have 


and  that  the  curve  is  the  parahola  mentioned  above.  For  A  and  g  are  in  directum 
with  the  centre  of  gravity  of  ABP;  and  hence,  since  g  is  the  centre  of  gravity 
of  ASP  and  of  a  mass  at  A  equal  to  A  PC, 

AT      BP       3  BP        e 

-  •  —  >  &nd  —  —  =  -—  f 

*  «  '          2gT     AT 

—  c 
3 

PROBABILITIES. 

246.  The  calculation  of  Probabilities,  when  the  number 
of  favourable  cases,  as  well  as  the  whole  number  of  cases,  is 
finite,  is  not  a  subject  for  the  Infinitesimal  Calculus.  It  is 
when  the  number  of  cases  depends  on  continuously  varying 
magnitudes,  and  is  therefore  infinite,  that  recourse  has  to  be 
made  to  the  methods  of  the  Integral  Calculus. 

The  same  remark  applies  here  which  we  had  occasion  to 
make  as  to  mean  values  (Art.  237).  The  value  of  the  pro- 
bability will  depend  on  the  law  according  to  which  we  select 
the  series  of  cases  which  we  take  as  representing  the  total 
number  —  that  is,  it  will  depend  on  which  variable  (or  varia- 
bles) we  suppose  to  be  taken  at  random,  that  is,  to  proceed  by 
constant  infinitesimal  increments  ;*  in  other  words,  to  be  the 
independent  variable  (or  variables).  Thus,  if  we  have  to  find 
the  chance  of  the  line,  drawn  from  a  fixed  point  to  a  given 
finite  straight  line,  exceeding  a  given  length,  the  results  will 
be  different  if,  first,  we  suppose  a  series  of  lines  drawn  to 
points  taken  at  random  on  the  given  line,  or,  secondly,  a 
series  of  lines  drawn  in  random  directions  from  the  fixed 
point.  In  many  cases,  however,  the  problem  has  an  obvious 
sense  which  precludes  any  such  uncertainty. 

247.  Let  us  consider  a  simple  question  on  chances.     Two 
integers  are  chosen  at  random  from  o  to  6  inclusive  ;  to  find 

*  Of  course  a  large  number  of  values  taken  at  random  for  a  variable  do  not 
really  form  an  equi-different  series  :  hut,  as  they  must  give  a  number  of  points 
(when  measured  along  a  straight  line)  of  uniform  density,  they  may  he  taken, 
for  the  purposes  of  calculation,  as  equi-different. 
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the  chance  that  the  greater  of  the  two  exceeds  a  given  value, 
suppose  3.  Here  the  whole  number  of  cases,  all  equally 
probable,  is  easily  seen  to  be 

and  the  number  of  favourable  cases  is 

4  +  5  +  6, 
so  that  the  required  chance  is  -. 

If,  however,  the  question  is  not  confined  to  integers,  but 
that  the  two  numbers  chosen  may  have  any  arbitrary  values 
from  o  to  6  ;  or  as  we  may  state  the  question  : — Two  quan- 
tities are  taken  at  random  from  o  to  a  ;  find  the  chance  that 
the  greater  of  the  two  is  less  than  a  given  value  b  :  — 

Let  x  be  the  greater ;  then  for  any  assigned  value  of  x 
the  number  of  cases  is  measured  by  x  (since  the  lesser  may  have 
any  value  from  o  to  x) ;  hence  the  number  of  cases  when  the 
greater  falls  between  x  and  x  +  dx  is  measured  by  xdx ;  the 

whole  number  of  cases  is  therefore     xdx ;  and  the  favourable 

Jo 

f*  b1 

cases  are     xdx.     The  required  chance  is  therefore  J9  =  — . 

This  instance  will  serve  to  show  how  the  Integral  Calculus 
may  enter  into  the  estimation  of  chances.  It  is  true  that  it 
might  easily  be  solved  otherwise ;  for  if  the  two  numbers  are 
considered  as  the  distances  from  one  end  of  the  line  of  two 
points  taken  at  random  in  a  line  of  length  a,  and  if  we 
measure  a  distance  b  from  that  end,  the  problem  is  really  to 
find  the  chance  that  both  points  fall  within  b  j  which  chance 

is  evidently  — . 

248.  We  proceed  to  give  a  few  easy  questions  on  proba- 
bilities :  general  rules  can  hardly  be  given  for  their  solution, 
the  number  and  diversity  of  the  questions  which  may  be 
proposed  being  so  great  that  no  attempt  seems  to  have  been 
made  to  classify  or  connect  them  in  a  regular  theory.  We 
will  give,  in  particular,  several  on  Local  or  Geometrical 
Probability. 
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EXAMPLE?. 

1.  If  an  event  B  is  known  to  have  occurred  in  a  certain  century,  the  chance 
llial  it  was  not  distant  more  than  n  years  from  the  middle  of  the  century  is  of 

course  -  ;  hut  if  three  events,  A.  B,  C,  are  known  to  have  occurred  in  the 

ICO 

century,  and  that  A  preceded  B,  and  B  preceded  C,  let  it  he  proposed  to  find 
how  far  this  amount  of  knowledge  alters  the  value  of  the  chance  for  S. 

Let  x  he  the  numher  of  years  from  the  beginning  of  the  century  to  the 
event  Ji  ;  then,  for  any  assigned  value  of  x,  the  numher  of  triple  cases  is 
x(ioo-x)  :  hence  the  number  of  favourable  cases  divided  by  the  whole  number  is 

J  604  ii 
x(ioo-x)dx 
en.,,  ,    n  I  n  \* 

V  =  -  =  3  --  4  (  -  I   • 
F       fl«»  *  100       MIOO/ 

x(ioo-x)dx 
Jo 

2.  Two  numbers,  x,  y,  are  chosen  at  random  between  O  and  a:  find  the 

a~ 
chance  that  the  product  xij  shall  be  less  than  -  (its  mean  value). 

ru.<-'/// 

Here  p  =  --, 


a  . 

the  integral  being  limited  by  a  >  x  >  O,  a  >  y  >  O,  and  xy  <  —  .      >>  o   have 

accordingly  to  integrate  for  y  from  a  to  o,  when  x  is  between  o  and  -  ;  and  from 

—  to  o,  when  x  is  between  -  and  a  ;  thus 
4*  4 

• 

II  ea    (£  rt2        rt2 

adx+\     —dx=  7  +  —  Jog  4, 
o  J«  4*  44 


Hence  P  =  -  +  -  log  2- 

4      2 

3.  Two  points  are  taken  at  random  in  a  given  line  a ;  to  find  the  chance 
that  their  distance  asunder  shall  exceed  a  given  value  c. 

It  is  easy  to  see  that  the  distances  of  two  such  points  from  one  end  of  fh« 
line  are  the  coordinates  of  a  point  taken  at  random 
in  a  square  whose  side  is  a.  Thus  to  every  case 
of  partition  of  the  line  corresponds  a  point  in  the 
square — such  points  being  uniformly  distributed  over 
its  surface. 

Thus,  if  in  the  above  question  x,  y  stand  for  the 
distances  of  the  two  points,  from  one  end  of  the  lias, 
y  being  greater  than  x,  we  have  to  find  the  chance 
of  y  -  x  exceeding  c.  The  point  P  whose  co- 
ordinates are  x,  y,  in  the  square  0-D  (side  =  a), 
may  take  all  possible  positions  in  the  triangle  OBD, 
if  no  condition  is  imposed  on  it.  But  if  y  —  x  >  c, 
then  if  we  measure  Off  =  c,  the  favourable  cases 


Fig.  63. 
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occur  only  when  P  is  in  the  triangle  BUI ;  hence  the  probability  required 

_BSI 
P  ~  OBD 
In  fact  this  is  only  performing  the  integrations  in  the  expression 


IT 

ic  JO 
9)  =:    

•  />/!/•* 


dxdy 


(a  [y 
\    dxdy 
oJo 


4.  Two  points  being  taken  at  random  in  a  line  a,  to  find  tbe  chance  that  nn 
one  of  the  three  segments  shall  exceed  a  given  -n          Z    K  N         D 

length  c. 

The  segments  being  as  before,  x,  y  —  x,  a  —  y, 
PS=x,  PK=a-y,  PI  =  y  -  x.  There  will 
be  two  cases  : — 


U 


I  H 

(i).  If  o>-a;  takeOU=Br=DZ=BN=c; 

then  it  is  easy  to  see  that  the  only  favourable  V 
cases  are  when  P  falls  in  the  hexagon  UZNMJV; 

_OBD-I.UBZ  _         /a-cy  0 

OBD   ~  6\    a    )  '  Fig.  64. 

(2).  If  c<  -a;  take  OU=BT=e,  as  before;  then  the  only  favourable 
cases  are  when  P  falls  in  the  triangle  RST; 
RST 


B 


K 


D 


therefore        py  = 


OBD 


/3«-«V 
(-^-)> 


since  JRST  =  -  RT*,  and  RT=  VT+  RH-  VH 

=  2c  —  (a  —  c). 

Such  cases  of  discontinuity  in  the  functions 
expressing  probabilities  frequently  present  them- 
selves.    The  functions   are    connected  by  very 
remarkable  laws.     Thus,  in  the  present  question,     ^ 
if  pi  =f(c),  pz  =  F(c),  we  have 


/ 

/  / 

T      / 

/Ej 

7 

Fig.  65. 


5.  A  floor  is  ruled  with  equidistant  parallel  lines;  a  rod,  shorter  than  the 
distance  between  each  pair,  being  thrown  at  random  on  the  floor,  to  find  the 
chance  of  its  falling  on  one  of  the  lines  (Bttffbn's  problem). 

Let  x  be  the  distance  of  the  centre  of  the  rod  from  the  nearest  line,  0  the 
inclination  of  the  rod  to  a  perpendicular  to  the  parallels,  2a  the  common  distance 
of  the  parallels,  2c  the  length  of  rod ;  then  as  all  values  of  x  and  0  between  their 
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extreme  limits  are  equally  probable,  the  whole  number  of  cases  will  be  repre- 
sented by 


'a  fa 

dxdf)  =  ira. 


Now,  if  the  rod  crosses  one  of  the  lines,  we  must  have  c  >  -  ;  so  that  the 

cos  9 
favourable  cases  will  be  measured  by 


Cl  Cccr* 

I     <(d 
J-*      Jo 


6 

dx  =  2e. 


20 

Thus  the  probability  required  is  =  — . 

This  question  is  remarkable  as  having  been  the  first  proposed  on  the  subject 
now  called  Local  Probability.  It  has  been  proposed,  as  a  matter  of  curiosity, 
to  determine  the  value  of  *•  from  this  result,  by  making  a  largo  number  of  trials 
with  a  rod  of  length  2a  :  the  difficulty,  however,  here  consists  in  ensuring  that 
the  rod  shall  fall  really  at  random.  The  circumstances  under  which  it  is  thrown 
may  be  more  favourable  to  certain  positions  of  the  rod  than  others.  Though  we 
may  bo  unable  to  take  account  d  priori  of  the  causes  of  such  a  tendency,  it  will 
be  found  to  reveal  itself  through  the  medium  of  repeated  trials. 

249.  Sometimes  a  result  depends  upon  a  variable  (or 
variables)  all  the  values  of  which  are  not  equally  probable,  but 
are  such  that  the  probability  of  a  certain  value  for  a  variable 
depends,  according  to  some  law,  on  the  magnitude  of  that 
value  itself  (and  also,  perhaps,  on  the  values  of  other  variables). 
Thus  a  point  may  be  taken  in  a  straight  line  so  that  all 
positions  are  not  equally  probable,  but  the  probability  of  the 
distance  from  one  end  having  the  value  x,  being  proportional 
to  x  itself.  This  would  be  in  fact  supposing  the  series  of 
points  in  question  as  ranged  along  the  line  with  a  density 
proportional  to  x ;  as,  e.  g.,  if  they  were  the  projections,  on 
the  line,  of  points  taken  at  random  in  the  space  between  the 
line  and  another  line  drawn  through  one  of  its  extremities. 
To  give  an  example  : — 

Two  points  are  taken  in  a  line  a,  with  probabilities  vary- 
ing as  the  distance  from  one  end  A ;  to  find  the  chance  of 
their  distance  exceeding  a  length  c. 

Let  x,  y,  be  the  distances  from  A,  and  suppose  y  >  x. 
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Here  the  probability  of  a  point  falling'  between  x  and  x  +  dx 
is  not  proportional  to  dx,  but  to  xdx ;  and  the  result  will  be 


p  _  -_ si =     I  + 

F       ra  r«  I 

xdx 

io 


f°        f 

y<fy 

j«      j 


The  mean  values  of  the  three  divisions  of  the  line,  in  the 
same  case,  will  be  found  to  be 

8  4  i 

— «,       — «,       -  a. 
15  15  5 

The  above  value  of  p  is  also  the  value  of  the  chance,  that 
the  difference  of  the  altitudes  of  two  points   within   a   triangle 

Sk 

shall  exceed  a  given  fraction  -  of  the  altitude  of  the  triangle. 

Gb 


EXAMPLES. 

i.  Two  points  being  taken  on  the  sides  OA,  OB,  of  a  square  a2,  the  chance 
of  their  distance  being  less  than  a  given  value  b  is  easily  seen  without  calcula- 

TtJjl 

tion  to  be  — ,  provided  b  <  a ;  as  it  is  the  chance  of  a  point  taken  at  random  in 
4^ 

the  square  falling  within  a  quadrant  of  a  given  circle.  Suppose  now  that  two 
points  are  taken  on  OA,  and  two  on  OS,  and  that  we  take  X,  Y,  the  two  points 
furthest  from  0  on  each  side,  to  find  the  chance  that  their  distance  X  Y  is  less 
than  a  given  length  b  ;  (b  <  a). 

Here  the  probability  of  X  falling  between  x  and  x  +  dx  is  proportional  to 
xdx  ;  likewise  for  y  ;  hence 


I 


xydxdy 


ea  ra 

\    xydxdy 
Jo  Jo 


the  upper  integral  being  limited  by  a;2  +  y"1  <  b2  ;  hence  p  =  —  -. 

Thus  it  is  an  even  chance  that  the  point  determined  by  the  coordinates  x,  a 


shall  fall  within  the  quadrant  -  ir«2. 
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2.  In  a  circular  target  of  area  A  the  area  of  the  bull's  eye  is  a.    If  a 
shot  is  heard  to  strike  the  target,  the  chance  of  its  having  hit  the  hull's  eye  is 

of  course  —  .*     If,  however,  two  shots  have  been  fired,  to  find  the  chance  that 
A 

the  best  of  the  two  has  hit  the  hull's  eye. 

This  is  easily  solved  by  elementary  considerations  ;  as  the  chance  of  both 
missing  the  bull's  eye  is 


Hence  the  required  chance  of  the  best  shot  having  hit  it  is 


3.  Let  it  be  proposed,  however,  to  find  the  chance  of  (he  best  of  the  two 
shots  (i.e.  that  nearest  the  centre)  having  hit  any  given  area  a,  traced  out  on 
the  target. 

The  number  of  cases  in  which  the  worst  shot  falls  on  any  element  dS,  at  a 
distance  r  from  the  centre,  is  measured  by  vr^clS  ;  hence  the  chance  of  the  worst 
shot  striking  the  area  a  is 

(over  a)       m 


where  M,  m  are  the  moments  of  inertia  of  A,  a  round  the  centre  of  the  target. 
Now  the  probability  of  both  shots  missing  a  is 


hence  that  of  a  being  hit  (by  one  or  both)  is 


a~ 
and  the  chance  of  both  hitting  it  is  —  .     But  the  chance  of  a  being  hit  is 

chance  of  best  +  chance  of  worst  —  chance  of  both  ; 
hence  if  p\  be  the  required  chance,  viz.,  of  the  best  shot  striking  a, 

A  -  «\a  am 


where  in,  M  are  the  moments  of  inertia  above. 

Or,  we  might  have  considered  the  number  of  cases  in  which  the  best  shot 
fails  on  the  element  dS,  viz.,  ir(Kl  -  r^dS,  where  R  =  radius  of  target.  This 
would  have  given  the  required  probability 


_ 

Pl  ~ 


which  is  easily  shown  to  he  identical  with  the  above  value. 

*  That  is,  disregarding  the  effect  or  the  aim  directing  it  with  greater  proba- 
bility to  the  centre  of  the  target.  This  would  be  practically  correct  in  the  case 
of  a  very  bad  marksman,  who  frequently  misses  the  target  altogether- 
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Fig.  66. 


250.  Curve  of  Frequency.—  In '  questions  relating  to 
a  variable,  the  probability  of  any  value  of  which  is  a  function 
of  that  value  itself,  it  is  often 
useful  to  consider  what  is  called 
a  curve  of  frequency.  Thus,  if 
the  probability  of  a  given  value 
of  x  is  proportional  to  <£  (x) ,  and 
we  draw  a  curve  y  =  C<fi(x), 
then  when  a  great  number 
of  values  for  x  are  taken,  the 
number  in  any  element  dx  is 
proportional  to  the  area  of  the  curve  standing  on  that 
element  ;  the  ordinate  at  any  point  P  representing  the 
density  or  frequency  of  the  points  at  P :  the  abscissas  of  all 
points  taken  at  random  in  the  area  of  the  curve  are  equally 
probable. 

Thus,  if  two  points  X,  P"are  taken  at  random  in  a  straight 
line  AB,  and  X  means  always  that 
nearest  to  A,  the  curve  of  frequency 
for  Fwill  be  a  straight  line  through 
A  ;  that  for  X  a  straight  line  through 
B.  This  will  often  simplify  ques- 
tions :  e.g.  suppose  we  have  to  find 
what  is  sometimes  called  the  most 
probable  value  for  AY,  i.e.  such 


Fig.  67. 


i.e.  sucn  a 

value  AP  that  A  Y  is  equally  likely  to  exceed  or  to  fall  short 
of  it.  Since  the  curve  of  frequency  for  I7' is  a  line  AC,  wt 
have  only  to  find  P,  so  that  PD  bisects  the  triangle  ABC  ; 

i.  e.  AP  =  — —  because  as  many  values  of  A  Y  exceed  AP  as 


V/2 

fall  short  of  it. 


The  most  probable  value  is  not  the  mean 


2 

value,  viz.,  -  AB,  being  the  horizontal  distance  of  the  centre 

o 
of  gravity  of  ABO,  from  A. 

A  point  Y  is  taken  at  random  in  a  line  AB  -  a,  and 
then  a  point  X  is  taken  at  random  in  A  Y  (or  a  rod  may  be 
supposed  broken  in  two  at  random,  and  one  of  the  pieces 
then  broken  in  two),  to  find  the  chance  of  the  length  of  AX 
failing  within  given  limits. 

[24] 
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Let  x,  y  be  the  distances  from  A  ;  for  any  assigned  value 

dx 
of  y,  the  chance  of  X  falling  between  x  and  x  +  dx  is  —  ; 

y 

hence  the  chance  of  X  falling  between 
x  and  x  +  dx,  and  of  Y  falling  between 
y  and  y  +  dy,  is  measured  by 

dxdy 
ay    ' 

hence  the  whole  chance  of  X  falling 
between  x  and  x  +  dx  is 


dx  f  di/      dx        a 
—      —  =  —  log  -  =  -  dx  log  x, 
«Jx  y        a      °x 


A 


X  Y 

Fix.  68. 


if  for  simplicity  we  put  a  =  i  . 

Thus  the  curve  of  frequency  for  X  is  a  logarithmic  curve 
HR,  whose  ordinate  is 

s  =  -logar, 

the  frequency  at  A  being  infinitely  great. 
The  area  of  this  curve  from  0  to  x  is 

xlog6-; 

tXs 

and  this  is  the  probability  of  AX  being  between  0  and  x  ; 
the  whole  area,  when  x  =  i,  being  i,  as  it  ought  to  be,  since 
it  is  certain  that  X  falls  on  AB.  The  chance  of  X  falling 
between  given  limits  x',  x",  is  of  course 


To  find  the  most  probable  value  of  *  we  should  have  to 
solve  the  equation 

.r(i  -logz)  =-. 


This  gives  x  about  one-fifth  of  the  line  AS. 


Curve  of  Frequency.  371 

The  mean  value  of  x  is 

P 
xz  dx 

=  one-fourth  of  AB. 

zdx 

This  last  result  might  have  been  foreseen  ;  because  if  we 
take  a  point  at  random  in  each  of  the  segments  AY,  YB, 
the  line  AB  is  divided  into  four  parts,  the  mean  values  of 
which  must  be  the  same,  as  each  of  them  goes  through  the 
same  series  of  values  as  the  others ;  the  sum  of  the  mean 
values  being  AB. 

EXAMPLES. 

1.  A  line  is  divided  at  random,  and  one  of  the  parts  again  divided  at  random 
as  above,  to  find  the  chance  that  no  one  of  the  three  parts  shall  exceed  the  sum 
of  the  other  two  (i.e.  that  a  triangle  might  be  formed  by  them.)     (Cambridge 
Math.  Tripos,  1854.) 

The  probability  that  X,  Y  shall  be  taken  in  two  assigned  elements  dx,  dij  is 
(taking  a  =  i), 

dxdy 

This  differential  being  integrated  throughout  any  limits  gives  the  sum  of  the 
probabilities  of  X,  Y  being  found  in  each  pair  of  values  for  dx  and  dy  which 
enter  into  the  summation :— that  is,  the  cases  being  mutually  exclusive,  the 
probability  that  X,  Y  will  be  found  in  some  one  of  those  pairs. 
In  the  present  case  the  limits  are  equivalent  to 

1  __i 

2  a 

fi  fj    dydx     .  i 

Hence  .  -?=  — =  log  2  ~  r- 

j  \  J?/-i    y 

2.  An  urn  contains  a  large  number  of  black  and  white  balls,  the  proportion 
of  each  being  unknown:  if  on  drawing  m  +  n  ball?,  in  are  found  white  and 
n  black,  to  find  the  probability  that  the  ratio  of  the  numbers  of  each  colour  lies 
between  given  limits.  V 

The  question  will  not  be  altered  if 
we  suppose  all  the  balls  ranged  in  a  line 
AB,  the  white  ones  on  the  left,  the 
black  on  the  right,  the  point  X  where 
they  meet  being  unknown,  and  all  posi- 
tions for  it  in  AB  being  d  priori  equally  A 
probable  ;  then  m  +  n  points  being  taken  _  uyt 

at  random  in  AB,  m  are  found  to  fall  on  . 

AX,  n  on  XB.    That  is,  all  we  know  of  X  is,  that  it  is  the  (m  +  i)'»  in  order, 

[24  a] 
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beginning  from  A,  of  m  +  «  +  I  points  falling  at  random  on  AB.     If  AX  =  *, 
AB  -  i,  the  number  of  cases  for  X  between  x  and  *  +  dx  is  measured  by 


—  xm(i  -x)"ilx.* 
I  in  In 

Hence  the  probability  tbat  the  ratio  of  the  white  balls  in  the  urn  to  the 
whole  number  lies  between  any  two  given  limits  a,  ft — that  is,  that  the  distance 
from  A  of  the  point  X  lies  between  a  and  ft — is 

fP 


fV  (i  -*)» 
Jo 


dx 


The  curve  of  frequency  for  the  point  X  will  be  one  whose  equation  is 
y  =  xm  (i  -  x}". 

The  maximum  ordinate  KV  occurs  at  a  point  K  dividing  AB  in  thu  ratio 
m  :  it.  This  is  of  course  what  we  should  expect  :  the  ratio  of  the  numbers  of 
black  and  white  balls  is  more  likely  to  be  that  of  the  numbers  drawn  of  eauh 
than  any  other.  The  value  for  p  above  is  simply  the  area  of  the  above  curve 
between  the  values  a,  P,  of  x,  divided  by  the  whole  area. 

Let  us  suppose,  for  instance,  that  3  white  and  2  black  balls  have  been 

2  A 

drawn  ;  to  find  the  chance  that  the  proportion  of  white  balls  is  between  -  and  - 

13  55 

of  the  whole  —  that  is,  that  it  differs  by  less  than  +  -  from  -,  its  most  natural 

value.     litre 

'-)'*      22S6      ,8 

—75-  -   •  nearly- 


x1-  (i  -  atfdx        5 
Jo 

The  above  results  will  apply  to  any  event  that  must  turn  out  in  one  of 
two  ways  which  are  mutually  exclusive,  this  being  the  whole  of  our  d  priori 
knowledge  with  regard  to  it  —  the  ratio  of  the  black  or  white  balls  to  the 
whole  number,  meaning  the  real  probability  of  either  event,  as  would  be 
manifested  by  an  infinite  number  of  trials.  We  will  give  one  more  example  of 
the  same  kind. 

3.  An  event  has  happened  m  times  and  failed  n  times  in  m  +  n  trials.  To 
find  the  probability  that,  on  p  +  q  further  trials,  it  shall  happen  p  times  and 
fail  q  times. 

*  For  a  specified  set  of  m  points,  out  of  the  m  4  «,  falling  on  AX,  the 

I  m  +  n 


number  is  xm  (l  -  x)Hdx  ;  the  number  of  such  sets  is 


Lfils 
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That  is,  that  p  +  q  more  points  being  taken  at  random  in  AS,  p  shall  fall  in 
AX,  and  q  in  7LY.     The  whole  number  of  cases  is  as  before: 


m  +  n 


5 1* 


-  x}«dx  =  - 


I  m  +  n  rl 


I  >/<  I  n 


When  any  particular  set  of  ;?  points,  out  of  the  p  4  ?  additional  trials,   falls  in 
AX,  the  number  of  favourable  cases  is 


[ml  nf1 


1.2.3 


(P  +  9) 


But  the  number  of  different  sets  of  p  points  is 

i  .  2  .  3  .  .  .  p  .  i  .  2  . 3 

Hence  the  probability  is,  putting  as  before  I  p  for  i  .  2  .  3  .  .  .  p, 


By  means  of  the  known  values  of  these  definite  integrals  (p.  117),  we  find 
[.P  +  ?     I  f»  +  j»  I  »  4  y 


For  instance,  the  chance  that  in  one  further  trial  the  event  shall  happen  is 
— .     This  is  easily  verified,  as  the  line  AB  has  been  divided  into  m  +  n  +  2 


sections  by  the  m  +  n  +  I  points  in  it,  including  X.  Now,  if  one  more  trial  is 
made,  i.  e.  one  more  point  taken  at  random,  it  is  equally  likely  to  fall  in  any 
section;  and  m  +  i  sections  out  of  the  entire  number  are  favourable. 

4.  Trace  the  curve  of  frequency  of  the  ratio  - ;  a  and  b  being  numbers  taken 

at  random  within  the  limits  +  I. 
If  we  measure  the  values  of 
the  ratio  as  abscissas  along  an 
axis  OX,  and  make  OA  =  I  ; 
OA'  =  -  i,  AB  =  A'B'  =  i  ; 
then  the  line  whose  ordinal  es 
are  proportional  to  the  fre- 
quency will  be,  for  values  of 

-  comprised  between  the  limits 

Q 

±  I,  the  straight  line  BB';  but,  for  values  beyond  these  limits,  will  consist  of 
the  arcs  BC,  B'C'  of  the  curve  x-y  =  I. 

It  is  thus  an  even  chance  that  the  ratio  7  lies  itself  between  the  limits  ±  I : 

o 
this  would  also  appear  by  a  construction  such  as  that  given  in  the  next  Article. 
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251.  Errors  of  Observation. — One  of  the  practically 
most  important,  as  well  as  the  most  difficult,  departments 
of  the  theory  of  Probability  is  that  which  treats  of  Errors  of 
Observation.  We  will  give  here  an  example  of  the  simplest 
description. 

Two  magnitudes  A  and  B  are  measured  ;  each  measure- 
ment being  subject  to  an  error,  of  excess  or  defect,  which 
may  amount  to  ±  a,  all  values  between  these  limits  being 
supposed  equally  probable.*  To  determine  the  probability 
that  the  error  in  the  sum,  A  +  B,  of  the  two  magnitudes, 
shall  lie  within  given  limits  ;  also  its  mean  value. 

Thus  the  angular  distance  of  two  objects  A,  C  is  some- 
times found  by  measuring  the  angle  between  A  and  B,  an 
intermediate  object ;  and  afterwards  that  between  B  and  C, 
and  adding  the  two  angles.  If  each  measurement  is  liable 
to  an  error  ±  5',  all  values  being  equally  probable,  to  find  the 
probability  of  the  error  of  the  result  falling  within  assigned 
limits :  its  extreme  limits  being  of  course  ±  10'. 

The  question  is  more  easily  comprehended  by  means  of 
a  geometrical  construction  than  by  3' 

integration. 

Take  AB  =  2  a;  then  all  the  values 
of  the  first  error  are  the  distances 
from  0  of  points  P  taken  at  random 
in  AB;  positive  when  in  OH  ; 
negative  when  in  OA.  Make  also 
AB'  =  2a;  the  values  of  the  second 


error   are  given  by  points  in   A'B'.      £ J 

Take  any  values,  OP  =  x  for  the  first,  j^  7K 

OP'  =  x'  for  the  second  :  these  values 

taken  as  co-ordinates  determine  a  point  V  corresponding  to 
one  case  of  the  compound  error  x  +  x  ;  and  such  points  F 
will  be  uniformly  distributed  over  the  square  UK.  The  value 
of  the  compound  error  c  corresponding  to  the  point  F  is 

-  *  4-   V     -    OS 
£   —  «C  T  fu     —    C/Ajj 

if  VS  be  drawn  at  45°  to  the  axes.     Now  all  values  of  the 

*  This  supposition  must  not  be  taken  to  be  practically  correct.  The  Theory 
of  Errors  shows  that  the  probability  of  an  error  of  magnitude  x  is  proportional 
to  * •«**. 
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errors  x,  x'  which  give  x  +  x'  the  same,1  give  the  same  value 
for  E  ;  hence  all  points  on  the  line  JI  correspond  to  com- 
pound errors  of  amount  08.  Take  Ss  =  <&  ;  the  number  of 
compound  errors  between  e  and  g  +  d*.  is  the  number  of 
points  between  //  and  a  parallel  to  it  through  s.  Now  the 
area  of  this  infinitesimal  strip  is  evidently 

(20  -  e)  ch. 

Hence  the  probability  of  the  error  being  between  E  and 
E  +  de  is 

(20  -  e)dt 

*-  -i?— 

This  holds  for  negative  values  of  e,  provided  we  only  consider 
their  arithmetical  magnitude. 

Thus  the  frequency  of  an  error  of  magnitude  £  =  OS  is 
proportional  to  JI,  the  intercept  of  a  line  through  S  sloping 
at  45°.  The  probability  of  the  error  c  falling  between  any 
two  given  limits  OS,  OS'  is  found  by  measuring  these 
lengths  (with  their  proper  signs)  from  0,  along  AB,  and 
dividing,  by  the  area  of  the  whole  square,  the  area  intercepted 
on  the  square  by  parallels  through  S  and  S',  sloping  at  45°. 

Thus  the  chance  of  the  error  falling  between  the  limits 

±  a  (those  of  the  two  component  errors)  is  -. 

The  mean  value  of  the  error,  strictly  speaking,  is  0  ;  but  it 
is  evident  that  for  this  purpose  we  ought  to  consider  negative 
errors  as  positive  ;  and  consequently  take  the  mean  of  the 
arithmetical  values  of  all  the  errors,  which  is  the  same  as  the 
mean  of  the  positive  errors  only;  hence  the  mean  error 
required  is 


The  most  probable  value,  such  that  it  is  an  even  chance  that 

the  error  exceeds  it  (since  the  triangle  JKI  must  be  -  of  the 

4 
whole  square,  for  that  value  of  OS),  is 

±  a  (2  -  -/I)  =  ±  .586  a. 
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Let  it  be  now  proposed  to  find  the  probability  of  a  given 
error  in  the  sum  of  A  and  B,  assuming,  according  to  the 
modern  theory  of  errors,  that  the  probability  of  an  error 
between  x  and  x  +  dx  in  either  is 


, 

p  =  —  —  e     dx  ; 

C  V  7T 

the  coefficient  —  j=  being  determined  by  the  necessary  con- 

cvir 

ditiou  that  the  differential,  being  integrated  from  oo  to  -  oo. 

must  give  unity,  as  the  error  must  lie  between  these  limits.* 

Referring  to  the  above  construction,  the  number  of  values 

of  the  first  error  between  x  and  x  +  dx  being  proportional  to 

X* 

e  c*  dx, 

and  the  number  of  values  of  the  second  error  between  x'  and 
x'  +  dx  being  proportional  to 

£1 
e  "'  daf, 

the  corresponding  number  of  values  of  the  compound  error  is 
proportional  to 


e     c*    dxdx. 

Hence  the  number  of  points,  corresponding  each  to  a  case 
of  the  compound  error,  in  any  element  dS  of  the  plane  at  a 
distance  r  from  the  origin,  is  measured  by 


which  shows  that  the  points  have  the  same  density  along  any 

*  It  is  of  course  absurd  to  consider  infinite  values  for  an  error  :  but  the 

.*! 

curve  y  =  e  **  tends  so  rapidly  to  coincide  with  its  asymptote,  the  axis  of  x, 
that  the  cases  where  x  has  any  large  values  are  so  trifling  in  number,  that  it  is 
indifferent  whether  we  include  them  or  not. 


Errors  of  Observation. 


377 


circle  whose  centre  is  0.  Now  the  probability  of  this  com- 
pound error  being  between  e  and  e  +  ds  is  proportional  to  the 
number  of  points  between  JTand  the  consecutive  line;  making, 
as  before,  08  =  c,  Ss  =  ds.  But  this  number  is  the  same 
as  when  the  strip  JLTis  turned  round  0  through  an  angle  of 
45°,  because  the  points  lie  in  concentric  circles  of  equal  den- 
sity. Hence  the  number  is  proportional  to 


2    - 


as  the  perpendicular  from  0  on  JI  is 

Thus  the  probability  of  a  compound  error  between  £  and 
t  +  de  is  proportional  to 


and  as  this,  when  integrated  between  the  limits  ±  oo ,  must 
give  the  probability  i ,  the  value  of  p  is 


*•  / — 

0A/27T 

It  thus  follows  the  same  law  as  the  two  component  errors, 
0^2  taking  the  place  of  c. 

252.  Various  artifices  have  been  employed  for  the  solution 
of  different  interesting  questions  on  Probability,  which  would 
be  found  extremely  tedious,  or  impracticable,  if  attempted 
by  direct  integration.  For  example  : 

Two  points  are  taken  at  random  within 
a  sphere  of  radius  r ;  to  find  the  chance  that 
their  distance  is  less  than  a  given  value  c. 

Let  F  =  number  of  favourable  cases, 
W  =  whole  number ;  then 


Let  us  consider  the  differential  dF,  or 
the  additional  favourable  cases  introduced  by  giving  r  tho 
increment  dr,  c  remaining  unchanged. 


378  On  Mean  Value  and  Probability. 

If  one  of  the  points  A  is  taken  anywhere  (at  P)  in  the 
infinitesimal  shell  between  the  two  spheres,  then  drawing  a 
sphere  with  centre  P,  radius  c,  all  positions  of  the  second 
point,  J?,  in  the  lens  ED  common  to  the  two  spheres,  are 
favourable  ;  let  L  =  volume  ED,  then  the  number  of  favour- 
able cases  when  A  is  in  the  shell  is 

47rr*rfr.  L: 
doubling  this,  for  the  cases  when  B  is  in  the  same  shell, 


Now  it  may  be  easily  proved,  from  the  value  for  the  volume 
of  a  segment  of  a  sphere,  that 

_         27T     ,        7T  C4 

L  =  — c* ; 

3         4  r 

hence  F-  STT'  (-  cV  - 1  cV  +  G}  ;  . 

\9  / 

(7  being  an  unknown  constant ;  i.e.  involving  c,  but  not  r ; 

F         c3       9    c4      Q  (7 

therefore          p  =  — =  -r .-7  +  -  -r. 

1 6   „         r3       1 6  r4      2  r6 


Now  the  probability  =  i  if  r  =  -  c  ; 

therefore     i=8-9  +  -x64~;     .'.  2  <7  =  —  c«; 
2          c*  2         64 

•_  c3       o  c4       i  c* 

hence  p  =  -  --  r-t  +  --  .. 

r3      i6r4      32  r6 

If  the  two  points  be  taken  within  a  circle,  instead  of  a 
sphere,  it  may  be  proved  by  a  similar  process  that 


c'      2  /      c*\    .    .  c        i     c  f      c 

»  =  —  +  -I--T    sur1 .-  2  +  — 

^      r3      TrV       rV  2r      4?r  rV       -2 
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It  is  a  remarkable  fact,  pointed  out  by  Mr.  S.  Eoberts, 
that  if  we  draw  the  chord  ED,  the  probability  in  the  case  of 
the  circle  is, 

2  .  segment  EQD  +  segment  EPD  t 
area  of  circle  EHD 


_ 


and  also,  in  the  case  of  the  sphere, 

2  .  volume  EQD  +  volume  EPD 


P 


volume  of  sphere  EHD 


These  results  evidently  suggest  that  there  must  be  some 
manner  of  viewing  the  question  which  would  conduct  to 
them  in  a  direct  way. 

EXAMPLES. 

I.  Three  points  being  taken  at  random  within  a  sphere,  to  find  the  chance 
that  the  triangle  which  they  determine  shall  be  acute-angled. 

As  the  probability  is  independent  of  the  radius  of  the  sphere,  it  is  easy  to 
see  that  we  may  take  the  farthest  from  the  centre  of  the  three  points  as  fixed  on 
the  surface  of  the  sphere.  For  if  p  be  the  probability  of  an  acute-angled  triangle 
in  this  case,  p  will  also  be  the  probability  of  an  acute-angled  triangle  for  each 
position  of  the  farthest  point,  as  it  travels  over  the  whole  volume  of  the  sphere. 
Hence  p  will  be  the  probability  when  no  restriction  is  put  on  any  of  the  points. 

Take  then  A,  one  of  the  points  on  the  surface  of  the  sphere ;  two  others,  S,  0, 
being  taken  at  random  within  it,  and  let  us  find  the 
chance  of  ASG  being  obtuse-angled :  to  do  this,  we 
will  find  separately  the  chance  of  the  angles  A,  S,  G 
being  obtuse :  the  events  being  mutually  exclusive, 
the  probability  required  will  be  the  sum  of  these 
three. 

(i).  To  find  the  chance  that  A  is  obtuse,  let  us  fix 
S ;  then,  drawing  the  plane  A  V  perpendicular  to  AS, 
the  chance  required  is 

yolume  of  segment  A HV 
volume  of  sphere 

Let  r  be  the  radius  of  sphere,  p  =  AS,  Q=L  OAS ;  then  the  volume  of  the 
segment  AHV  is 

| irr3  (i  -  cos  0)z  (2  +  003 0) ; 

therefore  when  S  is  fixed  the  chance  is 

i(i  -  cos  0)2  (2  +  costf). 
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Now  let  B  move  over  the  whole  volume  of  the  sphere,  and  we  have  for  P*, 
the  probability  that  A  is  obtuse, 


—  L-    f  f  f  -  (I  -  COS  0)2  (2  +  COS  6}dV 

sphere  J  J  J  4 


•1      f-i  i  2r  co«0 

-^-  (2  -  3  cos  fl  f  cos3  6)  p2  si 

or3  J  o  J  o 


Hence  PA  =  —• 

(2).  To  find  the  chance,  PB,  that  B  is  obtuso.     Fix  B  as  before;  then  the 
chance  that  B  is  acute  is 

segment  MEN 
sphere 


chance  is 


Now,  volume  MHN=\in*  ( -  +  I  -  cosflj    (2  +  cosfl--J  ;  so  that  the 
ince  is 

I    I  n  PJ  PS) 

-  {2  -  3 cos 0  +  cossfl  +  3  -(i  -co820)  +  3^cosfl  -^J. 
4  (  r  r*  r3) 

Hence  the  whole  probability  (i  -  PB)  that  B  is  acute  is 

JT 

J2-3cos0  +  cos30+  3 -(I -cos2  0)4-3-  cose-1  J  p*  sin  0  <?0  dp. 
8?-sJoJo  r  r  ^i 


Performing  the  integrations,  we  find  Pj»  =  —  . 

The  probability  for  C  is,  of  course,  the  same  as  for  B  ;  hence  the  whole  pro- 
bability of  an  obtuse-angled  triangle  is 


Hence,  the  chance  of  an  acute-angled  triangle  is  —  . 

For  three  points  within  a  circle  the  chance  of  an  acute-angled  triangle  is 

i      I 
T>~  8' 

2.  Two  points,  A,  B,  are  taken  at  random  in  a  triangle.  If  two  other  points, 
(7,  D,  are  also  taken  at  random  in  the  triangle,  find  the  chance  that  they  shall  lie 
on  opposite  sides  of  the  line  AB. 
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The  sides  of  the  triangle  ABO  produced  divide  the  whole  triangle  into  seven 
spaces.  Of  these,  the  mean  value  of 
those  marked  (a)  is  the  same,  viz.,  the 
mean  value  of  ABC;  or,  tV  of  the 
•whole  triangle,  as  we  have  shown  in 
Art.  245  ;  the  mean  value  of  those 
marked  (0)  heing  f  of  the  triangle. 

This  is  easily  seen  :  for  instance, 
if  the  whole  area  =  i,  the  mean  value 
of  the  space  PJiQ  gives  the  chance 
that  if  the  fourth  point  I)  be  taken 
at  random,  £  shall  fall  within  the 
triangle  ADC:  now  the  mean  value 
of  ABC  gives  the  chance  that  1)  shall 
fall  within  ABC  ;  but  these  two 


\ 


chances  are  equal. 

Hence  we  see  that  if  A,  B,  C  be 
taken  at  random,  the  mean  value  of  that  portion  of  the  whole  triangle  which 
lies  oil  the  same  side  of  AB  as  G  does  is  { g  of  the  whole ;  that  of  the  opposite 
portion  is  -fa. 

Hence  the  chance  of  C  and  D  falling  on  opposite  sides  of  AB  is  ^ . 

253.  Random  Straight  Lines. — If  an  infinite  number 
of  straight  lines  be  drawn  at  random  in  a  plane,  there  will 
be  as  many  parallel  to  any  one  given  direction  as  to  any  other, 
all  directions  being  equally  probable  ;  also  those  having  any 
given  direction  will  be  disposed  with  equal  frequency  all 
over  the  plane.  Hence,  if  a  line  be  determined  by  the  co- 
ordinates, p,  w,  the  perpendicular  on  it  from  a  fixed  origin  0, 
and  the  inclination  of  that  perpendicular  to  a  fixed  axis;  and 
if  p,  (i)  be  made  to  vary  by  equal  infinitesimal  increments, 
the  series  of  lines  so  given  will  represent  the  entire  series  of 
random  straight  lines.  Thus  the  number  of  lines  for  which 
p  falls  between  p  and  p  +  dp,  and  w  between  w  and  w  +  c/w, 
will  be  measured  by  dpdu,  and  the  integral 

H  dp  do), 

between  any  limits,  measures  the  number  of  lines  within  those 
limits. 

It  is  easy  to  show  from  this  that  the  number  of  random 
lines  which  meet  any  closed  convex  contour  of  length  L  is 
measured  by  L. 

For,  taking  0  inside  the  contour,  and  integrating  first 
for  p,  from  o  to  p,  the  perpendicular  on  the  tangent  to  the 
contour,  we  have  ]pdu  :  taking  this  through  four  right  angles 
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for  w,  we  have  by  Legendre's  theorem  (p.  232),  N  being  the 
measure  of  the  number  of  lines, 


Thus  if  a  random  line  meet  a  given  contour,  of  length  L, 
the  chance  of  its  also  meeting  another  convex  contour,  of 
length  /,  internal  to  the  former,  is 


If  the  given  contour  be  not  convex,  or  not  closed,  N  will 
evidently  be  the  length  of  an  endless  string,  drawn  tight 
around  the  contour. 

EXAMPLES. 

1.  If  a  random  line  meet  a  closed  convex  contour,  of  length  L,  the  chance 
of  it  meeting  another  such  contour,  external  to  the  former,  ia 

X-  T 


where  X  is  the  length  of  an  endless  band 
enveloping  hoth  contours,  and  crossing 
between  them,  and  Y  that  of  a  hand  also 
enveloping  both,  but  not  crossing. 

This  may  be  shown  by  means  of 
Legendre's  integral  above  ;  or  as  fol- 
lows :  — 

Call,  for  shortness,  N(A)  the  number 
of  lines  meeting  an  area  A  ;  N(A,A') 
the  number  which  meet  both  A  and  A'  ;  then 


Fig.  75- 


N(SEOQPH)  +  N(S'Q  'OH' 


')  =  N(SJIOQPH+  S'Q'OR'FE*) 
N(SROQPS,  S'Q'OKPS^, 


since  in  the  first  member  each  line  meeting  both  areas  is  counted  twice.  But 
the  number  of  lines  meeting  the  non-convex  figure  consisting  of  OQPHSR  and 
OQ'S'H'P'  It  is  measured  by  the  band  T,  and  the  number  meeting  both  these 
areas  is  identical  with  that  of  those  meeting  the  given  areas  fl,  &'',  hence 

X= 


Thus  the  number  meeting  both  the  given  areas  is  measured  by  X  —  T. 
the  theorem  follows. 


Hence 
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2.  Two  random  chords  cross  a  given  convex  boundary,  of  length  Z  and  area 
fl  ;  to  find  the  chance  that  their  intersection  falls  inside  thu  boundary. 

Consider  the  first  chord  in  any  position  ;  let  0  be  its  length  ;  considering  it 
as  a  closed  area,  the  chance  of  the  second  chord  meeting  it  is 


20 


and  the  whole  chance  of  its  co-ordinates  falling  in  dp,  d<a,  and  of  the  second 
chord  meeting  it  in  that  position,  is 

20  dpdw 


L  jfdpda      tf 

But  the  whole  chance  is  the  Bum  of  these  chances  for  all  its  positions  ; 

therefore  prob.  =  —  I  \  Cdp  du. 

Now,  for  a  given  value  of  w,  the  value  of  J  Cdp  is  evidently  the  area  fi  ;  then 
taking  a>  from  IT  to  O, 

required  probability  =  -=£- . 

The  mean  value  of  a  chord  drawn  at  random  across  the  boundary  is 
tfCdpdw      irfl 

JlL   = 


3.  A  straightband  of  breadth  c  being  traced  on  a  floor,  and  a  circle  of  radius 
r  thrown  on  it  at  random,  to  find  the  mean  area  of  the  band  which  is  covered  by 
the  circle.  (The  cases  are  omitted  where  the  circle  falls  outside  the  band.)* 

If  S  be  the  space  covered,  the  chance  of  a  random  point  on  the  circle  falling 
on  the  band  is 

M(8) 


This  is  the  same  as  if  the  circle  were  fixed,  and  the  band  thrown  on  it  at 
random.  Now  let  A  be  a  position  of  the 
random  point  :  the  favourable  cases  are  when 
UK,  the  bisector  of  the  band,  meets  a  circle, 
centre  A,  radius  \c  ;  and  the  whole  number 
are  when  UK  meets  a  circle,  centre  0,  radius 
r  4-  \c  ;  hence  (Art.  245)  the  probability  is 

2ir  .  \c  c 

n  =   •  -  =—  =  -  . 
2ir(r+\c)       2r  +  c 


This  is  constant  for  all  positions  of  A  ; 
hence,  equating  these  two  values  of  p,  the 


*  Or  the  floor  may  be  supposed  painted  with  parallel  bands,  at  a  distance 
asunder  equal  to  the  diameter  ;  so  that  the  circle  must  fall  on  one. 
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mean  area  required  is 


M  (S) 

The  mean  value  of  the  part  of  the  circumference  which  falls  on  the  band  is 
the  same  fraction  -  of  the  whole  circumference. 


If  any  convex  area  n,  of  perimeter  L,  be  thrown  on  the  band,  instead  of  a 
circle,  the  mean  area  covered  is 


254.  Application  to  Evaluation  of  Definite  Inte- 
grals. —  The  consideration  of  probability  sometimes  may  be 
applied  to  determine  the  values  of  Definite  Integrals.  For 
instance,  if  n  +  i  points  are  taken  at  random  in  a  line,  /,  and 
we  consider  the  chance  that  one  of  them,  X,  shall  be  the  last, 
beginning  from  the  end  A  of  the  line,  the  number  of  favour- 
able cases,  when  X  is  in  the  element  dz,  is,  if  AX  =  xt 
measured  by 

x"  dx. 


Hence 

1, 


P 


i: 


but  the  chance  must  be :  we  thus  have  an  independent 

n  +  i 

proof  that 


n  +  i 


Jo 
when  n  is  an  integer. 

Again,  if  m  +  n  +  i  points  are  taken,  to  find  the  chance 
that X  shall  be  the  (m  +  1)'*  in  order;  the  number  of  favour- 
able cases  when  X  fails  in  dx  and  a  particular  set  of  m  points 
fall  to  the  left  of  X,  is 

xm  (i  -  x)ndx\  taking  /  =  i  ; 
hence  the  whole  number  of  favourable  cases  is 


I  m  +  nr1 

1 xm(\  -x)ndx\ 

\ni  I  n  J  o 


\rn\v. 
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this  is  the  required  probability,  since ' /m+n+1  =  i.     But  the 
value  is ,  as  every  point  is  equally  likely  to  fall  in 

the  (m+  i)<Aplace:  we  thus  deduce  the  definite  integral 

(i  I  m  \n 

/    (l  "[»»  +  »+ i* 

when  m,  n  are  integers.     (See  Art.  92.) 

255.  Hefiiiitc  Integral  deduced  from  Theory  of 
Probability. — To  investigate  the  probability  that  the  in- 
clination of  the  line  joining  any  two  points 
in  a  given  convex  area  Q  shall  lie  within 
given  limits. 

We  give  here  a  method  of  reducing 
this  question  to  calculation  for  the  sake 
of  an  integral  to  which   it  leads,   and    , 
which  is  not  easily  deduced  otherwise.       • ' 

First,  let  one  of  the  points,  A,  be 
fixed ;  draw  through  it  a  chord  PQ  -  C, 
at  an  inclination  0  to  some  fixed  line ; 
put  AP  =  r,  AQ  =  /;  then  the  number  of  cases  for  which 
the  direction  of  the  line  joining  A  and  a  variable  point  B 
lies  between  0  and  6  +  dO  is  measured  by 

Next,  let  A  range  over  the  space  between  PQ  and  a 
parallel  chord  distant  dp  from  it,  the  number  of  cases  for 
which  A  lies  in  this  space,  and  the  direction  of  AB 
is  between  6  and  6  +  dO,  is  (first  considering  A  to  lie  in 
the  element  drdp) 

\  dpdO  [    (r2  +  /2)  dr  =  %  C3dpdO. 

J  0 

Let  p  be  the  perpendicular  on  the  chord  C  from  any 
origin  0,  and  let  w  be  the  inclination  of  p  to  the  prime  vector 
(we  may  put  dw  for  dO),  then  C  will  be  a  function  of  p,  o> ; 
and  integrating  first  for  o>  constant,  the  whole  number  of 
cases  for  which  o>  falls  between  given  limits  o/,  w",  is 


[25] 
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the  integral  /  C*dp  being  taken  for  all  positions  of  0  between 
two  tangents  to  the  boundary  parallel  to  PQ,  The  question 
is  thus  reduced  to  the  evaluation  of  this  integral;  this,  of 
course,  is  generally  difficult  enough  ;  we  may,  however, 
deduce  from  it  a  remarkable  result  ;  for  if  the  integral 


be  extended  to  all  possible  positions  of  (7,  it  gives  the  whole 
number  of  pairs  of  positions  of  the  points  At  B  which  lie 
inside  the  area;  but  this  number  is  Q2;  hence 

//  C'dpdu  =  3Qa, 

the  integration  extending  to  all  possible  positions  of  the 
chord  (7:  its  length  being  a  given  function  of  its  co-ordinates 
P,  w. 

COR.  Hence,  if  L,  Q,  be  the  perimeter  and  the  area  of 
any  closed  convex  contour,  the  mean  value  of  the  cube  of  a 

3Q2 
chord  drawn  across  it  at  random  is  —  =-. 

Ju 

It  follows  that  if  a  line  cross  such  a  contour  at  random, 
the  chance  that  three  other  lines,  also  drawn  at  random,  shall 

Qa 

meet  the  first  inside  the  contour,  is  24  -=^. 

Some  other  cases  of  definite  integrals  deduced  from  the 
theory  of  Probability  are  given  in  a  paper  in  the  Philo- 
sophical Transactions  for  1868,  pp.  181-199.  See  also  Pro- 
ceedings of  the  London  Math.  Soc.,  vol.  viii. 

Several  examples  on  Mean  Values  and  Probability  are 
annexed  ;  some  of  them,  as  also  some  of  the  questions  whicli 
have  been  explained  in  this  chapter,  are  taken  from  the 
papers  on  the  subject  in  the  Educational  Times,  by  the  Editor, 
Mr.  Miller,  as  also  by  Professor  Sylvester,  Mr.  Woolhouse, 
Col.  Clarke,  Messrs.  Watson,  Savage,  and  others.  Some  few 
are  rather  difficult;  but  want  of  space  has  prevented  our 
giving  the  solutions  in  the  text. 

We  may  refer  to  Mr.  Todhunter's  valuable  History  of 
Probability  for  an  account  of  the  more  profound  and  diffi- 
cult questions  treated  by  the  great  writers  on  the  theory  of 
Probability. 
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EXAMPLES. 

r.  A  chord  is  drawn  joining  two  points  taken  at  random  on  a  circle  ;  find  the 
mean  area  of  the  lesser  of  the  two  segments  into  which  it  divides  the  eiicle. 

m3      r* 
Am.   ---  . 

4       » 

2.  Find  the  mean  latitude  of  all  places  north  of  the  Equator. 

Ana.  32°.704. 

3.  Find  the  mean  square  of  the  velocity  of  a  projectile  in  vaeuo,  taken  at  all 
instants  of  its  flight  till  it  regains  the  velocity  of  projection. 

Ans.   V"2  cos2  a  +  J  F2  siu2o  :    where  V  is  the  initial  velocity,  and  a  is  the 
angle  of  projection. 

4.  If  x  and  y  are  two  variables,  each  of  which  may  take  independently  any 
value  between  two  given  limits  (different  for  each),  show  that  the  mean  value 
of  the  product  xy  is  equal  to  the  product  of  the  mean  values  of  x  and  y. 

5.  If  X,  Fare  points  taken  at  random  in  a  triangle  ABC,  what  is  the  chance 
that  the  quadrilateral  ABXY  is  convex? 

Ans.   -  . 
3 

For,  it  is  easy  to  see  that  of  the  three  quadrilaterals  ABXY,  ACXY,  BCXY, 
one  must  be  convex,  and  two  re-entrant. 

6.  Find  the  mean  area  of  the  quadrilateral  formed  by  four  points  taktn  at 
random  on  the  circumference  of  a  circle. 

Ans.  -y  (area  of  circle). 

7.  A  class  list  at  an  examination  is  drawn  up  in  alphabetical  order  ;  the 
number  of  names  being  n.    If  a  name  be  selected  at  random,  find  the  chance 
that  the  candidate  shall  not  be  more  than  m  places  from  his  place  in  the  order 
of  merit. 


Ans.  2m  +  I  -  mm  +  l       (N.B.—  This  is  not,  of  course,  the  value  of  the 


» 


chance  after  the  selection  has  been  made  :  this  may  easily  be  found.) 

8.  A  traveller  starts  from  a  point  on  a  straight  river  and  travels  a  certain 
distance  in  a  random  direction.     Having  quite  lost  his  way,  he  starts  again  at 
random  the  next  morning,  and  travels  the  same  distance  as  before.     Find  the 
chance  of  his  reaching  the  river  again  in  the  second  day's  journey. 

Ans,  -. 
4 

9.  Two  lengths,  b,  b',  are  laid  down  at  random  in  a  line  a,  greater  than 
either  :  find  the  chance  that  they  shall  not  have  a  common  part  greater  than  e. 

(a-b-b'  +  c)* 


[86  a] 


Ans.  — j— yjr 

(a-b)(a-b) 
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10.  A  person  in  firing  10  shots  at  a  mark  has  hit  5  times,  and  missed  5.    Find 
the  chance  that  in  the  next  10  shots  he  shall  hit  5  times,  and  miss  5. 

Am.  —  =  — ^— .     If  the  first  10  shots  had  not  hecn  fired,  so  that 

19.17.13      4199  ,' 

nothing  was  known  as  to  his  skill,  the  chance  would  be  —  :  if  he 
had  been  found  to  hit  the  mark  half  the  number  of  times  out  of  a 

large  number,  the  chance  would  be  — •?  • 

256 

11.  If  a  line  /  be  divided  nt  random  into  4  parts,  the  mean  square  of  one 
of  the  parts  is-fal2:   but  if  the  line  be  divided  at  random  into  2  parts,  and 
each  part  again  divided  into  2  parts,  then  the  mean  square  of  one  of  the  4  parts 
is  J  /». 

12.  Three  points  are  taken  at  random  in  a  line  I.     Find  the  mean  distance 
of  the  intermediate  point  from  the  middle  of  the  line. 

Am.  -^/. 
16 

13.  A  certain  city  is  situated  on  a  river.     The  probability  that  a  specified 
inhabitant  A  lives  on  the  right  bank  of  the  river  is,  of  course,  ^,  in  the  absence 
of  any  further  information.    But  if  we  have  found  that  an  inhabitant  B  lives  on 
the  right  bank,  find  the  probability  that  A  does  so  also. 

Ans.  -.     (N.B. — It  is  here  assumed  that  every  possible  partition  of  the 

number  of  inhabitants  into  2  parts,  by  the  river,  is  equally  probable 
a  priori.) 

14.  A,  B,  C,  D  are  four  given  points  in  directum ;  if  2  points  are  taken 
at  random  in  AJ)t  and  one  is  taken  in  BG,  find  the  chance  that  it  shall  fall 
between  the  former  two. 

Ant. 

15.  If  z  =  x  +  y,  where  x  may  have  any  value  from  p  to  a,  and  y  any  value 
from  o  to  b,  find  the  probability  that  z  is  less  than  an  assigned  value  e ;  (suppose 

c2 
Ans.  (l)  Ifc<b,  p\  = — -• 

(2)Ifa>c>b, 


(3)  If  00,  pt  =  l- 


a 
(a  +  b-c)* 


2ab 


If  we  denote  the  functions  expressing  the  probability  in  the  three 
cases  by  /i  (a,  b,  c) ;  /» (a,  b,  e) ;  /8  (a,  b,  e),  we  shall  find  the  re- 
lation 
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1 6.  In  tli e  cubic  equation  -'_• 

xa  +  px  +  q  —  o, 

p  and  q  may  have  any  values  between  the  limits  ±  I.    Find  the  chance  that  the 
three  roots  are  real. 

Am.  -^A/3- 

45 

17.  Two  observations  are  taken  of  the  same  magnitude,  and  the  mean  of  the 
results  is  taken  as  the  true  value.     If  the  error  of  each  observation  is  assumed 
to  lie  within  the  limits  ±  a,  and  all  its  values  to  be  equally  probable,  show  that 
it  is  an  even  chance  that  the  error  in  the  result  lies  between  the  limits  ±  0.293  o. 

18.  A  point  is  taken  at  random  in  each  of  two  given  plane  areas ;  show  that 
the  mean  square  of  the  distance  between  the  two  points  is 


where  A  is  the  distance  between  the  centres  of  gravity  of  the  areas ;  and  k,  k', 
are  the  radii  of  gyration  of  each  area  round  its  centre  of  gravity. 

19.  Show  that  the  mean  square  of  the  ares  c  f  tha  triangle  formed  by  joining 
any  three  points  taken  in  any  given  plane  area  is  -  A2*8;  where  A,  £  are  the 

radii  of  gyration  of  the  area  round  the  two  principal  axes  of  rotation  in  its  plane. 
If  one  of  the  points  is  fixed  at  the  centre  of  gravity,  the  value  is  ^A2£2. 

(WOOLHOUSB.) 

20.  A  line  is  divided  at  random  into  3  parts.    Find  the  chance  that  they  will 
form— (i)  a  triangle ;  (2)  an  acute-angled  triangle. 

Ans.  (i).  pi  =  J. 

(2)-  pt  =  3^S2~2- 

21.  A  line  is  divided  into  «  parts :  find  the  chance  that  they  cannot  form  a 
polygon. 

Ans.   — 5. 

nn-l 

22.  If  two  stars  are  taken  at  random  in  the  northern  hemisphere,  find  the 
chance  that  their  distance  exceeds  90°. 

Ans.  -. 

23.  The  vertices  of  a  spherical  triangle  are  points  taken  at  random  on  a 
sphere.    Find  the  chance — ( i)  that  all  its  angles  are  acute  ;  (2)  that  all  are  obtuse. 


24.  Show  that  the  mean  value  of  -,  where  p  is  the  distance  of  two  points 

.'  16 

taken  at  random  within  a  circle  of  radius  r,  is . 

3*r 
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25.  Two  equal  lines  of  length  a  include  an  angle  6  :  find  the  chance  that  if 
two  points  P,  Q  are  taken  at  random,  one  on  each  line,  their  distance  PQ  shall 
be  less  than  a. 

Am.  (i).  When  ->*>-;  p\  =  ^-r-^  +  2  cos  6. 

2          3  2  sin  0 

(2).  When  6>-;        ft  =  —  ;  —  • 

2  2  MM  0 

Here  the  functions  are  connected  by  the  relation  F(0)  4  F(tr  -  0)  =f(0)  +/(»•  —  0). 

26.  The  density  of  a  city  population  varies  inversely  as  the  distance  from  & 
central  point.     Find  the  chance  that  two  inhabitants  chosen  at  random  within  a 
radius  r  from  the  centre  shall  not  live  further  than  a  distance  r  from  each  other. 

w  - 

i     i  ,         2  /     vV      i  (•"*  ode      3  r  2  CM 

Am.  p  =  ---  log  3  +  -  I  I  -  —  I  H  --       -  —  +  —       -r—  -  J 
3      4     b  •*      *•  \         8  /       8»  J  o  OH  »      2»  J  *  sin  e 


whence  p  =  0.771.     This  result  is  easily  obtained  by  employing 
the  values  given  in  Question  25. 

27.  Four  points  are  taken  at  random  within  a  circle  or  an  ellipse:  show 
that  the  chance  that  they  form  a  re-entrant  quadrilateral  is  -  -• 

28.  Find  the  mean  distance  of  two  points  within  a  sphere.     Ans.  —  r. 

99 

29.  Three  points  A,  B,  Care  taken  within  a  circle  whose  centre  is  0.    Find 
the  chance  that  the  quadrilateral  ABCO  is  re-entrant. 


30.  Find  the  chance  that  the  distance  of  two  points  within  a  square  shall 
not  exceed  a  side  of  the  square. 

13 
Ans.  p  =  v  —  -r-. 

31.  In  the  same  case,  find  the  chance  tbat  the  distance  shall  not  exceed  an 
assigned  value  e  ;  a  being  the  side  of  the  square. 

Ant.  (i).  When  e<a,  p  =  ~.  {  iraa  —  ae  +  -  c*  ]  • 
«*  \          3         2    / 

e1   .    .a       c*     4  2c2+o2  /-,  —  5       c2      c4      I 

(2).  Whenoa,   0  =  4-7  sin-1--  ir—  +-          -Vc*-aa-2-       -T  +  -- 
a1         c        a'     3      os  a1     2a4     3 

32.  Three  points  are  taken  at  random  on  a  sphere  :  show  that  the  chance  that 
in  the  spherical  triangle  some  one  angle  shall  exceed  the  sum  of  the  other  two 

is  -  •     Also  the  chance  that  its  area  shall  exceed  that  of  a  great  circle  is  ^  • 

33.  If  a  line  be  divided  at  random  into  4  parts,  show  that  it  is  an  even  chance 
that  one  of  the  parts  is  greater  than  half  the  line. 
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34.  Show  that  the  mean  distance  of  a  point  within  a  triangle  from  the 
vertex  0  is 

I  (a+b      (a-V)(ai-b^      A2 


where  A  is  the  altitude  of  the  triangle.     (See  Ex.  6,  Art.  242.) 

35.  The  mean  value  of  the  distance  between  any  two  points  in  an  equilateral 
triangle  is 


This  question  may  be  solved  by  proving  that  M  =  f  M0,  where  Mt,  is  the 
mean  distance  of  an  angle  of  the  triangle  from  any  point  within  it.  For,  let 

MO  =  M^  >  where  p.  is  constant,  and  A  =  area  of  the  triangle.  Take  now  any 
element  dS  of  the  triangle,  draw  from  it  parallels  to  the  sides  to  meet  the  base  ; 
let  5  be  the  area  of  the  equilateral  triangle  so  formed :  the  sum  of  the  whole 
number  of  the  cases  will  be  equal  to  6  JJ  S./j.$k.dS  =  M A2,  if  dS  is  made  to  range 
over  the  whole  triangle :  if  we  call  the  whole  triangle  unity,  and  put  dS  =  2dad0 
as  in  Ex.  3,  Art.  245,  then  5  =  a2,  and  the  integral  becomes  f  /*  =  M.  The  result 
then  follows  from  (34). 

36.  From  a  tower  of  height  A,  particles  are  projected  in  all  directions  in 
space,  with  a  velocity  due  to  a  fall  through  a  height  A.  Show  that  the  mean 
value  of  the  range  is 


M 


/•I       

=  2h  \    yi-x*dz.  (Wolstenholme.) 

Jo 


37.  If  there  be  n  quantities  a,  b,  c,  d  .  .  .  .,  each  of  which  takes  indepen- 
dently a  given  series  of  values  a\,  «2,  03,  .  .  .  .,  bi,  by,  £3,  .  .  .  .  &c.  (the  number 
of  values  is  different  for  each),  if  we  put 


and  denote  "  the  mean  value  of  x  "  by  MX,  prove  that 

M2a  =  Ma  +  Mb  +  Me  +  ....  =  ~2,Ma, 
M  (2rt)2  =  2  (Maf  -  5  (Maf 


38.  Two  points  ore  taken  at  random  in  a  triangle  :   find  the  menn  area  of  the 
triangular  portion  that  the  line  joining  them  cuts  off  from  the  whole  triangle. 

Ans.  -  of  the  whole  triangle. 
9 


CHAPTER  XIII. 

ON  FOURIER'S  THKOREM. 

256.  Expansion  in  Trigonometrical  Series. — In  many 
physical  investigations  it  is  of  importance  to  express  a 
function /(a;)  in  a  series  of  sines  and  cosines  of  multiples  of 
x.  We  propose  to  investigate  the  form  of  such  expression, 
and  the  conditions  under  which  it  is  possible. 

Let  us  commence  by  assuming  that  /(#),  between  the 
limits  +  TT  and  -  TT,  is  capable  of  being  represented  by  a  series 
of  the  required  form :  thus  suppose 

/  (x)  «  00  +  tti  COS  X  +  Ot  COS  2X  +...+#„  COS  HX  +  .  .  . 

+  61  sin  x  +  bt  sin  2x  +  . . .  +  bn  sin  nx  +  . . .    (i) 

Here,  since  this  relation  is  supposed  to  hold  for  all  values 
of  x  between  ±  TT,  we  get,  as  in  Art.  33,  on  multiplying  by 
cos  nx  and  integrating, 

i  I*"  if* 

an  =  -     f(x)  cos  nxdx  =  -     f(v)  oos  nv  dv.  '(2) 

TrJ.jr  TTj-jr 

I  f* 
Also  bn  =  -     f(v)  sin  nv  dv, 

TT  J-ir 

and  «o  =  -      f(v)  dv. 

2""J-ir 

Substituting  in  (i)  it  becomes 

j     fir  j  ^n=«  r* 

f(x)  =  —     f(v)  dv  +  -2,       cos  nx\    cos  nv  f(v)  dv 

2lTj.n  TT         »=1  J.,,. 

j    _»n=«  /v 

+  -  2*       sin  nx\     sin  nvf(v)  dv 

f          /l=1  J-ir 

"  •—  f  /(r)  * +-S       cos  w  (f~  *)  /(r)  *•    (3 

27Tj-ir  T         n=l     J.w 
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It  should  be  noticed  that  when/(#)'  is  an  even  function  of 
x  its  development  in  general  consists  only  of  cosines  ;  if  <£  (x) 
be  an  odd  function,  its  development  contains  sines  only. 

257.  "Verification.  —  We  proceed  to  give  an  a  posteriori 
verification  of  equation  (3),  and  to  examine  the  conditions 
under  which  it  holds  good. 

The  right-hand  side  of  this  equation  may  be  written 

i  f* 

-    f(v)  dv  (|  +  cos  9  +  cos  26  +  .  .  .  +  cos  nO  +  &c.), 

TTj-rr 

where  0  =  v  -  x. 

But,  by  Trigonometry,  we  readily  get 

sin  (n  +  |)  6 

f  +  008  0  +  COS  20  +  .  .  .  +  COS  »0  =  --  *:  —  f£  —  ' 

2  sm  |0 
Hence,  to  verify  (3),  it  remains  to  prove  that 


f(x\  -  lim.  _!_  f    f(v\  sin  (>*  +  !)(*>-*) 

/w-^.  2^j.yw    sin  iv_x} 

=  lim.  J 


. 

,  dv 

(v-x] 


where 

We  now  proceed  to  investigate  the  limiting  value  of  the 
definite  integral 

*  sin  as     ,  N    , 
f(z)  dz, 

J 


o  sing 


when  a  is  indefinitely  great. 
First,  we  can  see  that 


t. 
sin  az  $  (z)  dz  =  O, 
. 

where  h  and  g  are  both  positive,  provided  $  (z)  and  $'(«)  are 
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finite  for  all  values  of  2  between  the  limits  of  integration. 
For,  integrating  by  parts,  we  have 

(cos  os     ,  .      f  ,,  .  cos  as  , 
sin  o2^>  (z)  dz  = 0  (z)  +    0  (2) ^z- 
a                  J                o 

Now,  when  a  =  oo ,  and  0  (h),  <f>  (g)  are  finite,  the  term  out- 
side the  sign  of  integration  vanishes.  Also,  if  $'  (z)  be  finite 
for  all  values  between  the  limits,  the  latter  integral  is  also 
evanescent. 

Ik 
sin  az<j)  (z)  dz  =  o.  (5) 

9 

Hence   '-  f  *  *2*  /(s)  dz  -  «-•  ('  ^/(z)  dz,     (6) 
•~J0   smz  J  0=cc  Jo   sins  J 

provided  h  and  g  are  each  positive  and  less  than  TT,  and/(s) 
satisfies  the  above-mentioned  conditions. 
In  the  same  case  we  see  that 


.1 


h  sin  az     .  . 

-—/(*)&- O.  (7) 


Hence,  with  the  same  conditions,  the  values  of 

f  *  sin  as  . ,  N  .         ,  f*  sin  02  ...   . 

-; —  /  (s)  dz  and        /  (s)  dz 

Jo  sins  Jo      2 

are  known,  if  we  can  find  their  values  for  any  one  value  of  h, 
however  small. 

Now,  when  h  is  very  small  and/ (2)  continuous,  we  may 
assume,  in  general,  f(h)  =/(o), 

f*  sin  az  (h  sin  os 

and  therefore  -  /  (s)  dz  =f  (o)  — •  dz. 

Jo         S  J  A         S 

lim   f*  «n  az          fa/ksinz          f00  sin  2         TT 
Also  -  dz  =  \         —  dz  =  —  dz  =  -  • 

*    Jo         S  Jo        S  Jo         S  2 

(Art.  1 1 6.) 
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Hence  iim   f  ^—  /(*)  dz  =  1  /(o).  (8) 

"-»   Jo         2  2 

Accordingly 


2 

Likewise, 


f    s 
-, 
Jo  si 


sin  os  ,        .        (    sn  as 


sins  0 


where  #  (*)  =  •~"/(2)' 


hence,  provided  h  is  tcss  than  TT,  we  have 


If  we  change  the  sign  of  2,  we  have 
i;™    r^sinas,,/      x  , 

2  I       —  -  /(-2)^S=- 

«=«  J  o    sin  2  J 
and  we  easily  get 


EEf!!/(,)d»  =  ^(o),  (10) 

a=<10    _i  sm  s 


for  all  positive  values  of  a  and  6,  less  than  ir.     From  this  it 
follows  that 


sins 


when  *  is  less  than      ;  thus  verifying  equation  (4). 
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258.  PoiKsoii's  Investigation.  —  Another  Investigation, 
winch  is  a  modification  of  that  given  by  Poisson,  is  here 
added. 

We  readily  see,  by  Trigonometry,  that  when  h  is  less 
that  unity,  we  have 

i  -  A1 

;  --  77;  —  TV;  —  r.  =  i  +  2/j  cos  (6  -  p)  +  2/1*  cos  2  (0-  8) 
i  -  zh  cos  (0-  p)  +  A1 

+  .  .  .  +  2hn  cos  n  (6  -  |3)  +  .  .  . 
Hence 


Consequently,  }\  f(&)dO  +  *£~°  [  /(0)  cos  n  (0  - 


-  2A  cos  (0  -  |3)  +  A2* 

But,  as  in  Art.  234,  when  i  -  A  is  indefinitely  small  and 
finite,  the  coefficient  of  dO  in  this  integral  is  indefinitely 
small  except  when  0  -  J3  is  very  small.     Consequently,  if  J3 
be  outside  the  limits  of  integration,  we  have 

^-r,  -  °-  ('3) 


Thus,  when  /3  is  outside  the  limits, 


f 

Jy 


dO  +  £.         /(0)  cos  n  (0  -  )3)  dO  =  o.      (14) 

Iy  n=l    Jy 

In  particular  we  have 

i  P/(0)  de  +  2" ""  f/(0)  oos n(0  +  P)de  =  o,      (15) 

Jo  n=i    Jo 

where  /3  is  positive. 

Again,  if  ft  lies  between  the  limits  of  the  integral  in  (i  2), 
we  need  only  consider  the  portion  of  the  integral  arising  from 
values  of  0  which  are  indefinitely  near  to  p.  Accordingly, 
if/  (0)  be  continuous, 

^.r    (i-A«)/(0)<0    _,/mr    (i-v}de 


o  i  -  2A  cos  (0  -  /3)  +  A1  o  i  -  2Acos(0-/3)  +  A»* 
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Again,  whatever  be  the  value  of  h, 

f"7          (i  -  hz)  dO  f«-t     ( i  -  tf) 

Jo    I  -  2h  d 


o   i  -  2h  cos  (9  +  |3)  -  K~     J.0    i  -  2h  cos  z  +  h* 

f27r     (i  —  A2)  dz 

=  I    ; 7i  =  2?r.     (Art.  1 8.) 

Jo  i  -  2n  cos  z  +  n? 

Hence 

lim.f-       (i-h*}f(0)dO  . 

*=i  ; —  — 77i /5\ =  ^7r/(H/*  v1^^ 

Jo     1—2/1  COS  (i;  —  p)  +  h 

Consequently  by  (12), 


This  is  usually  called  Fourier's  theorem. 
Also  by  aid  of  (15), 


_*«=»  fl 

=S       sin^j3| 

Jo 


259.  "We  shall  next  investigate  the  limit  when  a  =  co  of 
the  integral 

0  (t)  cos  ux  cos  ut  du  dt 

Jo  Ja 

*  (x  + 


,  (*-*  sin  o«  ,                      .  f *f*  sin  «2     . 
=  |  -  ^>  (z  +  x)  dz  +  ig\        • <j>  (z-x)  dz. 

Ja-*        2  J  a+x       2 

Now,  by  (7),  the  latter  integral  vanishes  when  a  =  oo  and  x  is 
positive ;  and  by  (i.o),  when  x  lies  between  a  and  b,  the  former 

integral  becomes  -  <j>  (x). 

Also  when  x  does  not  lie  between  a  and  i,  the  former 
integral  vanishes,  and  we  have 

cos  ux  cos  ut  du  dt  =•  o.  ( 1 8) 
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When  x  lies  between  a  and  b, 

<f>  (t)  cos  ux  cos  ut  du  dt  -  -  (ft  (x).         (ig) 
Jo  Ja  2 

Hence,  if  x  be  positive,  we  have 

f*  00 

I        </>  (t)  cos  ux  cos  ut  du  dt  =  -  <f>  (x).          (20) 

JQ    Jo  ^ 

Likewise  it  is  easily  seen  that 

I          0  (t)  sin  MJJ  sin  t/tf  du  dt  =  -  0  (a?),  (2 1) 

Jo     Jfl  2 

when  a?  is  positive. 
We  readily  see  that 

<f>  (t)  cos  ux  cos  «£  du  dt 
Jo     -• 

(/>  (t)  sin  «/«  sin  «^  du  dt  =  ir(j>  (x).          (22) 

• 

r  r" 

Also       27T0  (a?)  =  ^  (^)  cos  u  (t-x)  dudt,        (23) 

the  form  in  which   the  theorem   was   originally  given    by 
Fourier. 
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EXAMPLES. 
I.  When  x  has  any  value  between  /  and  -  I,  prove  that 

If*  I  ^-*.n=<°  f'  nir(v-x)  , 


I-J  * 

2.  For  all  values  of  x  between  o  and  I,  prove  that 

f '        \         x^  n=c°  f '     /          nir  (v  ~*"  x)  fl 

J  0  ^  n=l    J  0  I 

3.  For  all  values  of  x  between  o  and  I,  prove  that 

2  ^-* n=co     .    nirx  (l        .    .    nirv 
<t>  (x)  =  -  >          sin  — r-  \    <t>  (v)  sm  — —  dv. 
I  *~i  »,i  I    J  o  I 

4.  Prove  that,  for  all  values  of  x  between  +  it  and  -  IT, 

\x  =  sin  x  —  %  sin  2x  +  \  sin  32;  -  £  sin  4#  +  .  .  . 

IT  IT 

5.  For  all  values  of  x  between  -  and  — ,  prove  that 

4  /  .          sin  33;      sin  5*  \ 

*  =  -(8in* ^H -&c.  )« 

»\  9  25  / 

6.  Prove  that 

v  e"*  —  era-'*  _  sin  x       2  sin  2x      3  sin  $x 
2  e*v  -  era*  =  a?  +  I :  ~  a?+  4  +   «H9  ~ 

Here  (Art.  21), 

{W  .  «» COS  W7T 

-^  a2  +  >»2 

7.  Find  a  function  of  x  which  has  the  value  c  when  x  lies  between  o  and  «, 
and  the  value  zero  when  x  lies  between  a  and  1. 

ca       2e  I  .    Tea        tex      I    .    2va        2irx 
Ans.  <b  (x)  =  —  +  —  I  sin  —  cos  —  +  -  sin  — -  cos  — - 
I        IF  \        I  I       2          I  I 

I    .     3»ra         I-KX  \ 

4  -  sin  — —  cos  ^——  +  ...)• 

3  l  I  I 

Here  cos  — *—  <b  (v)  dv  =  c  \     cos  —r-  dv  =  —  sin  — — - •  • 

Jo  I  Jo  I  nit          I 
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8.  Find  a  function  of  x  which  is  equal  to  kx  when  x  lies  between  o  and  -, 
and  is  k  (I  -  x)  when  x  lies  between  -  and  I . 


Here 


kl      8M  I  i         2KX       i         f>vx       i          lo-jrx 

^WS-  7-1?  b cos  T  +  6*  cos~  +  ^*  coa-r + &c 

I1  »iri>  .       fJ'  »7ri>  fj  «wi> 

d>  («)  cos  —  rf»  =  I      An  cos  — r-  rfy  4-  I      *  (*  -  v)  cos  -T-  dv. 
o  »  J  o  »JJ/  * 


This    =  —  —  -z   when  n  is  of  tho  form  4»»  +  2  ;   and  is  zero  for  other  values 
irzw* 

of  n. 

g.  If  $>  (a;)  =  J*  wlien  a;  lies  between  o  and  a,  and  <f>  (r)  =  (|a)  when  x  lie 
between  a  and  ir  -  a,  and  <f>  (*)  =  £  (*•  -  ar)  when  *  varies  from  ir  -  a  to  v,  prove 
that 

<p  (x)  =  -  (  sin  a;  sin  a  +  -  sin  32;  sin  3a  +  —  sin  $x  sin  $a  +  . .  .  J  • 

10.  When  x  lies  between  ±  v,  prove  the  relations 

2    .  /  sin  x       2  sin  2£      3  sin  $x  \ 

sin  w*  =  -  sm  m-x     ;  — 5 5  4-  -5 •„  —  ...  I , 

TT  \  I  -  >n2      22  -  Mi2      3a  -  >na  / 

2  /I       m  cos  a;      m  cos  2a;      m  cos  3*  \ 

cos  mx  =  -  sin  mir  I 1 ; = r  +  -» r  —  ...  I . 

W  \2w»      i  -  M2       22  -  m2       32  -  *n2  / 

11.  Hence  prove  the  relation 

I  2M  2W 

COt  M  =  -  +  -5 5  +  -5 a  +  •  •  • 

M        M2  -  T3        M^  -  4W2 

12.  Find  a  function  which  shall  be  unity  for  all  values  of  x  between  ±  I, 
and  zero  for  all  other  values  of  x. 

if*        f+*  2  f*        f1 

Ans.  F(x)  =  -\     dp.\       Jf(!)cos/*£cosftatf{  =  -        rf/x       cos  &  cos  /m?{ 

1TJO  J-co  TjO  Jo 

2  f  *  cos  u#  sin  u. 
-  _         A,. 

IT  Jo  M 

This  result  can  be  verified  independently. 

13.  Find  a  function  which  shall  be  equal  to  cos*  for  all  values  of  a:  between 
o  and  ir,  and  to  -  cos  x  for  values  between  -  w  and  o. 

{IT 
f(x)  coanxdx  =o, 
-IT 

and  we  get 

=  -    -^—  sin 2x  +  —  sin 4*+  — — 


(    401    ) 
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ON  LINE  AND  SURFACE  INTEGRALS. 

260.  WE  have  already  considered  in  Arts.  226  and  227  a 
general  theorem,  commonly  called  Green's  theorem,  that 
connects  volume  with  surface  integration.  We  now  propose 
to  consider  the  analogous  theorem  that  connects  integration 
taken  over  a  portion  of  any  surface  with  integration  along 
the  curve  or  curves  that  bound  that  portion  of  the  surface  — 
that  is,  which  connect  what  are  styled  surface  integrals  with 
line  integrals.  All  these  relations  can  be  shown  to  be  based 
on  the  following  elementary  theorem  concerning  integration 
in  a  plane. 

261.  Integration  over  a  Plane  Area.  —  If  we  suppose 
P  and  Q  to  be  real  functions  of  x  and  y,  that  are  finite  and 
continuous  for  all  points  within  a  certain  plane  region,  then 
we  shall  have 


where  the  double  integral  is  taken  for  all  points  within  the 
region,  and  the  single  integral  is  taken  round  the  boundary 
of  the  region.  This  can  be  immediately  deduced  from  the 
theorem  given  in  Art.  226,  by  supposing  the  volume  in 
question  to  be  a  portion  of  a  cylinder  intercepted  between 
two  planes  drawn  perpendicular  to  its  edges,  the  edges  being 
supposed  parallel  to  the  axis  of  z. 

The  theorem  can  be  also  proved  independently,  as 
follows  :  — 

Taking  the  positive  directions  of  the  axes  as  in  the 
accompanying  figure,  we  define  the  positive  direction  along 
the  boundary  to  be  that  for  which  the  bounded  surface  is  on 
the  right  hand;  then,  if  we  have  to  exclude  any  portion, 
e.g.  a  space  without  the  outer  boundary  in  the  accompanying 

[86] 
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figure,  the  positive  direction  of  the  boundary  is  that  indicated 
by  the  arrows  in  the  figure.  In  all  the  single  integrals  the 
integration  must  be  effected  in  the  positive  direction  thus 
defined. 

First,  to  integrate     —  dxdy  with 

JJ  c'x . 

respect  to  #,  let  us  divide  the 
region  into  elements  by  parallels 
to  the  axis  of  #.  Select  any  one 
of  these  parallels,  and,  reading 
from  left  to  right,  denote  the 
values  of  Q,  where  the  line  crosses 
the  boundary  at  its  entrances  into 
the  region,  by  Q{,  Q2,  &c.,  and  at 
its  exits  by  Q',  Q",  &c. ; 


Fig.  78. 


then 


Q'- 


Q"  &c. 


Q'V//  -  &C. 


and,  accordingly, 

fff/Q  f  f  f 

—  dxdy  =        Q}dy  +  \Q  dy  -    Q^i 

JJ  »*•  J  J  J 

Now  in  each  of  these  integrals  y  passes  through  all  its  values 
from  the  least  to  the  greatest,  therefore  dy  is  always  to  be 
taken  positively.  Again,  observing  that  in  the  figure  the 
directions  for  the  outer  and  inner  boundaries  must  be  taken 
as  opposite,  and  denoting  by  dt/i,  dt/-z,  &c.,  and  by  dy't  dy", 
&c.,  the  projections  on  the  axis  of  y  of  the  arcs  of  the 
boundary  cut  off  by  the  consecutive  parallels  as  above, 
we  have 

dy  -  -  di/i  =  -  dy-i  =  +  dy'  =  +  dy"  =  &c. ; 
thus 

—  dxdy  =    Qidyi  +    Q'dy'+    Q2dy^>  +  &c.  =    Qdy, 

dx 

j  j  j  j 

where  the  integral  is  taken  along  the  entire  boundary  in  the 
positive  direction. 

In  like  manner,    dividing    the    region    into    elements 
parallel  to  the  axis  of  y,  and  denoting  the  values  of  P  at  the 
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entrances,  proceeding  from  below  upwards,  by  Plt  Pz,  &o., 
and  at  the  exits  by  P',  P",  &c.,  we  have 

IT  ~  dxdy  =  -  \Pnte  +  f  P'dx  -  (p*dx  +  &o., 

where  dx  is  positive.     Hence,  as  before,  taking  account  of 
the  positive  direetion  of  the  boundary,  we  have 

dx  =  +  dxi.  =  +  dx9  =  -  dx'  =  -  dx",  &c., 
and,  consequently, 

(T^P  f  f  r  r 

—  dxdy  =  -    P,dx,  -    P'dx'  -    Pzdxz  -  &c.  =  -    Pdx, 

tlie  integral  being  taken  in  the  positive  direction  along  the 
entire  boundary.     Accordingly,  we  have 


I*/  ._  dx      _  dy\  , 

=      P  —  +Q-£)ds,  (2) 

J\     ds         dsj 

taken  around  the  entire  boundary. 

We  have  assumed  that  there  were  no  points  within  the 
region  at  whicli  P  or  Q  are  discontinuous.  If  there  were 
such,  we  should  have  to  surround  them  with  closed  curves,  as 
small  as  we  please,  and  thus  exclude  them,  by  introducing 
these  curves  as  parts  of  the  boundari/  of  the  region. 

262.  Stokes'  Theorem.*  —  Suppose  u,  v,  w  to  be  con- 
tinuous functions  of  x,  y,  z,  the  coordinates  of  a  point  ;  and 
let  dS  be  any  element  of  a  surface,  and  /,  m,  n  the  direction 
cosines  of  its  outward  drawn  normal,  then  we  shall  have 

ff,«(f/^     d*\         fdu     dw\        fdc     du\) 

I=\\dS\l(-r  -  —)  +  m(—-  —  )  +  n(-  ---  r)[ 

JJ        (   \dy      d&j         \dz      dx)        \dx     dy)) 

J7        f  /  dx        dy        dz\  _ 
(iidx  +  vdt/  +  icdz)  =  \\u—  +  v  —  +  w  —  }as,       (o) 
^  J  \  ds        ds         ds) 

*  This  theorem  was  given  hyJProfessor  Stokes  at  the  Smith  Prize  Examination 
for  1854,  and  is  of  extensive  application,  both  in  the  theory  of  "vortex  motion," 
as  also  in  electricity  and  magnetism. 

[26  a] 
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the  former,  or  surface  integral,  being  taken  over  any  portion 
of  the  surface  S,  and  the  latter,  or  line-integral,  round  the 
boundary  or  boundaries  of  the  surface. 

Here,  from  the  equation  of  the  surface,  we  may  regard  * 
as  being  a  function  of  x  and  y  at  all  points  on  the  surface ; 

hence,  if  p  =  — ,  q  =  — ,  we  have,  by  elementary  geometry, 
dx  J      dy 

1  ~P  ~  9  /  \ 

Al     __    /  ^» ..  ** *v)    •* /    A    \ 

j ; r»  *        / —        -J  m~     / —    -: ;»    W 


and  dS  =  y/i  +  p2  +  q*  dxdy,  (see  Art.  224). 

Hence  we  get 

dv      du        dv        div        dw        du\  . 

-i  ---  r  +  P-r-P-r  +  9-j--9-r  }fady-  (5) 

dx     dy        dz        dy         dx        dzj 
Again,  if  the  total  differential  of  v  with  respect  to  x  be 
represented  by  -7-  (v),  we  have 

d  .        dv        dv        ,  ...       .      d  .  .     du        du 
->-  (v)  =  -r+p-r,  and  likewise  —  (u)  =  —  +  q  —  ; 
dx  ^        dx        dz  dy^        dy        dz 

also, 

dw        dw         d  .  d  .  .      d  .     .       d 

9i--p-r  =  9  ~r  \w)  ~P  T  (w)  =  ~r  (w<li  ~  ~r 
*  dx     *  dy     *  dx  ^  dy  v         dx^  dy 

dp     da 

since  f-  -  -r  • 

dy     dx 

Hence  (5)  becomes 


=  1  J  \dx 


dy 
Accordingly,  from  (i),  we  get 

T-  (v  +  M'?)  ~  ~r  (u 
^  ^ 


\\\ 
]}\ 

(wlc  +  vdy  +  wdz),  (6) 


since  dz  =pdx  +  qdy. 

This  establishes  the  theorem  in  question. 
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263.  Example    in    Solid    Harmonics. — Let  V  be  a 

solid  harmonic  (Art.  230),  i.  e.  let  it  satisfy  the  equation 

d*V      d*V      d*V 


then  with  the  same.notation  we  shall  have 

ff/_  d         d         d\dV  .       [fdV  .       dV.  \  , 

/  —  +  m—  +  n  —   -—  dS  =     -7-  dx  -  — -  dy  1,  (8) 
}}\  dx        dy        dz)  dz  ]\dy  dx    J f 

where  the  integrals,  as  before,  are  respectively  taken  over 
any  portion  of  a  surface,  and  along  its  boundary. 
For,  substituting 


__ 

~  dx* 

the  double  integral  becomes 


I- 
-if 


V  d*V  d*V  d*V\JCi 
-j-j-  +  m-r-j-  -  n  -j-r  -  n  -—  dS 
dzdx  dzdy  dx*  dy*  J 


d*V     d*V 


dzdx        dzdy       dx*        dy* 
dd 


264.  Lemma  on  Solid  Angles.  —  If  c/w  represents  the 
elementary  solid  angle  subtended  at  any  external  point  Pf 
by  an  element  dS  situated  at  a  point  P  on  a  surface  ;  then, 
as  in  Art.  193,  we  deduce  immediately  the  expression 

cos  ydS 
—— 


where  r  =  PP',  and  y  is  the  angle  made  by  r  with  the 
normal  to  the  surface. 
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Again,  it  is  obvious  that  the  direction  cosines   of  PP' 
are,  respectively, 

x-af        -'     z-z' 


and  it  follows  that 

/  (x  -  #')  +  m  (y  -  y'}  +  n(z  -  z) 


Hence 


0037 


Again,  since 
we  have 


dx  \rj        r>   '  dy  \rj  ~     rs   '  dz  \r, 
also 

—f-\=  —(L]  —(L\-  —f£\  —f1}*  —(L\  (I0\ 

dx\r)        dx\r)'  di/'\rj        dy  \rj   dz'\r)        dz  \r/ 
Hence  we  get 

du  =  -ds(l—  +  m  —  +n—  V-V 
\  dx  +  mdy  +  ndz)\r) 

/   d  d          d\/i\ 

=  dS    I—,  +  m  —.  +  n  -7-7)1 

\  dx          dy        dz  J  \rj  > 

Consequently,   if   Q,   be  the   solid  angle  subtended   at   P' 
by  the  boundary  of  any  portion  of  a  surface,  we  have 

Jff       /  d  d          d\fi* 

(lw  =  —     dS  I  /— — t-  m  -7-  +  n  — 
JJ  dy        d*J\r,    ,  (i. 


ff,0/7rf  d          d\fi\\' 

"  \\dS  (l^3  +  m  T7*n^T> )(-) 
JJ       V  daf         dy'        dz'J  \rj  I 


where  the  integral  is  taken  for  each  element  of  the  surface 
within  the  boundary. 
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265.  Differential  Equations  relative  to  Solid 
Angles. — If  we  differentiate  (12)  with  respect  to  z',  we  get, 
since  /,  m,  n  are  independent  ef  the  coordinates  of  P'y 

<ia    rr,0/.  d        d       d\d  fi 

-77  =   \\dS  [I  — ;  +  m  — ;  +  H  — ,     — ,     - 

dz  \  dx         du         dsjds\r 

*/  */  \  «7  /  >       t 

[{,„(,  d  d          d\d(i\ 

=  \\dS  (I  T  +  m  —  +  n  —  )  —   - 
\  dx         dy        dzjdz  \rj 


K 


d  /i\  d  /i ,  ,  ,     x 

do>  — \-\-dy  —(-}  ,  (13) 

dy\rj          da        ' 


by  (8),  since  -  satisfies  equation  (7). 
v 


Again,  by  (10), 

f  I,  —(L\  =  _  \d  —  (^  =  -  (—]  f ^ 
J       dx\r)       J       dx\r)        \dx'J]  r' 

and  likewise 

f       d  /A         /  d  \  fffe 

dy\rj       \dy' J]  r* 

f  ;      d  (l\  ll    [dz 

and  \dz  -y-    -   =  -  -—    — , 

J       dx  \rj        dx  J  r 

in  which  the  integrals 

(^a?      fdy      f  cfe 
7-.  JT-  JT 

are  supposed  taken  round  the  entire  circuit  that  bounds  the 
solid  angle. 

If  we  now  put 


*-J*    a-.J*   ir-J*          (-4) 

and  suppose  F,  G>  H  to  denote  line-integrate  taken  round  the 
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circuit,  or  boundary,  we  get,  from  (13),  and  the  analogous 
equations, 


(15) 


266.  Neumann's  Theorem. — If  we  suppose  the  point 
x'y'z'  to  be  taken  on  any  surface  8',  and  if  (18'  be  the  element 
of  the  surface  at  the  point ;  also,  if  I'm'ri  be  the  direction 
cosines  of  the  normal  at  P7,  we  get 

,dQ, 


U44 

dx7 

da 

dy' 

UJJ. 

dF 
~  dz' 

dG 

"  dx' 

CUT     ' 

dH 

do! 

dF 
dy7  / 

[( ifdQl 
}\    <M 


m 


Tf 

dy 


n  ~ 


m 

dx' 


fd_G_ 
(dx7 


, 
dy' 


Hence,  by  (3),  we  have 

arr*  +«£  + 

dx  d 


\arf 

\ 


where  the  former  integral  is  taken 
over  any  portion  of  $',  and  the  latter 
round  the  boundary. 

If  now  we  substitute  for  F,  Gf,  H, 
and  O  their  values  as  given  in  (12)  and 
(14),  the  preceding  equation  becomes 

•A    '—Y/A 

dyf        dz '  J  \  dx 


II 


d 
-r 
dy 


:•  79- 

-V- 

dzj\r 


ff  i  (dx  dx*     dy  dyf      dz  dz' 

-J  r(*2F  +  i^  +  *57 


Neumann's  Theorem. 
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where  the  former  integral  is  taken  for  all  elements  on  both 
the  surface  regions,  and  the  latter  along  the  boundaries  ol 
the  regions. 

The  latter  integral  may  be  written 


COS  6 


where  e  is  the  angle  between  the  directions  of  the  tangents 
to  ds  and  ds'. 

The  foregoing,  when  interpreted  in  the  theory  of 
magnetism,  leads  to  Neumann's  theorem  connecting  the 
energy  of  electric  currents  with  that  of  magnetic  shells. 
See  Clerk  Maxwell's  "  Electricity  and  Magnetism,'  vol  2, 
§  637. 

We  shall  conclude  with  the  consideration  of  *wo  01  three 
surface  integrals  taken  over 
a  sphere,  which  are  of  great 
importance  in  the  theory  of 
attraction. 

267  Integrals  over  a 
Spherical  Surface — We 
commence  with  the  determi- 
nation of  the  single  integral 

— ,  where  dS  is  an  element 
p 


Fig  80. 


of  a  spherical  surface  at  any  point  P,  and  p  is  the  distance 
of  P  from  any  fixed  point  0. 

Let 
then  we  have 


therefore 


p«  =  a*  +  /»  -  2af  cos  0 

pdp=afBmOd6. 
Again,  as  in  Art.  230,  we  may  write 
dS  =  az  sin  Odd  dfa 


(18) 


where  0  is  the  angle  that  the  plane  OOP  makes  with  a  fixed 
plane  passing  through  OC. 
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Accordingly 


Jf-fl* 


P 
Again,  since  p  is  independent  of  0, 


.ffsinflrfflffy  J  sin  0(19          a[  , 

a2  J       — —  -^  =  27r«'  J   — ^—  =  27r  ^J  rfp,  by  (17). 

Hence,  (i°),  when  0  is  inside  the  sphere,  since  the  limits  for 
p  are  a  +  f  and  a  -  /,  we  have 


d8  ,     . 

—  =  47r«,  (19) 


or  the  expression  is  constant  in  this  case. 

(2°)  When  the  point  is  outside  the  sphere,  we  get 


dS     47ra*     surface  of  sphere 

T        ~~ccr 


( 

These  show  that  a  homogeneous  sphere  attracts  an  external 
mass  as  if  the  whole  mass  of  the  sphere  was  concentrated  at  its 
centre.  Also,  that  a  homogeneous  spherical  shell  exerts  no 
attraction  at  an  internal  point  (Williamson  and  Tarleton's 
Dynamics  t  Art.  126). 
In  general  we  have 

(dS          a  f  dp 
^'  ".fir* 

Hence,  when  0  is  inside  the  surface, 


and,  when  0  is  outside, 
d8        7T« 


Theorem  of  Lord  KeMn. 
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Also,  if  $(p)  be  any  function  of  p,  we  have 


a 

=  27T 


tf>  (p)  rfp. 


(22) 


It  may  be  observed  that  we  can  ta,ke  the  point  from  which 
p  is  measured  either  inside  or  outside  the  surface  according 
to  pleasure  ;  for,  if  O  and  0'  are  inverse  points,  i.e.  if  CO  : 
CB=CB:  CO',  the  triangles  COP  and  CPO  are  similar, 
and  therefore  PO  :  PO'  =  CO  :  CP.  Consequently  the  ratio 
PO  :  PO'  is  the  same  for  all  points  on  the  sphere. 

268.  Theorem  of  £<ord  Kelvin.  —  Agaiu,  to  find  the 
integral 


taken  over  the  surface  of  a  sphere, 
where  PI  is  a  point  on  the  surface, 
and  0  and  0,  are  any  two  fixed 
points. 

We  may  take  one  of  these 
points  inside,  and  the  other  out- 
side the  surface ;  since,  as  shown 
above,  the  ratio  of  the  distances  of 
two  inverse  points  from  any  point 
on  the  surface  of  the  sphere  is 
constant. 

Produce  OPi  to  meet  the  surf  ace 
again  in  P2,  and  take  02  on  OOi, 
such  that  00, .  00Z  =  OP, .  OPZ 
=  f*  ~  cf,  where  /=  CO,  as  before. 

Now,  let  OPi  =  r,  0,P,  =  p,  OP2  -«----  ,  - , 
let  dS'  be  the  indefinitely  small  element  at  Pa  intercepted  by 
the  cone  whose  vertex  is  at  0,  and  which  passes  through  the 
element  dS\  then,  it  is  immediately  seen  that  we  have 


Figs.  8 1  and  82. 


=  n, 


=  p, ;   and 


d8 


(23) 


therefore 
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Again,  since  the  triangles  P3020,  and  OiPiO  are  equi- 
angular, we  have 

OP, :  P,0,  =  00,  :  OtPi ; 

therefore 

pn  =  00,/o,.  (24) 

Accordingly, 


/*-««'00IJ  Pl 

Hence,  since  0»  is  inside  the  sphere,  we  see  by  (19),  that 
^TT^i-TiTr'  (25) 


The  preceding  is  a  modification  of  Lord  Kelvin's  proof 
of  his  well-known  theorem  on  the  distribution  of  electricity 
on  spherical  conductors  (Cambridge  and  Dublin  Mathematical 
Journal,  1 848 ;  also  Thomson  and  Tait's  Natural  Philosophy, 
vol.  ii.,  §  474). 

More  generally,  if  m  +  n  =  4,  wo  see  by  the  preceding 
that,  taking  0  inside, 


Y  _ 

vp         r-r, 

a  -»"-' 


This  can  be  immediately  expressed  by  aid  of  (21). 
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CHAPTER  XV. 


ON  THE  SIGN  OF  SUBSTITUTION. 

269.  Sign  of  Substitution.  —  It  is  proposed  in  this  chapter 
to  give  a  short  discussion  on  a  symbol,  called  the  sign  of  sub- 
stitution, which  was  first  introduced  into  analysis  by  Sarrus, 
in  his  Recherches  sur  le  Calcul  des  Variations* 

Let  V  represent  any  function  of  x,  with  or  without  other 
variables  ;  then,  if  a  particular  value  #,  be  substituted  for  x 
in  V,  the  result  of  the  substitution  is  denoted  by  the  symbol 

v. 

Again,  the  difference  between  the  values  of  V,  when  x  =  xl 
and  when  x  =  x0  is  denoted  by 


V. 


That  is 


V- 


V. 


(0 


For  instance,  equation  (31)  in  Art.  31,  may  be  written  in  the 
following  form : — 


xi  du  T 
-—  ax  = 
dx 


u. 


Again,  if  V  be  a  function  of  x.  and  y,  then  the  result  of 
substituting  #1  for  x,  and  y^  for  y,  in  V  is  denoted  by 


V: 


and  so  on  for  additional  variables. 

*  This  memoir  was  awarded  the  prize  offered  in  1846  by  the  Academy  of 
Science  of  Paris,  for  an  essay  on  the  treatment  of  maxima  and  minima  values  of 
Multiple  Integrals.  In  the  discussion  here  given,  the  form  of  the  symbol  as 
given  in  Moigao  and  Lindelhof's  Calcul  des  Variations  has  been  adopted. 
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Also,  the  notation 


V  signifies — 1°,  that  y  is  re- 


placed  in  V  by  the  particular  values  y,  and  y0)  respectively : 
then   (hat  the  latter  result  is  subtracted  from  the  former; 
2°,  in  the  result  thus  obtained  the  values  Xi  and  x0  are  respec- 
tively substituted  for  z,  and  the  results  subtracted  as  before. 
When  written  in  full,  this  gives 


V.      (3) 


This  admits  also  of  being  written  as  the  symbolic  product 

v0\ 

(4) 


*1 

a* 

v= 

"o 

*1 

*0 

*l 

(\""- 

V- 

• 

*j 

^ 

v) 

V- 

*0 

v+ 

*0 

These    results   can  be   easily   extended    to   three   or   it  o/e 
variables. 

270.  Differentiation  under  the  Sign  of  Substitu- 
tion. —  Again,  suppose  V  to  be  a  function  of  the  variables 
x  and  a,  represented  by  the  equation 


then  we  have 


a). 


If  now  Xi  be  a  function  of  «,  we  have 
d_ 
da 


v^df(xi,  a]  t 


da 


da 


hence 


ifdV     dVdx\ 
I  i.  . \  • 

\  da       dx  da) ' 


d_ 

da 


da        dx  da' 


(5) 


Accordingly  in  such  cases  we  differentiate  under  the  sign  of 
substitution  as  if  x  were  a  function  of  a. 
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For  instance,  if  F  be  a  function  o£  x  and  y,  and  if  yQ>  y, 
be  both  functions  of  x,  we  may  write 


dx 


_ 

dy 


Hence 


v* 

*  (/* 

yo 


.    .  . 

dx*      dx  dx       \djc     dy  j 


(6) 


If  now  this  equation  be  integrated  between  the  limits  ^  and 
a-0,  we  get 


dy 


dydV 


.     . 
'iV-  (7) 


271.  Differentiation    under  tbe   Sign  of  Integra- 

fi 

tion. — Let  u  =       v  dx,  in  which  v,  x\  and  XQ  are  all  functions 


of  a  :  then,  by  (33)  Art.  114,  we  have'] 

du  (xidc  .  xi  dx 
—  =  • —  dx  +  V  — . 
da  .  da  da 


(8) 


(^i 
v  dy,  where  v,  yit  and  y0  are 
« 

functions  of  x,  we  have 


dtf 
cte 


'Jo 


dx' 


Now  if  both  sides  of  this  equation  be  integrated  with  respect 
to  x  between  the  limits  Xi  and  #„>  we  get 


*i  f*i    fyif/y  fxi 

t<  =  -T-  dxdy+ 

*t         J^o  J  Vo  J  xo 


V  — 
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Hence,  transposing  and  substituting  for  w, 


Oyidv 
u    y^ 
Also,  since 

v  dy  -  \ 
«oK             J-, 

yi      rfy  , 
v  —  oa». 
r/« 

vo 

M, 


"o 


we  get 


f*l  f^l 

V       M         V     f/A 


If  (q)  and  (10)  be  added,  we  have 
rftf 


-r-  + 


(9) 


(10) 


M  -  V  -f- 


272.  DifTerentiation    for    a    Double    Integral. 

Next,  let 


(a    f 
*?J 


udxdy, 


where  u,  ylt  y0,  xly  and  iF0  are  all  functions  of  a,  to  find  — 

«a 


Let 


Also,  by  (8), 


U 


^udy, 

J  y» 


then 


t/r    r^^ 


but 

hence,  finally, 

d_V_ 
da 


_ 
da 


dU 
— 

da 


du 

—  dxdy  + 


-r- 
da 


; 
da 


vi      dy 

u-f-, 

*o        da 


. 

u  -F-  dx  + 
da 


da 


.     . 
(12) 


Examples. 
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EXAMPLES. 

dPtt  f  ^i 

I.  Find  the  value  of  —5,  where  u=        vdx,  where  x\.  and  x0  are  functions 
do?  J  Xn 


of 


Here,  by  (6)  and  (8),  we  readily  get 


do? 

2.  Prove  that 
d  (xi 


xi  (    d*x        dv  dx      dv  ldx\'*\ 
xn  I    da?         da.  da.      dx  \da.)    j 


—  +  —         dx  -i- 


UT> 

UK 

where  u  is  a  function  of  x,  y,  and  a ;  and  yi,  yo,  x\  and  XQ  are  functions  of  a. 
3.  Show  that 


Vdy  - 


Vdy, 


where  Fis  a  function  of  x,  y,  and  z ;  and  where  z\t  z0,  y\  and  yo  are  functions  of  x. 

273.  Geometrical  Representation.  —  The  results 
given  in  Art.  271  admit  of  a  simple  geometrical  repre- 
sentation. 

For,  if  we  suppose  x  and  y  to  be  the  coordinates  of  a 
point  referred  to  a  system  Y 
of  axes  OX  and  OF:  then, 
since  y±  and  y0  are  by  hypo- 
thesis functions   of  x,   the 
equation  y  =  y0  may  be  re- 
presented by  a  curve  AC, 
and  y  =  y\  by  a  curve  BD. 
Also,  the  equations  x  =  a?0, 
x  =  iPi   are   represented  by  0 


two    lines,    AB    and    CD, 

parallel  to   the  axis  of  y. 

Consequently,  the  area  ABDCA  represents  the  space  over 

which  the  double  integral  is  extended. 

It  can  now  be  readily  seen  that  the  right-hand  side  in 
equation  (9)  represents  the  value  of  the  integral 

-    vdy, 

taken  around  the  entire  boundary  ABDCA  in  the  direction 
indicated  by  the  arrow-heads. 

[27] 
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For,  writing  the  expression  in  the  expanded  form 


tidy  - 


f"1  f*i     "i    dij  ,      f*i 

vdy  -\  v  -j-  ax  + 

J»0  Jxo  *"         J'o 


"o    dy 
v—  dx, 
dx 


and  observing  that 


we  see  that 


M*1  ^    rvi 

t%  = 

J  V0  J  VQ 


vdy, 


f 

- 


taken  along  DC  from  D  to  C.     In  like  manner, 

tdy  =  -    vdy 
•U  J 

taken  along  .41?. 

Again,  we  readily  see  that 

f*1    Vl  dy          f 

v  —  dx  =  -  \vdy 
J*0           *  J 

taken  along  BD,  and  also 

f*i  \«o    dy  ,          f 

v—dx  =  -    vdy 

J-o  I        dx  J 

taken  along  (7^,  from  C  to  A. 

This  agrees  with  the  result  given  in  Art.  2i6>  provided 
we  observe  that  the  integration  round  the  boundary  is  here 
taken  in  the  opposite  direction  to  that  adopted  in  the  Article 
referred  to. 

In  like  manner,  the  right-hand  side  in  equation  (10) 

represents  the  value  of    udx  taken  around  the  same  boundary 


ABCDA.     For 


f 


=    udx 


Geometrical  Representation 
taken  along  BD,  from  B  to  D,  and 
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udar. 


-I- 


taken  along  CA,  from  (7  to  A.     Hence  the  result  follows, 
since  x  is  constant  along  AB  and  DC. 

Combining  these  results,  we  see,  as  in  Art.  261,  that 


du     dv 


when  taken  round  the  entire  boundary  in  the  direction  stated 
above. 

274.   Case  of  a  Closed  Curvilinear  Boundary. — In 

many  cases  the  double  integral    i 
is  taken  for  all  points  within  a 
closed    curvilinear   boundary, 
represented  by  an  equation  of 
the  form 


In  such  cases  the  lines  AB 
and  CD  disappear,  and  con-  o 
sequently    we    have    y±  =  y0  Fig.  84. 

when  x  =  x})  and  also  when  x  =  x0 :  hence 

r*1 

vdy  =  o,     and  I     cdu  =  o. 

J  VQ 

In  this  case,  equation  (9)  becomes 


i      i 

=  -\     v  —  dx, 


. 

dxdy=- 


where  *!  and  ^0  are  the  extreme  values  for  the  boundary,  and 

the  value  of  -/•  is  obtained  from  its  equation. 
d<c 

[27  a] 
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In  this  cane  equation  (  1  1  )  may  be  written 


dv 


{(          dy\ 

=     tt-»T  •) 

JV          dx) 


where  the  double  integral  is  taken  for  all  points  in  the  area 
inclosed  by  the  boundary,  and  the  single  integral  is  taken 
round  the  boundary  in  the  direction  indicated  by  the  arrow  - 

dij 

heads.     The  value  of  -£•  is  found,  as  stated  before,  from  the 
dx 

equation  of  the  bounding  curve.  Thus  if  this  be  denoted  by 
y  =  #(#),  then  -j-  =  $'  (#),  for>ll  points  on  the  boundary. 

u«Z? 

It  should  be  observed  that  the  equation  y  =  </>  (x]  really 
represents  a  cylindrical  surface,  and  that  the  actual  bounding 
curve  is  some  curve  traced  on  this  cylinder. 

Likewise,  in  Art.  273,  the  boundary  consists  of  two 
cylindrical  surfaces,  y  =  y»  and  y  =  y^  along  with  the  planes, 
x  =  x0  and  x  =  XL  ;  and  consequently  the  bounding  curve  is 
limited  in  like  manner. 

It  may  be  observed  that  equations  (15)  and  (13)  m<ty  be 
written  also  in  the  form 

[(tdu     dv\  (7     dx        dy\. 

j-  +  -7-  dxdy  =     u  -j-  -  y  -j]  ds>      (l6 

JJ  \dy      dx)  ]\      ds     '  dsj 

where  ds  is  an  element  of  the  boundary,  which  may  consist  of 
a  sinyle  or  of  several  curves. 

The  modification  to  be  made  in  the  foregoing  results, 
when  the  integral  is  taken  between  an  inner  and  an  outer 
boundary,  is  readily  seen,  as  stated  in  Art.  261. 

Again,  if  we  substitute  PQ  for  u  in  (10),  we  get 
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If  the  same  substitution  be  made  in  (g)'  we  have 
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P  7     ,/ 

P  --dxdy  = 


275.  Again,  since 


PQdy- 


-  dx  dy. 


(18) 


d  f      dv        < 

—     u  -= o  —     =  u  —  -  v  — , 


ff      d®  ff      d'u  ff  d  (     dv        du\   , 

«  —  «wy  =        v  —-  dxdy  +  w  --  -  v  -   }  dxdy. 

JJ       dx*  JJ       <&3  JJ^V      dx        dx] 

Hence  by  (9), 


*i  PI  /      rit>        r/«A  Pi    yi  /      ri«        ^/<A  dy 

*0J  yo  \  ci^y  j  3.          \         >t-  _/ 


If  the  boundary  be  represented  by  an  equation  of  the  form 
(z,  y]  =  o,  then,  by  Art.  274,  we  have 


ff     d*v 
JJ  U  W 


d2u 


do        dn\dy   , 
U       -V  **> 


where  the  double  integrals  are  taken  for  all  points  within 
the  boundary,  and  the  single  integral  is  taken  around  the 
boundary  or  boundaries. 

276.   Transformation  of 

dc      dw 

—  +  -  +  — 
dx     dy     dz 

As  in  Art.  226,  we  have 

du      dv      dw\  ff  ,7  \   ,0 

—  +  T-  +  -,-}  dxdiidz  =       (lit  +  mv  +  MO)  db, 
dx     dy      dxj  JJ 
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where  /,  nt,  n  are  the  direction  cosines  of  the  outward  drawn 
normal  at  dS  to  the  boundary  of  the  space  through  which  the 
triple  integral  is  extended. 

This  theorem  is  perfectly  general,  and  holds  for  any  por- 
tion of  space  bounded  in  any  manner,  provided  u,  v,  w  are 
finite  and  continuous  for  all  points  within  the  field  of  integra- 
tion. 

Also,  since  over  the  bounding  surface  we  have,  in  general, 
dz  =  pdx  +  qdy,  we  see,  as  in  Art.  262,  that 

(In  +  mv  +  nw)  dS  =  \\(w  -  pu  -  qv)  dxdy 

dz        dz\ 

w  -u  -  —  v  —    dxdy.        (21) 
dx        dyj 


f\  * 


where  —  and  --  are  determined  for  any  portion  of  the  boun- 
(tx  ay 

dary  when  the  equation  of  that  portion  is  given.  In  general 
when  the  boundary  is  represented  by  one  or  more  continuous 
surfaces,  which  taken  together  make  up  a  closed  boundary 

Ydu     dv     dw\   ,  ff  , 

-7-  +  -j-  +  -r    dxdydz  =  S       (lu  +  nw  +  mv)  dS 
\tt*     dy      dzj  JJ  v 

dz         dz\ 

w - u—  -v  T  \dxdy,     (22) 
dx        dy) 

where  the  symbol  S  means  that  the  values  of  — ,  V~  are  to  be 

dx   dy 

obtained  for  each  surface  separately,  and  the  sum  taken  so  as 
to  embrace  the  entire  boundary. 

We  shall  next  proceed  to  find  the  complete  expression  for 
the  surface  integral  when  the  triple  integral  is  given  in  the 
usual  form 

du      dv      dw\  , 

- — f-  — — I-  —  )  axdydz, 

in  which  Si  and  z0  are  given  functions  of  x,  y ;  and  y\  and  i/0 
are  functions  of  x\  and  a?1?  .r0  are  constants. 
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In  this  case  the  boundary  consists  oi  three  parts: — • 

(1)  Two  surfaces,      2  =  s0,     2  =  21; 

(2)  Two  cylinders,    y  -  y,,,     y  =  y\ ; 

(3)  Two  planes,        x  =  x0,     x  =  x^. 
It  remains  to  find  the  complete  expression  for 

(hi  +  mv  +  me)  dSt 

when  taken  over  (i),  (2),  (3),  respectively. 

i°.  Over  the  surface,  2  =  s1}  we  have,  by  Art.  262, 

/*/•  /*/»/  7  7      \ 

iff          "2       "s\ 
(««  +  mv  +  mv)  dS-  \\(w-u— —  v  —I  a.m//,        (23) 

JJ  JJV  ^        c?y/ 

and  we  may  write  the  corresponding  part  of  the  expression  in 
the  form 

*i  /  dz         dz 

W  —  U V  • 

,0  V  dx        c 

2°.  Over  the  cylinder  y  =  y1}  we  have  w  =  o,  and  mdS=dxdz ; 
consequently,  the  double  integral  becomes 

—  u  +  v  ]  dxdz. 
Also,  by  elementary  geometry,  we  have,  along  the  curve  y  =  yi, 


and  hence  the  double  integral  over  this  portion  of  the  boundary 
is  represented  by 


(zi  f*i     »   /         di/\  , 
t'-M-r-  Uforfa. 
*J*0      V      *»/ 


It  readily  follows  that  Ihe  portion  of  the  double  integral 
when  taken  over  the  two  cylindrical  boundaries  is  repre- 
sented by 


f*1  f*1  I  '   /         dy\  ,   , 
(  v  -  u  -j-\  dxdz. 

J*0J*n        *     \  ClX 
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3°.  Along  the  plane  x  =  xlt  we  have  /=  i,  w  =  o,  w 
dS  =  dydz ;  therefore  the  corresponding  integral  becomes 


And  over  x~xa,  we  have  /=-i,  m  =  o,  «  =  o;  hence  the 
part  of  the  surface  integral  corresponding  to  both  of  these 
plane  sections  is  represented  by 


:n: 

#o  J  "o  "  *o 

ttrfyofe. 

Combining  those  results  we  get 

Jl'Oi; 

/rfw     f/v      c?«'\   , 
I  —  +  —  —  h  —  I  dxayaz 

J*l  cv\    *\ 
X0j«o     *o 

/           rfz 
\        Wrf* 

rfe\ 

rfy/ 

r-Ti  r*i   y 

J  'o  J  *o     'A 

(  v  -  M  -7-  j  dxdz  +                    u  dydz.     (24) 

)  \               "*/                       *o  J  ^o  J  'o 

(    425    ) 


CHAPTER  XVI. 

CALCULUS    OF    VARIATIONS. 

Single  Integrals. 

277.  Bernoulli's  Problem. — In  this  Chapter  it  is  pro- 
posed to  give  a  short  account  of  the  elementary  principles 
of  the  Calculus  of  Variations,  especially  in  connexion  with  the 
theory  of  maximum  and  minimum  integrals. 

The  origin  of  the  Calculus  of  Variations  may  be  traced 
to  John  Bernoulli's  celebrated  problem,  published  in  the 
Ada  Eniditomm  of  Leipsic,  in  1696,  under  the  following 
form,  Datis  in  piano  verticali  duobus  punctis  A  et  B,  assignare 
mobili  M  viam  AMB  per  quam  gravitate  sua  descendem,  et 
moveri  incipiens  a  puncto  A,  brevissimo  tempore  perveniat  ad 
punctum  B.  This  problem  introduced  considerations  en- 
tirely different  from  those  hitherto  involved  in  the  discussion 
of  curves,  for  in  its  treatment  it  is  necessary  to  conceive  a 
curve  as  changing  its  form  in  a  continuous  manner,  that  is, 
as  undergoing  what  is  styled  deformation.  This  change  of 
form  can  be  treated  analytically  as  follows  :— Suppose  y  =/  (x] 
to  represent  the  equation  of  a  curve,  and  let  us  write 

y-/(s)  +  aiK*),  (i) 

where  a  is  an  infinitesimal  quantity,  and  i//  (a?)  any  function  of 
x,  subject  only  to  the  condition  of  being  finite  for  all  values 
of  x  within  the  limits  of  the  problem.  Then,  equation  ( i ) 
represents  a  new  curve  indefinitely  close  to  the  curve  y  =/  (#) ; 
and  by  varying  the  form  of  i//(a?)  we  may  regard  (i)  as 
representative  of  any  curve  indefinitely  near  to  the  original. 

278.  Definition  ofWariatiou  $t/.— Here,  ai//(#)  is  the 
difference  between  the  y  ordinates  of  the  two  curves  for  the 
same  value  of  x.  This  indefinitely  small  difference  is  called 
the  variation  of  y,  and  is  denoted  by  Sy. 
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If  the  ordinate  of  the  second  curve  be  denoted  by  y1}  we 
may  write 

%  =  >/i  -  y  =  «^(«).  (2) 

Then  §y  may  be  regarded  as  the  change  in  y  arising  solely 
from  a  change  in  the  relation  that  connects  y  with  x  while  x 
remains  unaltered. 

More  generally,  if  u  be  any  function  of  x  and  y,  we  may 
write 

%U  =  M,  -  W,  (3) 

where  HI  is  the  value  that  u  assumes  when  y  becomes  y  +  fy. 

~     dny  .  dny     rf"Sy 

Again,  when  y  becomes  y  +  dy,  -r-J  becomes  -^n  +  -~. 

ttX  uX  (IX 

Hence  we  see  that 


This  equation  may  also  be  written  in  the  form 

8Z)"y  =  £'%,  (5) 

where  D  stands  for  the  symbol  of  differentiation  --  . 

\\JC' 

Also,  in  general,  we  have 

SDu  =  DSu,  and  SZ)"w  =  Dn§u. 


More  generally,  if  y  be  a  function  of  any  number  of 
independent  variables  a>i,  xt,  .  .  .  xn,  then  Sy  represents  any 
indefinitely  small  change  in  y  arising  solely  from  a  change  in 
the  form  of  the  function  while  a?i,  rt>  &o.,  are  unchanged. 
Thus  the  variable  y  may  receive  two  essentially  distinct  kinds 
of  increment  —  one  arising  from  a  change  in  one  or  more  of 
the  variables,  the  other  arising  solely  from  a  change  in  the 
relation  which  connects  y  with  these  variables.  The  former 
increments  are  those  contemplated  and  treated  of  in  the 
ordinary  calculus  ;  the  latter  are  those  principally  considered 
in  the  calculus  of  variations. 

We  shall  follow  Strauch,  Jellett,  Moigno,  and  the  prin- 
cipal modern  writers  on  the  subject,  by  restricting,  in  general, 
the  symbol  S  to  the  latter  species  of  increment. 
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279.  Total  Variations. — In  many  cases,  more  especially 
for  the  limiting  values  of  the  variables,  we  have  to  take  account 
of  both  kinds  of  increment. 

Thus,  if  y  =/(#„  xz,  x3),  and  if  Ay  denote   the  total 
increment  of  y,  we  have 

s        ^  ty  (ty 

where  Aa?i,  Ara,  A#3  denote  indefinitely  small  increments  in 
the  variables  x^  x2,  %s,  respectively. 

In  the  case  of  a  single  independent  variable  this  gives 

-8       — 

U+  dx    X'  ^ 

280.  Variation    of    a    Function. — We    shall   adopt 

/I it  (i't/ 

Newton's  notation,  and  write  y  for-/,  y  for  -7-,  .  .  .  y  W  for 

rfia;  (/ar8 

-— ,   and   proceed  to  consider  the  variation  of  the  general 

Cl'JC 

expression  V=f(x,  y,  y,  y,  .  .  .  y^),  in  which_the  form  of  the 
function  f  is  given,  while  that  of  y  in  terms  of  x  is  indeterminate. 
Here,  considering  x  as  unchanged,  we  have 

dV ~       dV *.  dV  ~ 

o  V  —  —  oy  H — —^  oy  +  .  . .  +  — f- r  oy^'^. 
rfy  ay  «V/("J    ' 

Now  let 

—  -P,    ^=P.,        .  — =  P.  (8) 

(/y  dy  '  dyW 

then  we  have 

8  F  =  P8y  +  PiZ%  +  PaZ>28y  +  . . .  +  P»Z>nSy.     (9) 

It  may  be  observed  that  in  all  cases  in  finding  the 
variation  of  a  function  we  neglect  terms  of  the  second  and 
higher  degrees  in  the  increments. 
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281.   Variation  of  a    Definite  Integral.  —  We  shall 
next  consider  the  variation  of  the  definite  integral 

U=  [*'  Vdx,  (10) 

J*o 

where  V  is  of  the  form  stated  in  the  preceding  Article,  and 
does  not  contain  either  of  the  limits,  ar,,,  x\. 

Here,  when  the  limits  are  unchanged,  we  evidently  have 


(n) 

And,  when  the  limits  undergo  variation, 

A  U=  \    SFflfc  +  FiAa?!  -  FoAav  (12) 

J*o 

We  may  write  the  last  equation,  by  Art.  269,  in  the  form 


AZ7 


•c 


FA*.  (13) 


We  shall  suppose  in  general  that  y,  y,  y,  &c.,  are  con- 
tinuous and  finite,  and  that  Sy,  By,  &c.,  are  indefinitely 
small,  for  all  values  that  lie  between  the  limits  of  inte- 
gration. 

Again,  as  any  relation  between  x  and  y  can  be  repre- 
sented by  a  curve,  we  can  always  give  a  geometrical 
meaning  to  the  definite  integral  U,  and  we  may  speak  of 
the  limiting  values  of  x  and  y  as  the  coordinates  of  the 
limiting  points. 

282.  Case  of  F =j  (^,  y,  y)' — We  now  proceed  to  trans- 
form (13),  commencing  with  the  case  in  which  Fis  a  function 
of  x,  y,  and  y  solely. 

Here, 


p;     (14) 

J  *o  \  "•*        /  *o 

but 
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therefore 

&U 


f*i  /  dP 
VP-^ 
m»\  <& 


FA*. 

Again,  if   Ayi   and  Ay0  be  the  total  variations  of  the 
limiting  coordinates,  y±  and  y0,  we  have,  by  (7), 

A//I  =  Syi  +  yiAa?i,         Ay0  =  §y0  +  y0A«0.         (15) 
Accordingly,  substituting  in  the  above,  it  becomes 


dP, 


tAy.  (16) 


Next,  if  we  suppose  the  limiting  point  (vlt  y^)  to  be 
restricted  to  lie  on  a  fixed  curve  (y  =/i  (x)  suppose)  ;  we  shall 
have 


If  the  other  limiting  point  be  likewise  restricted  ia  lie 
on  the  curve  y  =/0(#),  we  shall  have 


In  such  cases  equation  (16)  becomes 


fa:,/  flp  \ 

(p-=£)tyto 
a;0\  ««y 


W-y)    A*.    (17) 


283.  Case  of  F=/(a?,  y,  y,  y).  —  If  F  be  a  function  of 
.    »  we  have 


P,D8y+P2Z)%)  <fo  + 


AZT- 

Hence,  since 

we  have 


f*l  f*! 

PtZ>*8y  = 

J  *o  J  *o 


dx 
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Hence, 
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XV  _,     at*!     a TZ \  ~ 

-      (P  ~  -T1 •  +  ~T^    W"  + 
flfe        f^r*  y 


FA* 


(i  8) 


If  we  now  suppose 

dx 
we  may  write  our  equation  in  the  following  simple  form  : — 

+ 

Again,  as  before,  we  have 


Substituting  in  (19),  it  becomes 


(Pi)Ay+  I   "P2Ay.       (20) 


l-o 

It  is  often  convenient  to  write  this  in  the  abbreviated  form 


where 


(21) 


and  LI  and  L0  represent  the  terms  at  the  upper  and  lower 
limits,  respectively. 

284.  Maxima     and    Minima. — The    most    important 
applications  of  the  Calculus  of  Variations  have  reference  to 
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the  determination  of  the  form  of  one  or  more  unknown  func- 
tions, contained  in  a  definite  integral,  in  such  a  manner 
that  the  integral  shall  have  a  maximum  or  minimum  value. 
For  instance,  to  determine  the  form  of  the  function  y 


maximum  or  a 


J*i 
Vdx  a 
*0 

minimum. 

Here,  when  we  substitute  y  +  w\>  instead  of  y  in  V,  where 
a  is  an  infinitesimal,  and  also  vary  the  limits,  we  may  suppose 
that  U  becomes 


I  .2 

Then,  as  in  the  Differential  Calculus,  if  U  be  a  maximum  or 
a  minimum,  the  expression 

2 

a  Ui  +  -  U2  +  &c. 

I  .2 

must  have  the  same  sign  for  all  variations  that  are  consistent 
with  the  conditions  of  the  problem. 

Now,  since  Sy  or  ai//  is,  in  general,  restricted  solely  by  the 
condition  that  it  should  be  very  small,  we  see  that  we  can 
generally  change  the  sign  of  a  without  violating  the  conditions 
of  the  problem.  Hence,  as  in  the  Differential  C&lctthis,  Art. 
138,  we  see  that  U  cannot  be  either  a  maximum  or  a  minimum 
unless 


Again,  for  a  maximum  Uz  must  be  negative  for  all  values 
of  §y  that  are  compatible  with  the  conditions  of  the  problem, 
and  for  a  minimum  U3  must  be  positive  for  all  values  of  Sy 
under  similar  conditions. 

In  many  cases  we  can  see  from  the  nature  of  the  problem 
that  it  necessarily  admits  of  a  maximum,  or  of  a  minimum, 
value  ;  in  such  cases  when  we  have  obtained  the  solution  by 
aid  of  equation  Ui  =  o,  we  may  dispense  with  the  labour  of 
investigating  the  second  condition. 
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Again,  it  is  easily  seen  that 


and  accordingly,  for  a  maximum  or  a  minimum  value  of  J7, 
we  must  have  A  U=  o,  or 

LI  -  L0  +  \     MSydx  =  o.  (22) 

Now,  without  restricting  the  value  of  By,  this  equation 
cannot  be  satisfied  unless  we  have 

(*i 
MSydx  =  o. 
xo 

For  if  LI  -  Lo  be  not  zero,  we  must  have 

f*i  f*i 

a       ^  (x)  Mdx  =       HSydx  =  L0  -  LI. 

This  would  require  that  the  integral  of  an  arbitrary  function 
can  be  expressed  in  terms  of  the  limiting  values  of  the  vari- 
ables solely,  but  this  is  manifestly  in  general  impossible ;  we 
must  have  therefore 


f*i 
LI  -  L0  =  o,  and 

J*o 


=  o.  (23) 


Again,  since  the  value  of  any  definite  integral  depends 
on  the  form  of  the  function  to  be  integrated,  it  is  plainly 
impossible  in  general  to  determine  the  value  of  the  definite 
integral  in  (23)  without  fixing  the  form  of  the  function 
represented  by  §y. 

Accordingly,  since  the  form  of  By  is  by  hypothesis  per- 
fectly arbitrary,  we  infer  that  in  general  it  is  impossible  to 
satisfy  the  equation 


=  o, 
J*8 
unless  by  making 

M  =  o  (24) 

for  all  values  of  x  between  the  limits  x0  and  a?i. 
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In  each  particular  case  the  form  of  y  in  terms  of  x,  i.  e. 
the  equation^of  the  curve,  is  determined  by  the  integration  of 
the  differential  equation  M=  o  :  and  also  the  arbitrary  con- 
stants introduced  in  this  integration  are  in  general  determined 
by  aid  of  the  equation  Zt  -  Z0  =  o.  Again,  this  latter  equa- 
tion cannot  be  always  zero  unless  the  coefficient  of  each  of  the 
independent  variations  be  separately  zero. 

It  can  be  shown  that  the  equations  thus  obtained  are  in 
general  sufficient  for  the  determination  of  the  above-men- 
tioned arbitrary  constants ;  this  will  appear  more  fully  when 
we  come  to  discuss  our  applications. 

Whenever  the  solution  thus  arrived  at  does  not  satisfy 
the  criterion  respecting  the  function  Ut,  such  solution  is  not 
either  a  maximum  or  a  minimum,  and  is  called  a  stationary 
solution. 

285.  Case  of  Geometrical  Restrictions. — We  have 
here  supposed  that  there  is  no  restriction  on  Sy,  so  that  for 
any  value  of  x  the  increments  +  §y  and  -  Sy  are  equally 
compatible    with   the   conditions   of    the    problem.        The 
reasoning   consequently   will   not    apply   if   the   conditions 
render  this  impossible.     For  instance,  if  a  curve  be  restricted 
to  lie  within   a  given  boundary,  then  for  all  points  on  the 
boundary    the    displacements    must    be   inwards,  and  the 
opposite    displacements  are    impossible.     In  this  case  it  is 
easily  seen  that  the  curve  satisfying  a  required  maximum 
or    minimum    condition    consists  partly  of  portions  of  the 
boundary  and  partly  of  portions  of  a  curve  satisfying  the 
equation  M  =  o. 

We  shall  now  show  that  the  integration  of  the  equation 
M  =  o  is  much  simplified  for  particular  cases  of  the  form  of 
the  function  V. 

286.  V  a  function  of  x  and  y  solely. — In  this  case 

the  equation  M  =  o  becomes  -7-^  =  o,  and  accordingly  we 

ax 

have  Pi  =  const.  =  c.  (25) 

More  particularly,  if  V  be  a  function  of  y  solely,  then 
P!  is  a  function  of  y  solely,  and  we  get  y  =  const.,  or 
y  =  cx  +  c' ;  hence  the  line  joining  the  limiting  points  is  the 
solution  of  the  problem  in  this  case. 

[28] 
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287.    F a  Function  of  y  and  //  solely. — In  this  case 
we  have 


dx 
Hence 


accordingly  we  have  in  this  case 

F-c  +  yP,,  (26) 

where  c  is  a  constant. 

288.    Fa  Function  of  #,  y,  and  y  solely. — Here  the 
equation  M  =  o  becomes 

dP, 


—  =o. 

dx        da? 


Hence  we  get 

,1T> 

(27) 


289.    Fa  Function  of  y,  y  and  y  solely. — In  this  case 
we  have 

(28) 


dx       da? 

Also 


.«-*    1  .    f'  -*   2        ..  -r»          •••  T>      1         /     n\ 

y~~y~Jry       l  +  V       2>  ^^         ^ 


therefore 

d  .        d  . 

a  r- 

Again 
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C 

therefore  F  =  c  +  yPi  -  y  -  -  +  yP2  • 

dx 

or  r=c+y(P1)+y/>8.  (29) 

In  particular  if   Fbe  a  function  of  y  and  y  solely,  this 
becomes,  by  (27), 

V  =  c  +  c'y  +  yP2.  '  (30) 

290.   Case  where    F  contains  the   Limits.  —  In  the 

equation 


if    F"  contain  explicitly  the  limiting  values  of  one  or  more 
of  the  quantities  #,  y,  y,  &c  ,  the  expression  for  A  V,  whenever 
such  limiting  values  are  not  fixed,  contains  terms  additional 
to  those  given  in  Art.  283. 
For  instance,  suppose 


then  S  V  will  contain  additional  terms  arising  from  the  changes 
in  #1,  yi,  and  i/i  ;  and  we  shall  have 

d    ,  dV     .  dV     ..  dV 

-T-  (  V)  =  ~r  +y*  j~  +  y^~r  5 

dxi  dxi         di/i         dtji 

hence  the  additional  terms  in  A  U  are 
.  dV    ..  dV 


.  . 

+  Ay,       -^-dx.  30 


We  shall  illustrate  the  method  of  dealing  with  such  additional 
terms  subsequently. 

291.   Case    of  Two     Dependent     Variables.  —  It    is 

easy  to   extend  the  preceding  method  to  the  discussion  of 
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problems  of  maxima  and  minima  when  there  are  two  or  more 
dependent  variables. 

Thus  let  us  consider  the  variation  of  the  expression 


U 


•r 

J*o 


Vdx, 


where  V  is  a  given  function  of  x,  y,  z,  y,  z,  y,  z,  and  y,  s,  are 
both  undetermined  functions  of  x. 
As  before  let 


dV  dV  dV 

l~"'    2  =    ' 


and  suppose 


dV 


dV 


then 


i: 


I  ^ 
J*o 


dx 


dx. 


Proceeding  as  in  Art.  283,  we  readily  find 

A  U=  I*'  (P}%ydx  +  I  fl  (Q)  Szda:  H 
J  *0  J  ^o 


{(*•) 


where  (P),  (Pi)  have  the  same  meaning  as  in  Art.  283,  and 
(Q),  (Qi)  are  the  corresponding  expressions  relative  to  the 
variable  «. 

Again,  as  in  the  case  of  a  single  variable,  this  expression 
readily  admits  of  being  transformed  into 


A  U=  I"*1  (P)  §ydx  +  P  (  Q) 

J  *ft  J  * 


(32) 
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This  equation  may  be  written  for  convenience  in  the  form 


L  +       (  J%  +  NSz)  dx.  (33) 


A  U  = 


292.   Application    to    Maxima    and    Minima.  —  The 

f*1 
determination  of  y  and  z  when         Vdx  is  a  maximum  or 

J*o 

a  minimum  leads,  as  in  Art.  284,  to  the  equations 

J/=o,    ^=0,  (34) 

along  with  the  equation 

XIL  =  O  (35) 

*0 

at  the  limits. 

In  the  latter  equation  the  coefficient  of  each  independent 
limiting  variation  must  be  zero  as  before  ;  and  the  equations 
thus  obtained  enable  us,  in  general,  to  determine  the  arbitrary 
constants  which  appear  in  the  solution  of  the  equations 

dPl     d*P*  d&      rf-Q, 

P  -  -7-  +  -TV  =  o,     Q--r-+-TT  =  °-       (36) 
dx        drz  dx        d.r 

When  Fis  of  particular  forms  it  is  easily  seen  that  results 
similar  to  those  given  for  a  single  variable  still  hold  good. 

For  instance,  when  V  does  not  contain  x  explicitly,  we 
Bee  by  the  method  adopted  in  Art.  289  that  we  shall  have 

V=  c  +  (P,)y  +  (Q,)»  +  P&  +  Q2s-  (37) 


Again,  if  V  does  not  contain  either  x,  y,  or  s  explicitly, 
this  becomes,  as  in  (30), 

V  =  c  +  c'y  +  c"z  +  P^y  +  Q,s.  (3  8) 

The  foregoing  results  can  be  readily  extended  to  the  case  of 
three  or  more  dependent  variables. 

293.  Relative  Maxima  and  Minima.  Isoperi- 
metrical Problems.  —  In  the  discussion  of  the  curve  which 
possesses  a  maximum  or  a  minimum  property  if  we  limit  the 
investigation  to  all  curves  of  a  given  length,  or  that  satisfy 


438  Calculm  of  Variations. 

some  other  condition,  we  get  a  new  class  of  problems,  called 

problems  of  relative  maxima  and  minima.      These  questions 

originated  in  the  isoperimetrical  problems  of  James  Bernoulli. 

For  example,  let  it  be  proposed  to  determine  the  form  of 

f*i 
y  that  renders  U  =       Vdx  a  maximum  or  a  minimum,  and 

J*0  f*l 

that  also  satisfies  the  relation  ?7'  =       Vdx  =  constant,  where 

v  *o 

V  and  V  are  given  functions  of  x,  y,  y,  &c. 

Here  it  is  obvious  that  if  J7be  a  maximum  or  a  minimum, 
so  also  is  U  +  aV,  where  q.  is  any  arbitrary  constant. 
Accordingly  the  problem  reduces  to  the  determination  of 
the  maximum  or  minimum  value  of 

(39) 

regarding  a  as  a  constant  whose  value  is  to  be  determined  by 
aid  of  the  given  value  of  V. 

294.  Equations  of  Condition — Another  class  of  pro- 
blems closely  allied  with  the  preceding  is  that  in  which  the 
variables  a4,  y,  y,  y,  &c.,  are  connected  by  a  relation  W=O] 
in  this  case  we  may  plainly  write 

U=       {V+\W)d<r,  (40) 

where  A  is  any  indeterminate  function  of  x. 

A  very  important  case  of  this  principle  arises  whenever 
we  take  the  arc  of  the  curve  for  the  independent  variable. 

295.  Case  of  Arc  being  Independent  Variable. — 

For  instance,  in   looking   for  the   maximum   or  minimum 
solution  of  the  integral 

f»i 

Jso 

let  —  =  x,   —  =  y,  and  we  have  at  each  point  of  the  curve  the 

ds           OM 
relation  x*  +  y*  -  i  =  o. 

In  this  case  we  seek  for  the  maximum  or  minimum  solu- 
tion of  the  expression 


Case  where  p  does  not  contain  s  Explicitly.  439 

where   V=  ju  +  £A  (x2  +  yz  -  i)    and  A  is  undetermined:   the 
coefficient  is  written  in  the  form  ^A  for  convenience. 

296.   Case  whore  /*  does  not  contain  s  explicitly.  — 

For  example,  let  ju  be  &  function  of  x  and  y  solely  ;  then,  since 

dV     .  .,          d\ 

_  =  i(^  +  ^_l)_  =  0) 

we  get,  by  equation  (37), 


heiice  ju  =  A  +  c. 

This  may  be  written    A  =  p.  +  a, 
where  a  is  an  arbitrary  constant,  to  be  subsequently  determined. 


Again,  the  equation 


L  =  o  at  the  limits  becomes  in  this 


case 


I  x\  \xi 

fi  As  +        A  (x$x 

I  xo  *o 

or,  since  Bxi  =  &Xi  —  ^Asi,  &c., 

I  *i  \xi 

(M  -  A)  As  +  |     A  (x&x  +  y&y}  =  o  ; 

I  «fl  I  *o 

I  al 

therefore        -  a  A  (si  -  s0)  +  I     (*Aaj  +  yAy)  =  o. 

I  ^o 

Hence  we  obtain 

I  xi 
«A  (si  -  sc.)  =  o,   and         A  (tcAa?  +  yAy)  =  o.       (42) 


Now,  whenever  the  length  of  the  curve  is  given,  the 
former  of  these  equations  vanishes  identically,  but  when  the 
length  is  undetermined  we  must  have  a  =  o. 

Accordingly,  in  the  latter  case  we  have 

A  =  /i,  (43) 

while  in  isoperimetrical  problems 

A  =  fj.  +  a,  (44) 

in  which  the  arbitrary  constant  is  to  be  determined  from  the 
given  length  of  the  curve. 
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In  the  former  case,  substituting  n  for  A  in  (41),  we  see 
that  whenever  p  does  not  contain  s  explicitly,  we  may  write 


17" 


-  if'1  p  (#  +  y'+  i)efe.  (45) 

J   *0 


Hence,  if  p  be  a  function  solely  of  one  of  the  variables, 
y  suppose,  the  maximum  or  minimum  solution  is  given  by 
aid  of  the  equation 

px  =  c.  (46) 

Examples  of  this  will  be  found  further  on. 

297.  In  general,  for  a  maximum  or  a  minimum  we  have, 
from  (45), 

dp       d  dp      d 

£  -£<"">•  Tff-J, 

but 

dp      ,dp      .  dp 

1   _  ,*.  _•_  j.  «/ 

ds        dx        dy' 
Hence  we  get 


Again,  let  0  be  the  angle  that  ds,  the  element  of  the 
curve,  makes  with  the  positive  direction  of  the  axis  of  #,  and 
we  have 

x  =  cos  0,      y  =  sin  0  ; 
therefore 


Accordingly,  either  of  the  equations  in  (48)  becomes 
dti         i  (dp    .          dp 

—  = I  —  si  n  A —  COS 


ds        p  \<te  dy 

Hence,  adopting  the  usual  convention  as  to  the  sign  of  p 
the  radius  of  curvature  (Differential  Calculus,  Art.  226),  we 
may  write  the  last  equation  in  the  form 

i         i  (dp    .  dp          \  ,     . 

-  =  —   -  F  sin  0  — F  cos  o I .  (49) 

p        p\dx  dy        ^ 
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Further  integration  of  this  expression  is  impossible  without 
having  previously  specified  the  form  of  /u. 
Again,  at  the  limits  we  have 


=  o. 


This,  when  the  limiting  points  are  independent,  leads  to  the 
equations 


+  y&y]  =  o,  and 


=  o,        (50) 


provided  /u  does  not  become  zero  at  either  limit. 

When  the  limiting  points  are  restricted  to  fixed  curves, 

(*i 
/md*  is  a  maxi- 
*0 

mum   or  a  minimum  must  cut  the  limiting  curves  ortho- 
gonally. 

It  may  be  observed   that  if  the  proposed  integral  had 

been      — ,  equation  (49)  would  become 

i      i  fdu.    .  du          \ 

-  =  -    -  p  sin  <b  — f  cos  6  , 
,0     p\dx  dy        r) 

and  consequently  we  see  that  the  two  curves  contained  under 

the  equation  p*  =/(#,  y>^)  are  sucli  that  if  one  renders  j  [ids 

\        "XJ 
a  maximum  or  a  minimum,  the  other  possesses  the  same 

property  with  regard  to     — . 


298.  Case  where  V=  /u  +  fiiX  +  nJj.  —  Next  let  us  consider 
the  case  where  V  is  of  the  form  /*  +  ^x  +  ju2y,  in  which  p,  /tti, 
and  fji,  are  given  functions  of  x  and  y  solely. 

Here,  as  before,  we  assume 


(*i  (  ) 

Ifji  +  ^x  +  n#  +  ^A  (**  +  y*  -  i)  <fo.  (5  1  ) 
*o  ' 


Then,  as  in  the  previous  case,  we  get 

V  =  Fix  +  Qiy  +  c. 

This  leads  immediately  to  the  relation 

=  X  +  c. 
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I  *' 
Again,  the  equation  I     L  =  o  at  the  limits  reduces  to 


X  (* 


i/  As  + 


Substituting,  as  before,  for  Sx  and  S//,  this  expression 
immediately  reduces  to 


c A  («i  -  *0)  + 


o. 


Hence,  as  in  the  preceding  case,  c  =  o,  except  for  isoperi- 
metrical  problems  ;  also,  we  have 


=o. 


(52) 


In  this  case  we  have  X  =  /u,  and  equation  (51)  may  be  written 

(i  \ 

[\lp(#+$t+l)+p0+it#\(k.  (53) 

*  ^  ' 


If  /u,  /MI,  and  /KJ  be  functions  of  one  variable  (y  suppose) 
solely,  the  differential  equation  for  determining  the  curve 
assumes  the  simple  form 


c. 


299.  In  general  we  get  the  equations 
d       .  di      .  djLz      d 


dy         dy         dy 
Hence,  as  in  Art.  297,  we  readily  have 
i 

- 

p 


i  (du  .     du  .     dui      duz 

\--y-  -T-X  +  -         - 

u  (dx        dy         dy      dx 


(54) 


(55) 


(56) 


We  shall  illustrate  the  results  arrived  at  in  the  preceding 
articles  by  the  consideration  of  a  few  elementary  problems  of 
maxima  and  minima. 
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300.  Lines  of  Shortest  Length.— In  the  case  of  plaue 
curves  the  length  of  the  curve  between  any  two  points  is 
represented  by 


Hence,  since  V  is  a  function  of  y  solely,  we  have,  by 
Art.  286,  y  =  const. ;  consequently,  as  is  obvious  geometri- 
cally, the  curve  of  shortest  length  between  two  points  is  a 
straight  line. 

If  the  limiting  point  x0y0  be  restricted  to  the  curve 
.y=/o(#),  we  have  A^0  =/o  (#o)  A#0,  and  the  limiting  equation 
(17)  gives 


or  i  +$/o(#o)  =o.  (57) 

This  sliows  that  the  right  line  cuts  the  boundary  orthogonally. 

Hence  the  problem  reduces  to  the  drawing  a  normal,  or 
normals,  from  the  point  x0yn  to  the  bounding  curve. 

It  is  easily  seen  that  if  the  point  x,yQ  is  between  the 
curve  and  the  corresponding  centre  of  curvature,  the  distance 
is  a  minimum,  and  leads  to  a  real  minimum  solution.  If 
the  point  lies  beyond  the  centre  of  curvature,  the  normal  in 
question  furnishes  a  stationary  solution,  but  not  a  minimum 
solution. 

If  each  of  the  limiting  points  lies  on  a  given  curve,  the 
solution  is  a  line  normal  to  both  the  curves. 

Let  us  consider  whether  Pl  PI 

such  a  solution  is  a  true  mini- 
mum or  only  a  stationary 
solution. 

i°.  Let  the  curves  be  con- 
vex to  each  other  along  the 
common  normal  PiP2 :  in  this 
case  PjP2  is  a  minimum.  ^1S-  85- 

If  the  curves  be  concave  relative  to  P,P2 :  the  distance 
P,P2  is  not  a  true  minimum,  and  consequently  our  solution 
is  but  a  stationary  solution. 
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If  the  curves  lie  as  in  the  first  part  of  the  figure,  then  it 
is  easily  seen  that  PjP2  is  a  true  minimum  only  when  Ci, 
the  centre  of  curvature  corresponding  to  P,,  lies  beyond  Ct, 
the  centre  of  curvature  corresponding  to  P». 

More  generally,  we  have  for  the  length  of  any  curve  in 
space 


f 
=\ 

J 


Here,  for  a  maximum  or  a  minimum,  we  have,  as  in 
Art.  286,  y  =  const.,  2  =  const.,  and  accordingly  the  curve  is 
the  right  line  that  joins  the  limiting  points. 

If  we  suppose  the  limiting  point  x^/^  restricted  to  lie 
on  the  surface 

u  =j>  fa  y,  2)  =  o  ; 
then  we  have 

*\  (du   .       du          du 


Again,  by  (32),  the  term  in  SZ/that  corresponds  to  this 
limit  is 


This  gives 

A#0  +  y0Ay0  +  20A30  =  o  ; 

hence,  from  (58)  we  see  that  we  must  have  at  the  limiting 
point 

du      i  du      i  du 

—  = = .  (50) 

dan     y  dy      z  dz 

This  shows  that  the  right  line  is  normal  to  the  surface  u  =  o 
at  the  limiting  point  x0y0%0. 

Hence  when  one  of  the  limiting  points  is  fixed,  and  the 
other  lies  on  a  given  surface,  the  problem  reduces  to  drawing 
normals  to  the  surface  from  the  given  point. 

It  is  easily  seen  from  elementary  geometry  that  for  a 
true  minimum  solution  the  point  must  be  nearer  to  the 
surface  than  either  of  the  two  corresponding  principal  centres  of 
curvature. 
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301.  Brachystochroue.  —  We  shall  next  consider 
Bernoulli's  problem  (Art.  277)  of  the  line  of  quickest  descent 
under  the  action  of  gravity,  which  is  commonly  called  the 
Brachystochrone. 

Let  us  take  the  axis  of  x  vertically  downwards,  and  that 
of  y  horizontal.  We  shall  suppose  the  particle  to  start  from 
the  fixed  point  x0y0)  with  the  velocity  due  to  the  height  h ; 
then,  if  v  be  the  velocity  at  any  point,  we  have 

•p2  =  2y  (x  +  h  -  a-o), 

ds 

also,  if  t  be  the  time  of  motion,  v  =  — ; 

lit 


hence,  neglecting  the  constant  v/2#,  we  may  write 

.  (6o) 


Here,  since  Fdoes  not  contain  ij  explicitly,  and  #0  is  constant, 
we  have,  by  (25), 

/6l\ 


\/i  +y*  \/x  +  h  - 

Now,  let  <£  be  the  angle  that  the  tangent  to  the  curve  at 
any  point  xy  makes  with  the  axis  of  x  ;  then 


sn 


C 

or  x  +  h  -  x0  =  a  siu2^,  (62 

writing  a  instead  of  -5  ; 

C 


hence  dx  =  2a  sin  ^  cos 

also  dy  =  tan 

therefore 


f  .  a  sin  2d>  /,,<. 

y  --=  2a  \  sm2^(^  =  a<f>  —          -  +  const. 
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Hence  (Diff.  CaL,  Art.  272)  we  see  that  the  curve  of  quickest 
descent  is  a  cycloid. 

The  construction  of  the  curve  depends  on  the  limiting 
conditions.  Thus,  if  the  particle  starts  from  rest,  we  have 
h  =  o  ;  and,  taking  the  origin  at  the  upper  limiting  point,  we 
have  #<>  =  o,  y(>  =  o;  and  equations  (62)  and  (63)  become 

sin  2d> 
x  =  a  sin  0,     y  =  a 


These  represent  a  cycloid  having  a  cusp  at  the  origin. 

Again,  if  we  suppose  the  lower  point,  xtyit  to  lie  on  the 
curve  y  =/(#),  the  term  outside  the  sign  of  integration 
corresponding  to  this  limit  gives 


P,(/'(*)-y)=o.  (64) 

But,  by  (6  1  ),  we  have 


I/ 

hence  (64)  becomes 

i  +  tan  $i/'(#i)  =  o. 

This  shows  that  the  cycloid  cuts  the  limiting  curve  at  right 
angles. 

302.  The  Arc  taken  as  Independent  Variable.  —  It 

will  be  instructive  to  illustrate  the  method  of  Art.  295  by 
applying  it  to  the  problem  of  the  brachystochrone.  Here 
we  have 

i 


. 

\/  X  +    h  -  X0 

and  equation  (45)  gives,  neglecting  the  constant  multiplier, 


«0   V    X  +   II   - 
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again,  as  this  does  not  contain  y  explicitly,  we  have,  as  in 
equation  (46), 

y*  di/ 

=  const.  =  c,    where  ij  =  —  • 


If  0  be  the  angle  that  the  tangent  at  the  point  xy  makes 
with  the  axis  of  x,  we  get  as  before, 

x  +  h  -  #„  =  «  siu20, 
and  also 

dx 
x  =  cos  0 ;    .*.  ds  = =  2a  sin  0<70.  (65) 

COS0 

This  gives  s  =  -  2a  cos0  4-  const. 

Hence  (Dijf.  Cat.,  Art.  276),  we  see  that  the  curve  is  a 
cycloid,  as  already  shown. 

Again,  equation  (50)  gives  at  the  limiting  point  x\y^ 

x&x  +  yky  =  o,  (66) 

which  shows  that  the  cycloid  intersects  the  limiting  curve 
orthogonally. 

Next,  if  we  suppose  the  point  x0y0  to  be  variable,  we  see, 
by  Art.  290,  that  we  must  introduce  in  A  U  the  additional 
term 

ds 


s0  (x+h-  iT0) 

also,  by  (65), 

f'i         ds  2     f*i    (16         2 

-, r|  =  —7=       -.  Y    =  — —  (cot 0o  -  cot 0i) ; 

accordingly,  the  additional  term  introduced  is 

— ^  (cot  0o  -  cot  0j).  (67) 

v  a 

*  The  student  must  be  careful  not  to  confound  the  symbol  y  in  this  investiga- 
tion with  the  same  symbol  in  the  previous  article.  In  fact,  y  in  all  cases  represents 
the  fluxion  of  y  relative  to  the  independent  variable. 
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Ale""1,  the  term 

-Jlo 

in  (42),  becomes 


I  .  .V 

-  i.  (cos  (po  A^o  -i-  sin  0o  Aif/o), 


or 


—  (cot  ^o  A.TO  +  Ay0) ; 


D 


adding  this  to  the  term  in  (67),  we  get 

— =.  (AiT0  cot  0!  +  Ay0)  =  o. 

If  we  compare  this  with  (66),  we  see  that  the  tangents  to 
the  limiting  curves  at  the  upper  and  lower  limiting  points 
are  parallel.  [See  Moigno,  Cakul  des  Variations,  §  113.] 

For  example,  to  find  the  curve 
of  quickest  descent  between  a  given 
curve  AB  and  a  straight  line  CD 
situated  in  the  same  vertical  plane, 
we  draw  tothegiven  curve  ataugent 
JlTparallel  to  the  line  CD.  Then, 
supposing  the  particle  to  start  from 
rest,  the  cycloid  satisfying  the  con- 
dition must  start  from  a  cusp  at  A 
and  cut  CD  orthogonally. 

303.  To  find  a  curve  of  given  length  whose  extremities  lie  on 
a  given  curve,  and  such  that  the  area  comprised  between  the  two 
curves  shall  be  a  maximum. 

Let  y=f(x)  be  the  equation  of  the  given  curve;  then 
taking  the  arc  as  the  independent  variable,  we  may,  as  in 
Art.  298,  write 

Hence,  by  (34),  we  get 

x  =  cy\    .'.  cij  =  x  +  a;  (68) 

and  it  readily  follows  that  the  curve  is  a  circle  of  radius  c. 


Fig.  86. 
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Again,  since  at  the  limits  we  have  y  =/(#),  the  limiting 
equation  becomes,  by  (50), 


=  o,      or 

This  shows  that  the  curve  cuts  the  given  curve,  y  =/(#),  at 
right  angles  at  each  limiting  point. 

304.   minimum  Surface  of  Revolution. — To  find  a 
curve   such   that  the   surface   generated   by  its  revolution 
around  a  given  line  shall  be  a  minimum. 
r        

Here   I  yyi  +y'idx  is  a  minimum:  hence,  by  (26),  we 

must  have 


3/vi+y  =  c+    ,-—=,      or 

v/i  +i>* 

Accordingly,  we  have 


therefore  x  =  c  log  ^  +  v  ^ !L  +  const. 

c 

305.  Otherwise :  if  we  take  the  arc  as  the  independent 
variable,  and  the  given  line  as  the  axis  of  x,  then  the  surface 
in  question  is  represented  by 


U=  27T 


yds\ 

J*o 


hence,  neglecting  a  constant  multiplier,  we  may  write,  as  in 
Art.  295, 


*o 

Again,  by  (45),  this  may  be  written  in  the  form 


Consequently,  as  in  (46),  the  curve  is  determined  by  the 
equation 

yx  =  a,     or     y  =  a  sec  <f>.  (69) 

[29] 


450 


Calculus  of  Variations. 


From  this  we  infer,  by  (3),  Art.   131,  that  the  curve  is 
catenary  :    a   result  which   can  also  be  readily  seen,  since 
(69)  leads  immediately  to  the  equation 


is  a 


or  x  =  a  log  (y  +  y'V  -  a2)  +  const.,  as  before. 

If  now  the  origin  be  taken  as  in  fig.  7,  p.  184,  we  get 


and  hence 


a 

-ea 


*\ 

a  j  =  a 


cosh  -. 


(70) 


Consequently,  when  the  extreme  points  are  given,  the  problem 
reduces  to  drawing  a  catenary  passing  through  these  points 
and  having  the  given  line  for  its  axis.  For  a  general  inves- 
tigation of  the  possibility  of  this  construction  the  student  is 
referred  to  Todhunter's  Researches  on  the  Calculus  of  Varia- 
tions, §  62. 

We  limit  the  investigation   here  to  the  particular  case 
where  the  limiting  points, 
A  and  A',  are  equidistant 
from  the  fixed  line. 

We  shall  first  show 
that  all  catenaries,  re- 
presented by  the  equa- 
tion 


where  a  is  variable,  lie  within  two  common  tangents  which 
pass  through  the  origin  C. 
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For,  let  CN  be  a  tangent  from  the"  origin  to  the  curve, 
and  let 

NCO  =  a,     CH=x,     NH=y; 

then,  as  in  Art.  131,  we  have 

HL  =  a,     NL=  arc  ON  =  s  ; 
also,  from  the  figure, 

'U  (ft 

-  =  cosec  a,     -  =  sec  a  ; 
a  a 

hence,  from  equation  (70)  we  get  for  the  determination  of  a, 

2  cosec  a  =  eseca  +  e-seca.     /.  2  cota  =  eseca -e-seca; 
hence 


cos  a 


I  +  cos  a        |i  + 

gseca  _  cosec  a  +  cot  a  =     ; =   J 

Sin  a          >  i  - 
If  we  make    sec  a  =  u,    this  gives 

(7i) 


'M  -  i 

The  value  of  w  can  readily  he  found  approximately  from  this 
equation;  for  let      u  =  i  +  z,      then  (71)  transforms  into 

ze*e~s  =  2  +  z ; 

but         c  =  2718  .  .  .  ;     .*.  ez  =  7-4,    approximately; 
hence,  approximately, 

S  (  I   +  2S  +  2S2  +  -  23  +    &C.  ]  =   --  +  — 


V  3/37      37 

From  this  without  difficulty  we  find 

*  =  $>q'P',      •'•  sec«  =  f»  Q'P- 

Hence,  by  a  table  of  natural  sines,  we  find     a  =  33°  30', 
approximately. 

\fc 

The  equation     tan  a  =  -     furnishes  the  maximum  value 

y 

£• 

of          for  the  catenary. 
y 

[29  a] 
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Accordingly,  if  y0  =  ylt  and  if  d  be  the  distance  between 
the  limiting  points,  we  may  write  2x0  =  d;  and  we  see  that, 

whenever  -  -  =  —  >  tan  a,  it  is  impossible  to  describe  a  catenary 

through  the  limiting  points  so  as  to  have  the  fixed  line  for  its 
axis. 

When  —  <  tan  a,  it  can  be  readily  shown  that  two,  and 
but  two,  catenaries  can  be  so  drawn ;  for  let  —  =  tan  |3,  and 

u  =  — ,  then  equation  (70)  gives 

/         M»  Hi  \ 

2u  oot  Q  =  cu  +  e~*  =  2  (  i  + +  +  &c.  1.     (72) 

V  1-2         1.2.3.4  J 

This  equation  cannot  have  more  than  two  real  roots ;  and 
the  preceding  analysis  shows  that  it  has  no  real  root  when 
)3>a. 

Again,  the  roots  are  equal  when  )3  =  a  ;  for  the  condition 
for  equal  roots  gives  2  oot  |3  =  eu  -  e~u ;  and  we  see  that  in  that 
case  u  is  given  by  equation  (71),  and  we  must  have  /3  =  a. 

Next,  we  have  already 
seen  in  Ex.  4,  p.  261,  that  if 
/She  the  surface  generated  by 
the  revolution  round  its  axis 
of  any  portion  ON,  measured 
from  the  vertex  of  a  catenary, 
we  have 

S  =  TT  (ys  +  ax), 
where    x    and    y    are    the 
coordinates     of     N,     and 
«  =  ON '  -  NL. 

Again,  if  S  be  the  sur- 
face of  the   cone   generated        p  p 
by  PN  iu  a  complete  revo- 
lution, we  have                                             Fig.  88. 

S  =  TT  (PN .  UN)  =  Try  (NL  +  PL)  =  irys  +  vy.PL; 
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but  by  similar  triangles,  we  have 

=  a.  PN-, 


therefore 

S  =  TT  (ys  +  a  .  PS). 
Accordingly 

8  -  S  =  ira  .  CP. 

If  PM  be  a  second  tangent  drawn  from  P  to  the  curve,  we 
have,  in  like  manner, 


where  S'  and  S'  are  the  surface-areas  generated  by  OH  and 
by  PM,  respectively  ;  hence  we  see  that 

8  +  &  =  S  +  S'.  (73) 

Consequently,  if  from  any  point  P  on  the  axis  of  a 
catenary,  tangents,  PM  and  PN,  be  drawn  to  the  curve,  the 
surface  generated  by  the  arc  MN  in  its  revolution  around  the 
axis  is  equal  to  the  surface  generated  by  the  broken  line  MPN 
in  the  same  revolution. 

More  generally,  if  the  tangent  at  M  meets  the  axis  in  a 
point  Pf,  we  have,  adopting  a  similar  notation, 


and  we  get,  in  general, 

8+  S'-(S  +  S')  -  ±  TTflPP'.  (74) 

In  this  equation  the  upper  or  lower  sign  is  taken  according 
as  the  tangents  intersect  below  or  above  the  fixed  axis. 

From  this  it  follows  that,  if  tangents  to  the  curve  be 
drawn  at  any  two  points,  M  and  N,  on  a  catenary,  the 
surface  generated  by  the  revolution  of  the  curve  MN  round 
the  axis  is  greater  or  less  than  the  surface  generated  by  the 
revolution  of  the  broken  line  MP'PN,  according  as  GP  is 
greater  or  less  than  CP'. 

In  fig.  87  it  can  be  shown  without  difficulty  that  the 
upper  curve  A'  A  gives  a  true  minimum,  while  the  lower 
curve  corresponds  only  to  a  stationary  solution.  (Art.  284.) 
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306.  To  find  the  curve  for  which  the  area  between  the.  curve, 
its  ecolutc,  and  the  extreme  radii  of  curvature  shall  be  a  minimum. 
Here  we  have 


y 

Hence,  since  V  does  not  contain  either  x  or   y,  we  have, 
by  (30), 

V  =•  c  +  cy  +  P?i)\ 
but  in  this  case 

therefore  we  may  write 

r=cl  +  w},  (75) 

where  cl  and  ct  are  arbitrary  constants. 

This  equation  may  be  written  in  the  form 


(76) 

where  <f>,  as  before,  represents  the  angle  that  the  tangent  to 
the  curve  makes  with  the  axis  of  x ;  therefore 

ds 

-  =  GI  cos  «A  i  c-i  sin  rf». 
d<f) 

This  gives  8  =  Ci  sin  $  -  ct  cos  ^  +  c3 ; 

and  accordingly  the  curve  is  a  cycloid. 
Again  : 
(i°).  If  the  limiting  points  be  fixed,  but  not  the  tangent* 


at  these  points,  equation 


L  =  o      becomes 


.    Xa 

x\ 


PJy  -  o. 


This  gives     1\  =  o,    at  each  limit. 

Hence  p  -  o  at  both  limits,  and  consequently  the  extreme 
points  are  cusps  on  the  cycloid  ;  accordingly  the  curve  in  this 
case  is  a  complete  cycloid. 
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(2°).  Suppose  the  extreme  points  lie  on  given  curves. 
Here,  the  equation     L  =  o     becomes,  by  (20), 


=  o. 


Hence,  since  A//  is  arbitrary  at  the  limits,  we  must  have 
P2  =  o     at  each  limit,  and  therefore  the  extreme  points  are 
cusps,  as  in  the  former  case. 
Also  we  must  have 


Ci&y  =  o 

at  each  limit  ;  this  shows  that  the  curve  touches  each  of  the 
bounding  curves  ;  and  also  that  the  line  joining  the  limiting 
points  is  a  maximum  or  a  minimum  distance  between  the 
limiting  curves. 

(3°).  If  either  limiting  point  be  completely  indeterminate, 
we  must  have 

cl  =  o,     and     c»  =  o, 

and  the  equation  reduces  to  p  =  o  at  all  points,  an  impossible 
equation,  which  shows  that  there  is  no  solution  in  this  case. 

307.  Isoperimetrioal  Problem.  —  Again,  in  the  same 
problem,  if  the  length  of  the  curve  be  given,  we  may  write 


dx. 


Proceeding  as  before,  we  readily  get 

-A=-  +  — ^=+*,    where    6 
v/i+y*      -/i+tf* 

therefore  —  =  <?i  cos  ^  +  cz  sin  <j>  +  b  ; 

d§ 

or  s  =  Ci  sin  $  -  c2  cos  $  f  b$  +  d. 

This  is  the  intrinsic  equation  to  the  curve. 
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We  see,  as  before,  that  the  curve  becomes  a  cycloid  when 
0  =  0,    i.e.  when  the  length  of  the  curve  is  not  given. 
Again,  the  equations 


dy 


dx 


give 


dy 

--  =  sm 


cos  <f>  +  Cj  sm  0  +  0) 


•  1A 

—  =  cos  <f>  (Ci  cos  0  +  ct  sin  ^>  +  0) 

(id) 


(78) 


From  these  we  can  express  #  and  y  in  terms  of  </>,  and  thus 
determine  the  equation  to  the  curve  by  elimination. 

308.   General  Transformation. — In  general  if  V  be 

a  function  of  x,  y,  y,  y,  .  .  .  y(n\   we  have 


A  U 


=  [*' 

J*o 


dx 


Now,  let  A  denote  the  symbol  —  when  operating  on  Sy  sotcly, 

and  let  Z),  denote  the  symbol  when  operating  on  any  of  the 
functions  P,  Pl5  . . .  Pn,  then  we  may  write 


Hence  we  get 


f"  <lxPmD*$y  =  (-  i)"'  f 

J  ^0 


+  ...(- 


Maxima  and  Minima. 
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Applying  this  to  the  different  terms  in  the  value  of  A  U  given 
above,  we  get 


FAa? 


a-o 


where 


nV-1),       (7Q) 


,l  =  P,  -  —  +  J  -  4-   (-  l}n 

l)       l     dx  H    <&          f  (   Ij 
and  go  on. 

We  may  write  this,  as  before,  in  the  form 


= 

J 


L. 


(80) 


308  a.  Maxima  and  Minima. — It  is  plain,  as  in  Art. 
284,  that  for  a  maximum  or  minimum  value  of  the  definite 
integral,  we  must  have 


(P)  =  o,   and 


(81) 


Also,  as  before,  the  coefficient  of  each  independent  variation 
in  the  equation  at  the  limits 


must  be  zero  in  this  case. 

309.  Case  of  Two  Dependent  Variables. — More 
generally,  let  F"be  a  function  of  x,  yy  z,  y,  z,  y,  2, ...  y(n\  z(m\ 
where  y  and  z  are  functions  of  x. 

Then  if 


U=  \*1  Vdx, 

J*o 
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FA* 


P,Z% 


f  *l  (QS 

J  XQ 


adopting  the  notation  given  in  Arts.  291  and  308. 

Hence,  proceeding  as  in  the  last  Article,  we  readily  see 
that  A£7  can  be  transformed  into  the  following  shape : — 


(P)  Si/  +  (Q)  S»  dx  + 


where 


and  so  on. 

This  may  be  written,  as  before,  in  the  form 


A  U  =       (P) 


f  *' 

J  *0 


(82) 


Also,  it  is  easily  seen  that  for  a  maximum  or  minimum  value 
of  U  we  must  have 

(P)  =  o,    (Q)  =  o,    and 

310.  Condition  of  Integrability. — The  result  contained 
in  equation  (79)  furnishes  us  at  once  with  the  condition  that 
Vdx  should  bo  an  exact  differential,  independent  of  the  parti- 
cular form  of  the  function  y.  For,  in  this  case, 
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must  be  a  function  of  the  limiting  values  of  x,  y,  y ...  yra,  solely, 
and  consequently  when  these  limiting  values  are  unaltered  we 
must  have  3i7=  o;  but  by  (79)  we  have  in  that  case 


Accordingly  this  integral  must  be  zero  for  all  values  of 
and  hence  the  equation 


dP,     (PPz  d»Pn 


must  vanish  identically. 

311.  Method  of  the  liiflTcreiitial  Calculus.  —  This 
result  can  also  be  readily  arrived  at  without  any  reference 
to  the  Calculus  of  Variations  ;  for  suppose  that  Vdx  is  the 
exact  differential  of  a  function  <j>,  where  <j>  is  of  the  order  (n-  i) 
in  the  differential  coefficients  y,  y,  .  .  .,  then  we  have 


This  shows  that  Vdx  cannot  be  an  exact  differential  unless 
it  is  linear  in  its  highest  differential  coefficient,  y(n\ 

We  now  proceed  to  determine  the  condition  that  any 
function  V  should  satisfy  equation  (84). 

In  this  case  we  have 

dV         d$  '' 

n  ~  ~         ='  ~ 


those  lead  to 


Again, 

P      -  n  J+-       !L±-  • 

*-V  ' 
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hence 


it  is  readily  seen,  by  continuing  this  process,  that  we  must 
have 

If  P.  -  -D-'P.-,  +  .  .  .  ±  P..r  T        L    -  o,       (85) 


where  the  upper  or  lower  signs  are  to  be  taken  according  as 
•/•  is  an  even  or  an  odd  integer.  If  we  make  r  =  n  -  i  ,  this 
becomes 

D-'P.  -  D-IP-,  +  .  .  .  ±  Pi  T  ^  -  0. 

ay 

Hence 

D"Pn  -  Dn^Pn.,  +  .  .  .  ±  DPt  T  P  =  o, 

observing  that 

P.tr.D**. 

dy  dy 

This  verifies  the  result  arrived  at  by  the  Calculus  of 
Variations. 

312.  Converse  Theorem.  —  The  Converse  Theorem, 
viz.  that  when  (P)  =  o,  identically,  V  is  an  exact  differential 
coefficient,  can  also  be  proved  as  follows. 

Here,  we  have 

DnPn  -  Dn-lPn-i  +  .  .  .  ±  P  -  o.  (86) 

Again,  we  have  the  symbolic  equation 
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and  we  see  that  the  term  of  the  highest  order  in  (86)  is 


Consequently  we  must  have 

dPn  _ 

dyW  ~  dyW  -  °' 

Hence  F  must  be  linear  in  yW  ;  and  we  may  assume  that  F 
is  of  the  form 

F-/+0M*,  (87) 

where  /  and  $  are  of  the  order    n  -  i    at  highest. 

Also  we  can,  in  general,  readily  determine  0b  so  as  to 
satisfy  the  equation 


and  accordingly  we  may  write  F  in  the  form 

v-f+*»7jfa-  (89) 

Again,  since 

d  ,    .      (d       .  d  .  .      d    \ 


we  may  write  (89)  in  the  form 

F  —  Yi  +  T~  (0 1 )  > 

/v  // '/* 

where  YJ  is  of  the  order    n  -  i    at  highest. 

Since  the  latter  term  is  an  exact  differential,  our  result 
will  be  proved  if  YJ  can  he  shown  to  be  an  exact  differential. 

As  before,  since  Y.I  must  also  satisfy  the  equation  (P)  =  o, 
it  must  be  of  the  form 


or 


and  where  %2  is  of  the  order  n  -  z  at  highest. 
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In  like  manner,  we  must  have 


and  hence  it  is  easily  seen  that  when     (P)  =  o,     identically, 
V  must  be  an  exact  differential. 

313.  Integration  of  the  Differential  Equation.  — 

The  determination  of  <f>,  i.e.  the  integration  of  the  differen- 
tial equation    V  =  o,    can  be  readily  effected  in  this  case  ;  for 
we  can  find  0,  from  (88),  02  from  (go),  and  so  on. 
For  instance,  to  integrate  the  differential  equation 

a?"y  +  2xzy  -  2xy  +  y*  +  2xyy  =  o, 
which  satisfies  the  criterion  of  integrability. 

Here  -^  =  y?  ;    .-.  0,  =  x*y  \ 

hence  -j-  (fr)  =  ^y  +  x*"y  ; 

therefore  \\  =  -  y?y  -  zxy  +  y1  i  zxi/y  ; 

hence  -^2  =  -  x*\    ;.  rf»2  =  -  x"~y, 

dy 

and  —  (f/,2)  =  -  x*y  -  2xy  ;    .-.  ^  =  if  +  2xyy. 

Accordingly  the  required  integral  is 


314.  Condition  of  Integrability  in  case  of  two 
Dependent  Variable*.  —  The  preceding  process  can  be 
easily  extended  to  the  case  where  V  is  a  function  of  #,  yt  s, 
y,  2  .  .  .  ?/M),  2(m)  ;  and  it  can  be  readily  seen  that  when  V  is 
an  exact  differential,  we  must  have  (P)  =  o,  (Q)  =  o,  and 
conversely. 

The  proof  is  left  to  the  student,  and  is  seen  to  follow 
without  difficulty  from  that  given  in  the  preceding  Article. 
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315.   Criterion     for     Maxima     and    Minima.  —  Ill 

Art.  284  we  have  seeii  that  further  conditions  are  requisite 
in  order  that  the  solution  of  any  problem,  obtained  from  the 
equation  A  £7  '=  o,  should  be  a  real  maximum  or  minimum 
solution.  These  conditions  were  investigated  by  Legeudre, 
Lagrange,  and  other  eminent  mathematicians,  but  the  com- 
plete solution  of  the  problem  was  first  supplied  by  Jacobi. 

It  is  easily  seen,  as  in  the  extension  of  Taylor's  theorem, 
that  Uz  is  derived  from  U\  by  the  same  process  that  U\  is 
derived  from  U. 

Again,  assuming  that  the  limiting  values  of  x,  y,  y,  &c., 
are  fixed,  we  have,  by  (21), 


817=       MSydx, 

J^o 

and  consequently 

(91) 


where  we  also  have    M  =  o. 

Accordingly,  as  in  Art.  284,  the  conditions  for  a  real 
maximum  or  minim  nm  in  general  depend  on  the  value  of 
the  definite  integral 


3  1  6.  Application  to  F  =/(^,  y,  y).  —  It  would  be  beyond 
the  limits  proposed  in  this  chapter  to  enter  into  a  general 
discussion  of  the  foregoing  problem  ;  we  shall  merely  consider 
the  case  where  F  is  a  function  of  x,  y,  and  y  solely. 

In  that  case  we  have 


Now,  observing  that 

dPl      dP          ,       ...          .  ' 

=  -— ,     and  writing  2  tor  at/, 

dy       dy 

dP        dPl  .      d  fdPl        dPl  . 
we  have     t>w  =  --  z  +  ——-  2  -  —   —r-  2  +  -77- 2 
dy          dy         dx  \  dy          dy 

dP      d  /rfPiV]  _  d_  fdPi  . 
dy       dx\dy  )\      dx\dy 
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If  we  now  suppose  that  u  is  any  solution  of  the  differential 
equation     SM  =  o,     we  have 

[dP      d(dPi\]  _d_(*Pi.\_ 
U[_d^'d~x(~dy~)]      dx\dyU)  = 

hence,  in  general,  we  may  write 

i  r  d  (dP,  \  d  (dP,  .Yl 
-\z—  (--u)-u-r(-r-z)\ 
u\_  dx\dy  J  (fo\((y  /J 

i  d  frfP,  ,  .."I         i  d  [          dfz\] 

-—     —  (itz  -  iiz)    =  -  -  —    «  Qt  -j-  -     , 

MC^L^  J      w^L      fl^WJ 


dP, 
writing  Q,  for      —  • 

Consequently 


f»«  rf  r  2n  rf^ 
-     -j-  «%j-(- 

J*0wrf«L         <fo\w 


i     r  rf/sNis     fxirf»rr  rf/MlV, 

Q«    w  1-  1  -      rfar  =       -J^    M  T  (       )\dx>         92) 
x«       |_    clx\uj]  )*ody*L    dx\u)\ 

since  8y,  or  s,  vanishes  at  both  limits,  by  hypothesis. 

Henoe  we  see  that,  provided  the  other  factor  does  not 
vanish,  the  distinctive  character  of  a  maximum  or  a  minimum 

d*V 
depends  on  the  function  Q2  or   -  TTT  * 


If  Qtdx  is  positive  for  all  values  between  the  limits  of 
integration,  then  U  has  a  minimum  value  ;  if  Qidx  be 
negative,  U  has  a  maximum  value.  Again,  if  Q,dx  changes 
its  sign  between  the  limits  of  integration  there  is  neither  a 
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maximum  nor  a  minimum  value  for  V;  for  in  that  case  we 
can  dispose  of  the  arbitrary  function  By  so  that  either  the 
positive  or  the  negative  part  of  the  integral  shall  be  the 
greater,  at  our  pleasure. 

The  application  of  this  criterion  to  the  examples  previously 
considered  is  left  for  the  student.  For  further  investigations 
the  student  is  referred  to  Jellett's  Calculus  of  Variations, 
or  to  that  of  Moigno  and  Lindelof.  An  original  discussion 
of  the  criterion  for  the  discrimination  of  maximum  and 
minimum  solutions  has  been  given  by  Mr.  Culvervvell  in  the 
Royal  Society  Transactions  (1887).  See  also  Proc.  Lond. 
Math.  Soo.,  vol.  xxm. 

EXAMPLES. 

1.  Prove  that  the  closed  curve  of  given  length  that  encloses  a  maximum 
area  is  a  circle. 

2.  Prove  that  for  any  system  of  coplanar  forces  the  curve  of  quickest 
descent  is  such  that  at  each  point  the  pressure  on  the  curve  due  to  the  forces 
is  equal  to  that  due  to  the  motion. 

Here  we  have,  by  mechanical  considerations, 


\mv*  =  $(Xdx  +  Yrly), 
also 

TT          I"*     dS  •      • 

U  =  i      —  ,     a  minimum, 
J«0    » 

or,  by  (45), 


hence,  by  (49), 

wvz 

—  =  X  sin  $  —  T  cos  <f>, 
P 

which  proves  the  theorem  in  question. 

3.  Find  the  differential  equation  of  the  curve,  such  that  the  surface 
generated  by  its  revolution  round  a  given  line  shall  be  constant,  and  the 
contained  volume  shall  be  a  maximum. 

Here,  by  (53),  Art.  298,  we  get 

U=  f'1  \if-x  +  \ay  (i*  4  yz  +  i)  }  A  ; 
J'o 

hence  the  differential  equation  of  the  curve,  by  (54),  is 

ayx  +  y2  =  e. 
[30] 
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4.  Hence  show  that  if  the  surface  is  closed  the  curve  is  a  circle. 
It  is  readily  seen  that  in  this  case  we  must  have    e  =  o. 

5.  Show  that,  in  general,  the  curve  in  Ex.  3  is  the  roulette  described  by  the 
focus  of  an  ellipse  or  hyperbola  rolling  on  the  given  right  line.     [DELAUNAY, 
Journal  de  Liouville,  tome  vi.] 

6.  Find  the  differential  equations  of  a  curve  of  shortest  length  on  a  given 
surface. 

Let   M  =  o   he  the  equation  of  the  surface  ;  then  we  have    x*  +  y-  -1-  i-i  =  i, 
and    $ds    a  minimum  ;  consequently  we  may  write 


=  f'1  [-(x*  +  y* 
J'     <2 


o 
hence  we  get 

dn  du  du 


and  the  differential  equations  of  the  curve  are 

2-  =  i.  =  JL* 

du       du       du 
dx       dy       dz 

From  theae  it  follows  that  the  osculating  plane  to  the  curve  at  each  point 
passes  through  the  normal  at  the  point.  Such  curves  are  called  geodesies. 

7.  Show  that  the  differential  equation  of  the  plane  curve  which  makes 
J  4>(p)  ds  a  maximum  or  a  minimum,  p  being  the  radius  of  curvature,  is 
given  hy  the  equation 

P¥(P)  =  «y- 

Here 

P 

also 


Hence,  as  in  (27),  Art.  288,  we  have 

(P,)  =  a,      ((20  =  5, 


x  +  —  J  (p*V(p)x)  =  a,     \y  +  — 
as  as 


therefore 
that  is 


—  {p3<t>'(p)(xy  -  y'x)}  =  ay  -  bx; 
As 


hence 

pVOO  =  ay  -bx  +  e. 
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If  the  limiting  points  be  fixed,  we  have    A*  =  o,     Qy  =  o,    at  each  limit  : 
also  by  Art.  291,  we  must  have     Pz&x  +  Qz&y  =  o    at  each  limit. 

But  we  have  in  general    xtkX  +  yby  -  o  ;     hence,  at  each  limit  we  get 

o2  <t>'(o) 

-2^L  A*  =  o,     that  is    pV(/>)  =  o. 


This  shows  that  the  line  ay  -  bx  +  e  =  o  passes  through  the  limiting  points. 
Jf  this  line  be  taken  for  the  axis  of  x,  the  general  equation  of  the  maximum  or 
minimum  curve  may  be  written  in  the  form 


8.  Prove  that  a  sphere  is  the  only  closed  surface  of  revolution  which  con- 
tains a  maximum  volume  under  a  given  surface. 


9.  Let  it  be  required  to  draw  between  two  points  a  curve  for  which 
is  a  maximum  or  a  minimum,  where  n  is  a  function  of  x  and  y  solely.     Show 
that  if  it  be  possible  to  draw  more  than  one  curve  satisfying  the  condition 


and  if  these  curves  be  arranged  according  to  the  angles  which  their  initial 
tangents  make  with  a  given  line,  then  no  two  consecutive  curves  will  give  real 
maxima  or  minima. 


[30  •] 


(    468    ) 


CHAPTER  XVII. 

CALCULUS    OF    VARIATIONS. 

Multiple  Integrals. 

317.  Variation  of  a  Double  Integral. — We  shall 
next  proceed  to  the  application  of  the  Calculus  of  Variations 
to  multiple  integrals. 

We  shall  first  consider  the  case  of  the  double  integral 


where  V  is  a  function  of  x,y,z,p,q:  in  which  2  is  regarded 
as  an  indeterminate  function  of  x,  y,  and 


l/Z 


in  accordance  with  the  ordinary  notation. 

A  geometrical  signification  can  always  be  given  to  the 
function  U,  by  supposing  #,  y,  s  to  be  the  coordinates  of  a 
point  referred  to  rectangular  axes:  and,  as  in  Art.  273,  we 
may  suppose  the  integral  extended  over  any  area  contained 
within  one  or  more  closed  boundaries. 

Also,  as  in  Art.  279,  we  shall  suppose  &s  to  represent 
any  indefinitely  small  variation  in  z  arising  from  a  small 
change  in  the  form  of  the  function  connecting  a  with  x  and 
y,  while  x  and  y  remain  unaltered. 

Hence,  as  in  Art.  281,  we  shall  have 


=     s  +  'dp 

Where 


p. 

d*  dp  dq 
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Again,  it  is  obvious  that  the  variation  of  U  consists  in 
general  of  two  parts — (i)  that  arising  solely  from  the  varia- 
tion of  V\  (2)  that  caused  by  a  small  variation  of  the  boundary 
or  boundaries. 

318.  Case  of  a  Fixed  Boundary. — If  we  suppose 
the  whole  boundary  to  remain  unchanged,  we  shall  have 


Ar    dP     dQ 

N  -  -^ 

dx       dy 


dy 


The  reduction  of  the  latter  integral  depends  on  the  nature 
of  the  relations  by  which  the  boundary  is  defined. 

If   the   boundary   consists   of   one  or  more  fixed  closed 
curves,  then,  as  in  Art.  274,  we  have 

f  f 


JJV     dx  dy 

wliere  tlie  single  integral  is  taken  around  the  entire  boundary. 
Hence,  in  this  case 


It  is  to  be  observed  that  the  value  of     /    can  be  found 

ax 

for  each  part  of  the  boundary  when  its  equation  is  given. 

It  is  often  useful  to  take  the  boundary  arc  as  the  inde- 
pendent variable.     In  this  case  (3)  becomes 
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If  the  integral  be  written  in  the  form 

J*\   fVi 
Vdtdy, 
0  J  y« 

we  have,  by  (n),  Art.  271, 

STT 
8U  = 


(5) 


This  represents  the  complete  variation  of  the  double  integral, 
whenever  the  bounding  curves,  y-yw  y-y\^  we*  fixed  \ 
and  also  a-,  and  x0,  the  limiting  values  of  x. 

Moreover,  if  the  value  of  z  along  the  boundary  be 
also  unaltered,  we  must  have  £2  =  0  for  the  boundary, 
and  the  single  integrals  in  this  case  vanish  identically. 
This  has  place  when  the  boundary  consists  of  a  fixed  curve, 
or  curves,  in  space. 

319.  Terms  arising  front  Variation  of  Boun- 
dary.— Let  us  now  consider  the  additional  terms  that  arise 
from  a  variation  in  the  boundary  relations. 

Here,  if  the  complete  variation  of  U  be  denoted  by  A  U, 
we  readily  see,  from  (12),  Art.  272,  that 


-f   * 

KK 


V&ydx  + 


*\  rvi 
*oj  y<> 


(6) 


where  A#  and  Ay  represent  indefinitely  small  variations 
arising  from  any  small  alteration  in  the  boundary  relations. 
320.  Geometrical  Representation. — The  change  in 
U  arising  from  the  variation  of  the  boundary  readily  admits 
of  geometrical  representation. 


Geometrical  Representation. 
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T 


A 


For,  let  AiBiDiCiAi  represent  any  new  boundary  which 
is  indefinitely  near  to  the 
original  boundary  ABDCA : , 
then,  since  the  original 
integral  is  taken  over  the 
area  ABDCA,  while  the 
new  integral  is  taken  over 
AiBiDiCiAi,  the  difference 
between  the  two  integrals 
(neglecting  the  variation  in 
V],  when  the  proper  alge- 
braic signs  are  given  to  the  "  3t 
portions  that  are  not  common 

to  the  two  areas,  is  easily  seen  from  the  accompanying  figure 
to  be  represented  by  the  expression 


r^i    *i  cv\   *0  r*i 

V.dy  -  Aa?0  V.  dy  + 

J  y0  J  y<>  J  *o 


.  dx 


-[;• 

K 


.  dx 


This  is  readily  identified  with  the  expression  in  (5). 

It  is  to  be  observed  that  the  part  of  A  U  that  arises  from 
a  small  change  in  V  has  been  neglected  in  the  single  integrals, 
as  it  only  introduces  an  indefinitely  small  quantity  of  the 
second  order  into  the  expression  for  A  U. 

When  the  boundary  consists  of  a  single  curve,  as  in 
Art.  274,  the  terms  containing  A#0  an(i  A#i  disappear;  and 
the  variation  arising  from  the  alteration  of  the  boundary  is 
represented  by 

J  FAy  .  dx 


taken,  w-ith  its  proper  sign,  round  the  entire  boundary.  The 
modification  for  the  case  of  an  inner  and  outer  boundary 
is  easily  seen  as  before. 
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321.  Complete   Variation    of   U.~  If   we   substitute 
iu  (6)  the  value  given  for 


in    (5),    the    complete    variation    of    the    double    integral 
becomes 


,      dP  ^ 

N--         ~)  Bzdxdy 
<lx       dy 


i  [y\( 
jyo\ 


PSz  + 


dy.       (6) 


In  the  case  of  a  closed  curvilinear  boundary,  the  latter 
single  integral  disappears,  as  in  Art.  274  and  Art.  317  ;  and 
the  result  may  be  written 


where  the  double  integral  is  taken  for  all  points  within  the 
whole  field  of  in  fey  ration,  and  the  single  integral  for  all 
points  on  the  boundary. 

The  further  reduction  of  the  single  integrals  in  (6)  and 
(7)  depends  on  the  boundary  conditions. 

322.  maxima  and  Minima.  —  The  treatment  of  maxi- 
mum or  minimum  problems  in  the  case  of  double  integrals 
proceeds  on  the  same  principles  as  those  already  considered 
in  Art.  284  for  the  case  of  single  integrals. 
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Thus,  to  determine  the  function  z  so  as  to  render  the 
double  integral 


-ffr&^ 

j  j 


a  maximum  or  a  minimum,  where  V  is  a  given  function  of 
#>y>  *>P)  ?>  we  must  have  Ai7=  o,  for  all  small  variations 
of  z. 

Hence,  as  in  Uie  case  of  a  single  integral,  the  form  of 
the  function  of  s  is  to  be  determined  from  the  equation 

dP     dQ 

Q  =  N  -  -j-      -p  =  o.  (8) 

dx       dy 

Also,  by  (7),  we  must  have 

o  (9) 


at  all  points  on  the  boundary  of  the  whole  field  of  integra- 
tion. 

323.     Reduction     of    Boundary     Relations.  —  The 

further  reduction  of  the  expression  in  (9)  depends  oil  the 
conditions  of  the  problem. 

Thus— 

(i).  If  the  boundary  be  fixed,  then  A//  =  o  at  all  points 
of  the  boundary  ;  and  we  see,  from  (9),  that  the  equation 

Qdx  -  Pdy  =  o,  (10} 

must  hold  at  every  point  on  the  bounding  curve  or  curves. 

If  only  part  of  the  boundary  is  fixed,  then  equation  (10) 
must  hold  at  every  point  of  that  part  ;  and  the  more  general 
relation  (9)  will  hold  for  the  remainder. 

(2).  If  the  boundary  be  not  fixed,  and  if  there  be  no 
boundary  relations  connecting  the  coordinates  x,  //,  z,  then 
we  must  have 

Qdx  -  Pdy  =  o,      and      V  =  o, 

at  each  point  on  the  boundary. 
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(3).  Suppose  the  boundary  is  restricted  to  lie  in  a  fixed 
plane  parallel  to  the  plane  of  xy. 

In  general  at  all  points  the  complete  variation  As  is,  by 
Art.  279,  given  by  the  equation 

*       d*  A 

dy     y  =          q   y'  ^     ^ 

Hence,  since     As  =  o     for  all  points  on  the  boundary,  we 
must  have 

8s  +  q&y  =  o ; 

and  we  see,  from  (9),  that  we  must  have 


at  all  points  on  the  boundary. 

(4).  Suppose  the  point  rr,  y,  s,  for  the  boundary,  in  whole 
or  in  part,  to  be  restricted  to  lie  on  a  fixed  given  surface. 

Let  z  =  /i  (x,  y)  be  the  equation  of  this  surface  :  and 
let 

^-.'       #-</• 
dx     P'      dy~q> 

then  along  the  boundary  we  have 

As  = 


since  we  regard  x  as  having  no  variation. 
Also,  by  (n),  we  have 


As  =  Bz  + 
therefore 

&  =  (q'  -  q]  Ay  (13) 

along  the  boundary  ;  hence,  from  (9),  we  see  that  we  have 

-*J5;)y-j)p-o  (14) 

at  all  points  on  the  boundary. 
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Again,  at  all  points  on  the  fixed  surface,  z  =/i  (a?,  y),  we 
have 

rf*  =  p'dx  +  q'dy  ; 
but  also,  we  have 

dz  =  pdx  +  qdy  ; 

hence,  along  the  boundary  we  get 

(/  -  p)  dx  +  (q  -q)dy  =  o, 
or 

<fy  =  _  P'  ~  P  t 
die         q'  -  q 

Accordingly,  equation  (14)  becomes 

V+P(p'-p)+Q(q'-q)  =  o.  (15) 

The  modification  in  the  case  of  two  or  more  limiting 
surfaces  is  readily  seen. 

324.  Surface  of  Minimum  Area.  —  To  investigate 
the  surface  of  least  superficial  area  between  given  limits. 

Here  we  have 


dxdy, 


and  the  equation     Q  =  o     becomes 

d 


or  (i  +  q*)  r  -  2pqs  +  (i  +  p1)  t  =  o.  (16) 

Hence  (Salmon,  Geometry  of  Three  Dimensions,  Art.  311), 
we  get 


where  R  and  R'  are  the  principal  radii  of  curvature  at  any 
point  on  the  surface. 
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Accordingly,  the  principal  radii  of  curvature  at  each  point 
on  the  surface  are  equal  and  of  opposite  signs. 

In  the  case  of  a  fixed  limiting  surface  or  surfaces,  equa- 
tion (15)  becomes 

i  +/y>'+  qq'  =  o.  (18) 

This  shows  that  the  required  surface  cuts  the  limiting 
surfaces  at  right  angles  at  each  point  of  intersection. 

325.  More  generally,  to  investigate  the  differential 
equation  to  the  surface  for  which  JJ/urf$  is  a  maximum  or 
a  minimum  where  /u  is  a  given  function  of  the  coordinates, 
and  dS  is  an  element  of  the  surface. 

Here  we  have 


U  =     udS  -        y/i  +j>«4  q*  dxdy  ; 


/.      V  =  u  vi  +  p*  +  q\ 
Hence 


./„  V     •      '    r      'It  / 5 ;»        ^  —      / —   - — 5 

(lz  */  I  +  p    +  <f  v/  I    +  j?;*  + 


dQ 


/rfyu        dfi\         d  f 

[•jz  +  e-zr+p'Zjl 


Consequently,  the  equation      Q  =  o     gives 
1  ((la        <fc        <^N 


, 


If  /,  w*,  «  be  the  direction-cosines  of  the  normal  to  the 
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surface,    this   equation   may   be    written    in   the    following 
form : — 

I          I          I  / ,  <tu  du.  r//A  . 

—  +  —,  =  -I  l~P  +  m-f  +  »y-    •  19) 

R      E       /A  dx         dy         d* ] 

(Compare  Jellett,  Calculus  of  Variations,  Art.  121.) 
Again,  in  the  case  of  one  or  more  fixed  limiting  surfaces, 
we  get,  by  equation  (15), 

i  +  pp'  +  qq'  =  o.  V2O) 

This  shows  that  the  required  surface  must  intersect  each 
of  the  bounding  surfaces  orthogonally. 

326.  Relative  Maxima  and  minima. — The  investi- 
gation of  relative  maxima  and  minima  for  double  integrals 
is  the  same  as  that  already  considered  in  the  case  of 
single  integrals.  Thus  to  find  the  form  of  the  function 
z  for  which  \\Vdxdy  shall  be  a  maximum  or  a  minimum, 
while  \\Vdxdy  is  a  constant,  the  solution  reduces  to  the 
investigation  of  the  maximum  or  minimum  value  of 

U  =\{(V  +  mV)  dxdy,  (21) 


as  in  the  case  of  single  integrals. 

327.  Surface    of   Minimum   Area    ami    Maximum 
Volume.  —Here  we  may  write 

U  =      (z  +  a  v/  1  +  p*  +  q*}  dxdy\ 


V    I  +  p*  +  q* 
and  accordingly,  we  must  have 


-,  (22) 


at  each  point  on  the  required  surface. 
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328.  Case    where    Q    is    reducible    to   the    First 
Order.  —  The  equation 


is  in  general  a  differential  equation  of  the  second  order  ;  for 
it  may  be  written  in  the  form 

dV     Id          d          d          d\dV 

-  I  —  +p—  +  r  -r-  +  8  —  1  — 


dz       \dx         dx         dp         dql  dp 

d          d  t  d\dV 

+  q-r  +  8-r  +  t—   —  =  o.        (23) 

dy      *  dx         dp  dqj  dq 

Now,  in  order  that  this  should  only  contain  x,  y,  z,  p,  q,  we 
must  have 

1  O.  -r-=-  =  O. 


Accordingly,  in  this  case  V  must  be  of  the  form 

F-a  +  pfi  +  gy,  (24) 

where  a,  |3,  y  are  functions  of  x,  y,  and  z,  solely.     Henoe 
in  this  case  the  equation     Q  =  o     reduces  to 

da      dQ      dy  .     . 

T,-£*y~°<  (25) 

where  the  differentiations  with  respect  to  x  and  y  are  to  be 
performed  only  so  far  as  these  variables  appear  explicitly. 

329.  V  a  Partial  Differential  Expression  of  the 
Second  Order. — We  now  proceed  to  investigate  the 
variation  of  the  integral 
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when  F  is  a  given  function  of  #,  y,  z,  p,  q,  r,  s,  t ;  where, 
in  accordance  with  the  usual  notation, 

r  =  ~2'     S  =  ~dxdy'     t=df' 


Wlien  the  boundary  is  fixed,  we  have,  as  in  Art.  318, 

%U=  \\SVdxdy 

=  JJ  (m*  +  PSp  +  Q$q  +  £§r  +  S'Ss  +  TSt)  dxdy, 
where 


7?_  o  T- 

~5P       =~fa'       ~"t 

This  may  also  he  written  in  the  form 


-n  ^  i>  c,  ^ 

P  —  +  0,-r-  +  R-rr  +  /8  -—T-  +  T—  -    dxdy. 
rfa;         ay          cfa?"  -  8 


The  transformation  of  the  three  first  terms  has  been  already 
given  in  Art.  318. 

Again,  we  have 

d*$z  ,          ffdlR.  ff  d  (  ^dlz     dR  « 

_  dxdy-^zdxdy  .  jj^(^^  -  ^  8 

also,  since 

0<f&       ^5   .       rf/0rf&\      d  (ds  *\ 
8  3-7-  -  3-7-  ^s  =  3-  ^  T-  )  -  T-  hr  02  , 

dxdy     dxdy          dx\     dy  )      dy\dx      ] 


ff  0  rf28s  ff  d*S  ,  ,          ff  rf  /0</8«\  ,  , 

^  J-r  rf^  =     3-7-  «Wif  +    hr   #—   dxdy 
JJ     *w^  JJ  dxdy  J J  flto  V     ^  / 

d  idS 
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Likewise 

f(®z     dT 
(-  - 

dy\dy       dy 

where  the  integrals  are  taken  over  the  whole  field  of  Integration. 
Hence 


110 


+  o  - 


•to-     rfwy      i) 


+  T^}  <*** 


d?S       lv  i  , 

+  ,7^7  +  ~^j  *Z(Jx<Jy 


+   \      -r  (  li  —r-  4   S  — -   &3  )  dxdt/ 

jjdx\      dx  dy       dx       J 

<?      \ 

(26) 


j 

dt/\      dy       </>/  dx 

Again,  by  Arts.  274  and  275,  the  two  latter  integrals 
are,  in  general,  equivalent  to  the  single  integrals 


K 


*     dT          dS 
J.  —}  ---  —  oa  —  —  cs  ]  ax 
dy       dy  dx 


0  ~, 

-T  -  +  S-  --  —  %z)-+dx,       27 
dx          dy       dx       J  dx 

taken  around  the  entire  boundary,  the  signs  for  each  part 
of  the  boundary  being  determined  on  the  principles  given  in 
Arts.  318  and  319. 

Again,  since  over  the  boundary  we  regard  y  as  a  function 
of  x,  we  have  at  each  point  on  the  boundary 

—  (g     -  ^     (bj  d^z 
dx  dx      dx  dy  ' 

R  <fy  dj&z  =  R  dy  d_  .^  _  R<W  <®? 
dx  dx  dx  dx  dx*  dy 

..^(R(^^\.^(~-^+~-y-  +  Ii(^}-Rd-^  —  ', 
dx\   '  dx     )  \dx  dx      dy  dx*         dx1)          dx*  dy 
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hence 

'     d^>z      dR  ~  \  dy  f  d  I     dy ..  \ 

—  —  —  os  1  —  dx  =  —    —  I  R  —  os  I  dx 

Substituting  in  (27)  it  becomes 

d*y    dS     dT\  ~ 

'-r*  ~  T  ~  -j-}  °zdx 
dx*    dx       dy) 

,  dy*         dy        \  dSz 
'  dx*         dx        J  dy 

Hence,  when   taken   for   all  points  within   a   fixed  closed 
curvilinear  boundary,  we  have 

CC/  dP        rid        rl*~B          /72.Q1          iJ^T\ 

<j  trj  j         1 1 1  TIT      aj~         a{*       a  •**        a  "         a  •*• 

3  Vdatdy  =  \\(N  -  -^ —  3-  +  TT+  y^r  +  ^rr 
}}\         dx       dy       dx*      dxdy       dy* 

f/  dy        dRdy     dR  dy*      D^V     ^     d-T 

]\  dx          dx  dx      dy  dx*         dx*      dx      dy 


2—      +-- 
dx  dx    dy  dx* 


_ 

dx*          dx        J  dy 
330.  When  the  double  integral  is  given  in  the  form 

f*i  fy\ 
Vdxdy, 
*ojyo 

we  have,  by  (9),  Art.  271, 


T 

J*o 


fail 
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And  we  readily  see  that,  introducing  the  additional  term8, 
we  have 


r  r 

J  'o  J  y.. 


SVdxdy 


(PR      d^S      d?T 


+ 


\  .   ,   , 
-j-j  J  0nWy 


r "(«- 

J*o     fo\ 

E 


_,.y        „*.„  dt/     dR  dij*      r.d*'/    dS    dT\ -. 
p-^+2^±  +  ^±^  +  Ii^-^-  ^)^x 


dR  dtj 
dx  '  "  dx  ~dx     dy  dx*  '  ""  dx*     dx     dy) 


- 
y0\     dx* 


T~ 
dx 


f »i  dS 

— 

J  y0  «y 


dy 

E'  fJ'i      d& 

R  — 

'oK      dx 

dy 


<ty 


*-* 


(30) 


When  the  boundary  is  varied,  we  get,  as  in   (6),  the 
additional  terms 


V&ydx  + 


V&xdy. 


(30 


331.  Conditions  for  Maxima  and  Minima.  —  As  in 

Art.  322,  in  the  case  of  a  maximum  or  minimum  solution 
we  must  have 


dP     dQ 


d*S      d?T 

TT  =  °>    (32) 
1 


j-  J 

dx      dy      dx*       dxdy      dy 

the  additional  equations  at  the  limits  depending  on  the  con- 
ditions of  the  problem  in  each  case. 

The  function   Q,  is,   in   general,   a   partial   differential 
equation  of  the  fourth  order. 
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332.  Case  where  Terms  of  the  Highest  Order  in 
Q.  disappear. — We  now  proceed  to  consider  the  conditions 
in  order  that  no  term  of  the  fourth  order  should  appear  in 
the  expression  for  Q.. 

It  is  evident   that  the   terms  of  the  highest  order   in 

d  .    , 
-~(H)     are  dRdr     dRds      dR  df 

j .1 • 

dr  dx      ds  dx      dt  dx ' 

accordingly,  neglecting  all  terms  except  those  of  the  highest  order, 
we  have 

d*_  (-R._dRd^r     dRdj^     dR  dH 
fa?  ^    '  ~  ~dr  dx*  +  Ts  dtf  +  7/7 


— 


dr  dxdy      ds  dxdy      dt  dxdy* 


rf*  dTtfr      dT  <Pa       dTd** 

dy*  dr  dy*      ds  dxdy      dt  dy* 

Hence,  observing  that 

dr      ds         dH      dS 
dy      dm'     '  ds       dr  ' 

we  see  that,  when  we  retain  only  the  terms  of  the  highest 
order,  we  get 


_  d_R  d*r 
dx*      dxdy      dy*      dr  dx*         ds 


tftfdS        d£\        dS  d*t  dTdH 

I  _____  _i_   o  I  -L  *y -  t, 9 

dx*\ds          dt  J         dt  dxdy  dt  dy* 
[31a] 


484  CalcuJm  of  Variation*. 

Hence,  if  the  terms  of  the  fourth  order  disappear  from  Q,  we 
must  have 

dR  dR          dS        dR          dS          dT 

-J-    =  O,  -3-   =  O,     -J-  +   2  -77   =   O,     -77  =  O,     -77   =  O, 

dr  ds  ds          dt  dt  dt 

or 


Hence  we  readily  see  that  V  must  be  of  the  form 

Dt  +  E,  (33) 


where   A,  B,  C,  D,  E  are  functions  of  #,  y,  s,  jt),  and  q 
solely. 

333.  The  Terms  of  Third  Order  also  disappear.  — 

It  cau  now  be  readily  shown  that  in  this  case  the  terms  of 
the  third  order  in  Q,  also  disappear. 
For,  from  (33)  we  get 


Hence,  writing  Q,  in  the  form 


(34) 

where 

dR      ,dS      _  dT     .dS      - 


neglecting  all  terms  in  which  the  differential  coefficients  are  below 
the  second  order  in  ^i  and  ^>  and  observing  that 

dt      ds      dr      rfs 
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we  readily  get 

d         d\  f  d         d\  fdQ     dL 

J-+P-T  }A  -  s(  —  +  q-r-  )A+  t[- 

ix    f  dzj  \dy        d»J  \dq       dp 

-  8 

(L  +    ^\A-s(—i     —\A     •  (—  -—\ 
iy        dz)  \dx        dx)  \dp       dq  J 


^dq       dp, 
Hence,  introducing  the  additional  terms,  we  may  write 

Xi  =  Ht  -  Ks  +  F1}     X2  =  Kr  -  Hs  +  Ft> 
where 

d         d 


T.         d         d\    .     dC     dB 
K  =    —  +  q-r\A+—  -  — 
dy        dxj          dp      dq 


and  Flt  F9  are  of  the  first  order  only. 
Again 


.(^..(«+ 

dx         \dx       dy 
since 

dt      da         ,   da      dr 
-T-  =  -j-,   ana  —  =  -j-  • 
dx     dy  dx     dy 

Consequently  Q  in  this  case  contains  no  differential  coefficients 
of  an  order  higher  than  the  second. 

334.  General  form  of  12  in  this  Case.  —  It  can  now 

be  seen  without  difficulty  that  12  becomes  of  the  form 


12  =  At  (ft  -  *")  +  BiT  +  2  ds  +  Dit  +  E!  (37) 

in  this  case. 
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For  the  terms  in  Q,  in  addition  to  those  given  in  (36), 
are,  by  (34), 

*V      d  p       d  v 

—  +  —  F!  +  —  Ft  ; 
dz      dx          dy 

but 

dV     ,.      »dA        dB         dO       dD     dE 

—  =  (rt-s*)  —  +r—+  2*—+  t     -  +  —  , 
rfe  c/s          (/a  efo         dz       dz 

which  is  of  the  required  form. 
Again 

d.  (d         d         d         d\T 

j-(Fi)  =  {—  +  p—  +  r  —  +  s  --  }.Flf 
dx  \dx        dz        dp        dq) 

d         d          d         d\7 
—  +  q-r  +  8-.-  +  t—)Fi: 
dy        dn        dp        dq) 

whence  it  follows  that  Q,  is  of  the  form  given  in  (37) 

335.   Variation    of  a    Triple    Integral.  —  We   shall 
next  consider  the  variation  of  the  triple  integral 

U  =  fff  Vdxdydz, 

in  which  V  is  a  given  function  of    #,  y,  «,  u,p,  q,  r,   where 
u  is  a  function  of  .r,  y,  and  z,  and 

du  du  du 


Here,  when  the  field  of  integration  is  not  altered,  we  have 

W 

also 


+    —T-  + 


—r-y 

dx  dy  dz 

where 

dV  dV 


Variation  of  the  Boundary. 


hence 


ray      rfp    rfQ    d£\s 

6  1/  =       i  IV  —  :  tudxdi/dz 

}}}\         dx       dy      dz  J 


4-  (PSu)  +  ~ 


__     rfP      rfQ     rf22\  ,    ,   . 
N  -  -;  ---  :  ---  j-}  tudxdyd* 
dx       dy      dz  J 


(38) 

where  the  double  integral  is  a  surface  integral  taken  over 
the  whole  boundary  of  the  field  of  integration.  (See  Arts. 
226  and  276.) 

Again  since,  as  in  Art.  262,  we  have  at  any  point  on  the 
bounding  surface  dxdy  =  ndS,  the  do  ubleintegral  may, 
in  general,  be  written 


336.  Variation  of  the  Boundary. — If  the  boundary 
be  supposed  to  receive  a  small  variation,  the  corresponding 
variation  in  U  may,  generally,  be  denoted,  as  in  Art.  321,  by 

JJ  V&xdxdy. 
Hence  the  complete  variation  may,  in  general,  be  denoted 

hv 

ff|7__     dP     dQ     dR\«    ,  ,  , 

LZv  -  -7 Qttdxdyd* 

}}}\          dx       dy       dz) 

+  (^P+^Q+jK)H^^      (39) 
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337.  maxima  and  Minima.  —  From  the  preceding 
investigation  we  see  that  if  the  triple  integral  V,  in  Art. 
335,  he  a  maximum  or  a  minimum,  we  must  have 

dP     dQ     dE 

N-  —  --p--r=o,  40 

dx       dy       dz 

and  also 

FAs  +  (-  P  +  -  Q  +  &}  Su  -  o,  (41) 

\»         n  ) 

at  each  point  on  the  boundary. 

The  further  reduction  of  (41)  depends  on  the  conditions 
of  the  problem  in  each  case.  For  instance,  if  the  boundary 
is  supposed  not  to  vary,  we  must  have,  at  each  point  on  it, 

IP  +  mQ  +  nR  =  o.  (42) 

Again,  if  the  form  of  u  as  a  function  of  ar,  y,  z  be  given  over 
the  bounding  surface,  then,  as  in  Art.  323,  we  have,  over 
the  boundary, 

$u  +  rAs  =  r'Az,     i.e.      8w  «=  (r'  -  r)  As, 
and  (41)  reduces  to 


(43) 


Also,  we  have,  in  general, 

du  =  pdx  -f  qdy  +  rdz, 
and,  over  the  boundary, 

du  =  p'dx  -f  qdy  +  r'dz. 
Therefore  over  the  boundary  we  get  the  relation 

(p  -  p'}  dx  +  (q  -  /)  dy  +  (r  -  r')  dz  =  o  ; 
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hence  it  follows  that  the  direction-cosines  of  the  normal  to 
the  bounding  surface  are  proportional  to 

P-P',     <l-<l',     and     >•  -  /, 
respectively,  i.e. 

I :  m  :  n  =  p  -  p' :  q  -  c[  :  r  -  r  ; 
therefore 

/      p'  -  p        m      q'  -  q 
n      rf  —  r1       n       r'  —  r' 

and  equation  (43)  becomes 

r+P(p'-p)+Q  (q'  -q)  +  R  (/  -  r)  =  o.       (44) 

This  furnishes  the  relation  that  must  hold  good  over  the 
bounding  surface  when  U  is  a  maximum  or  a  minimum. 

338.  Example. — To  find   the  maximum  or   minimum 
value  of 

fjTv/i  +  Pz  +  f  +  n*  dxdydzj 
being  given  that 

JJJ  M  dxdydz 
is  constant. 

Here,  we  have 

F=  au  +  Ji  +  p*  +  <£  +  r3, 
and  equation  (40)  becomes 

dp  d  q 


d  r 

—  =  a. 


Also  the  boundary  equation  becomes 

p'  +  qg'  + 
+  jo2  +  q*  +  r2 


I  -f  fyp'  +  qq'  +  rS 
au  +  — .'         7  =»  O. 
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339.  Condition  of  Integrability  when  V  is  of  the 
First  Order.  —  The  conditions  that  the  double  integral 
//  Vdxdy  should  be  reducible  to  one  or  more  single  integrals, 
whatever  function  a  may  be  of  x  and  y,  can  be  readily 
established.  The  proof  is  similar  to  that  given  in  Art.  310 
for  the  case  of  a  single  integral  ;  and  we  readily  see  that 
in  the  case  of  a  double  integral  the  expression  Q,  must 
vanish  identically. 

When  V  is  a  function  of  the  first  order,  we  see  imme- 
diately, from  Art.  328,  that  in  the  case  supposed  we  must 
have 

F=o  +  j»/3  +  0y,  (45) 

in  which  a,  /3,  and  7  are  functions  of  #,  y,  and  z,  solely. 
Hence,  in  order  that  12  should  vanish,  we  see  at  once  that 
a,  /3,  y  must  be  connected  by  the  identical  equation 

da      dfi      dy  ,  ,. 

-  a  -—    +  —  .  (46) 

dz      dx       dy 

Moreover,  it  is  readily  seen  that  in  this  case  F"is  reducible 
to  the  form 

d  .  d  , 


where  fa  and  fa  are  functions  of  x,  y,  and  s,  solely,  for 
d  .  d  .           d<t>i      dfa        d<bi        dfa 


Hence,  this  will  be  identical  with  the  value  of  Fin  (45), 
provided 

_  cfyi      dfa    n.  _  <'0i       _  <ty} 
=  ~fo+~dj'  P~~fa'  7"  dz' 

as  it  is  readily  seen  that  the  equation 

da      dfi      (fy 
dz      dx       dy 

in  this  case  is  satisfied  identically. 
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Again,  since  by  Art.  274, 


we  get  at  once  the  expressions  for  the  single  integrals. 

It  is  to  be  observed  that  fa  and  0a  can  be  determined  from 
the  equations 

^  -  PL     dfa  _         <fyi      dfa  _ 
dz  ~  P'      dz  ~  *      dx  +  dy  = 

340.   Condition    of  Integrabiliiy    when    V  is    of 

Second  Order.  —  In  this  case  in  order  that      Vdxdy  should 

be  reducible  to  single  integrals,  we  see,  by  Art.  332,  that  as 
a  first  condition  V  must  be  of  the  form 

V  =  A  (rt  -  s2)  +  Br  +  2Cs  +  Dt  +  E. 

There  is  no  difficulty  in  investigating  the  general  rela- 
tions in  this  case  in  order  that  11  should  vanish  identically. 
We  shall  here  only  consider  one  or  two  special  cases. 
For  instance,  to  find  when 

M(Br  +  2Cs  +  D£)dxdy 

is  reducible  to  single  integrals,  where  B,  C,  D  are  functions 
of  x  and  y  solely. 

Here     P  =  o,     Q  =  o,    R  =  £,     S  =  2(7,     T-D\ 

and  the  condition  required  reduces  to 

#B         d*C      d*D  .     . 

TT  +  2  T^-  +  TT  s  °-  (47) 

dx*         dxdy     dif 

More  generally,  let  us  consider 

//  (Br  +  2  Cs  +  Dt  +  E)  dxdy, 
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where  B,  C,  D  are  functions  of  x  and  y,  solely,  and  E  is  a 
function  of  x,  y,  and  z  ;  here  we  must  have 

dE     d*B        d*G      d*D 

Q   3   ~T  +   TT  +  2  3TT  +  TT  s  °.  (48) 

d*       dx*        dxdy      dy* 
Hence,  in  order  that  the  double  integral  should  be  reducible 

to  single  integrals,   —  must  be  independent  of  a,  that  is, 
uz 

E  must  be  of  the  form  s^  +  0a,  where  0i  and  fa  are  functions 
of  x  and  y  solely. 

Accordingly,  the  condition  in  question  may  be  written  in 
the  form 

d*B        d*C      d*D 

01  +  -7-5-  +  2   ——  +  -—  *  O.  (49) 

<T#          dxdy       dy* 

341.  General  Transformation. — If,  by  a  well-known 
general  method  of  transformation  (see  Boole's  Differential 
Equations,  Ch.  xv.,  Art.  10),  we  make  z  =px  +  qy  -  u,  we  get 
du  =  xdp  +  ydq,  since  dz  =  pdx  4-  qdy.  If  now  we  suppose 
/)  and  q  to  be  taken  as  independent  variables,  and  u  a  /unction  of 
them,  we  have 

du  du  ,     N 

x  =  — ,     y  =  — .  (50) 

Hence  x  and  y  may  be  regarded  as  the  partial  differential 
coefficients  of  the  first  order  of  u,  with  respect  to  p  and  q. 

If  now  we  denote  the  differential  coefficients  of  the  second 
order  by  /,  «',  t',  we  have 

,  _  d*u  _  dx       ,      d*u       dx      dy      ^      d*u  _  dy 
dp*      dp*  dpdq      dq      dp'  dq*      dq' 

Hence  we  have 

dx          dx  .  \ 

=  ^.  dP  +  -^  d(l  "  rdP  •>  *  d(l  I 

(50 


dy   ,       dy  . 
dy  =  -J-  tip  +  _£  dq  =  s'dp  +  tfdq 
dp          dq   ' 

But  we  have  also 

dp  =  rdx  +  sdy,     dq  =  sdx  +  tdy, 
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from  which  we  get 

(rt  -  s2)  dx  =  tdp  -  sdq, 

(rt  -  s2)  dy  =  rdq  -  sdp ; 
hence,  comparing  the  foregoing  results,  we  obtain 

t  —  s  r 

r'  =  — — - 2,     s'  =  — —-^     f  =  ——-^  •         (52} 

By  this  means  the  expression 

//  Vdxdy 
can  be  transformed  into  another  double  integral  of  the  form 

//  V'dpdq, 

where     (rt  -  s9)  dxdy  transforms  into  dpdq. 

342.  For  instance,  if  A  be  a  function  of  #,  y,  2,  p,  q,  the 
double  integral 

//  A  (rt  -  s2)  dxdy 
transforms  into 

JJ  Adpdq. 

Also  in  order  that  this  should  be  reducible  to  single  integrals 
we  must  have,  as  in  Art.  338, 

A  =  — — h  — , 
dp       dq 

where  $1  and  02  are  functions  of  u,  p,  and  q,  solely. 
Moreover 

-Z-  +  —  }  (rt  —  «2)  dxdy  =  1 1  —  4  -j-  1  dpdq 
dp        dq  J  j  \  dp       dq ) 


=  ( 
taken  over  the  boundary  of  the  field  of  integration. 
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Again,  from  (52),  it  follows  that 


transforms  into 

//  (Bt  -2Cs'+  Dr')  dpdq.  (54) 

Hence,  by  (47),  \f  Bt  C,D  are  functions  of  p  and  q  solely,  the 
integral  is  reducible  to  single  integrals  if 


Again,  the  double  integral 

H(A(rt  -  s8)  +  Br  +  2Cs  +  Dt]  dxdy 
transforms  into 

Bt'-  2Cs'  +  Dr')  dpdq\  (56) 


and  hence  the  condition  for  its  reduction  to  single  integrals 
becomes 

dA 


_  __  _ 

du       fflg       ~dpd~q  +  df  =  °» 

in  which  A  must  be  of  the  form  w0i  +  03,  and  0i,  ^,,  B,  C, 
and  D,  are  functions  of  p  and  q  solely. 

343.  Equation  for  Principal  Radii  of  Curvature 
at  any  point  on  a  Surface.—  If  p  be  the  radius  of  curva- 
ture of  any  normal  section  at  a  point  on  a  surface,  we  easily 
get  (Salmon,  Geometry  of  Three  Dimensions,  Art.  313), 


r  +  2sm  +  tm* 
accordingly,  if 

_  (  !  +  P*)  +  2pqm  +  (  i  +  q*)  m* 
r  +  2$m  +  tm* 

we  see  (by  Art.  145,  Differential  Calculus)  that  the  maximum 
and  minimum  values  of  v  are  given  by  the  equation 

f2  (rt  -  **)  -  v  {  (i  +  q1)  r  -  2pqs  4  (i  +  jo2)  t]  +  i  +p*  +  qz  =  o 
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Consequently  the  maximum  and  minimum  values  of  p, 
i.  e.  of  R  and  R',  the  principal  radii  of  curvature,  are  the  roots 
of  the  equation 


p*  (rt  -  s*)  -  p  {(i  +  q*)  r  -  2pqs  +  (i  +p*)  t}  </i+p*  +  q* 

/  n  2\2  /  \ 

We  shall  find  this  equation  of  importance  in  the  discussion 
of  the  following  examples : — 

344.  If  a  number  of  surfaces  be  described,  touching  along 
the  same  closed  curve,  the  value  of  the  double  integral 

,4+4)  dxdV* 
ti      Jt  j 

extended  to  the  entire  of  that  part  of  any  one  of  the  surfaces 
which  is  bounded  by  the  curve  of  contact,  mil  be  the  same  for  all 
such  surfaces  (Jellett,  Cakulus  of  Variations,  Art.  156). 
Here,  by  (59),  we  have 

i        i          (i  +  q*}  r  -  2pqs  +  (i  +  p*)  t  ^ 

ft     '        TV  /  ">  o\i  ' 


hence,  transforming  as  in  (54),  we  have 

and  we  easily  see  that 

dB_d_C     d_I)     dC 
dq       dp1    dp       dq 

d*D 


__ 

d(f      dpdq*     dp*       dpdq' 
Consequently 


_ 
dq*       ~dpT=      dpdq' 

which  (by  55)  proves  the  theorem. 
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345.  IfR,  R'  be  the  principal  radii  of  curvature  at  any 
point  on  a  closed  surface,  P  the  perpendicular  on  the  tangent 
plane  at  the  point,  and  da>  the  element  of  the  spherical  surface 
described  by  the  unit  of  length  measured  on  P,  then 


the  integrals  being  taken  over  the  entire  closed  surface  (Jellett, 
Calculus  of  Variations,  Art.  158). 

Here,  it  is  easily  shown  that  c?w  =  -jrsn  where  dS  is  the 


corresponding  element  of  the  closed  surface  ;  hence 


Also,  if  /,  m,  n  be  the  direction-cosines  of  the  perpen- 
dicular, we  have 

2  -  px  -  ay 
P  =  to  +  my  +  nz  =      .-—  ___  =.  ; 

V/  1  +  jo2  +  q* 
hence, 


if-' 


Accordingly,  we  see  that  the  double  integral 

JJ{2P  -  (R  +  R')}  du 
transforms  into  one  of  the  form 

ti(A(rt  -  s2)  +  Br  +  2Cs  +  Dt]  dxdy. 

Now,  adopting  the  general  transformation  of  Art.  341, 
this  becomes,  by  (56), 

//  {  A  +  Btf  -  2  Cs'  +  Dr'  }  dpdq,  (60) 
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2U                         i  +  q*  p* 

where      A  =  - — — — ,     B  = --  —  =  i  -  — , 


dA  -  2  dB  2p2(j 

Here 


dC  =       -q         +  2p2q  -g(\ 


-p 


dq         (i  +  p*  +  q2}*    '     dp        (i  H 

Accordingly  -  =  — 

dq       dp        i  +  p  + 


^ 

dq 


therefore  _^_  -  - 


Hence  we  get 

rf^      rf2^         ^(7      rf2Z>  =  ,     ^ 

^+  df"    2dp7q+  dp*~= 

Accordingly,  by  (57),  the  variation  of  the  double  integral  in 
the  question  vanishes  in  this  case,  and  consequently  the 
integral  is  reducible  to  single  integrals  taken  along  the 
boundary. 

132] 
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EXAMPLES. 
I  .  If  t  be  a  function  of  x  and  y,  find  the  variation  of 

f(r,»,t}dxdy, 


'o"o 
the  limits  of  the  integral  being  variable. 

2.  The  equation  furnished  by  the  Calculus  of  Variations  for  the  maximum 
or  minimum  values  of 

jj  Vdxdy,    where     V  =  f(x,  y,  z,  p,  q,  r,  s,  t) 

is,  in  general,  of  the  fourth  order.    Prove  that  it  is  reduced  to  the  second 
order  if 

V  =  A  (rt  -  **)  +  Br  +  Cs  +  Dt  +  Et 

A,  B,  &c.  being  functions  of  x,  y,  «,  p,  q. 

3.  If  n  be  a  homogeneous  function,  show  that  the  result  in  Art.  325  admits 
of  a  geometrical  interpretation. 

4.  Deteimine  the  variation  of  the  integral 

r«i  fVi  /-"i 

U=  Vdxdydz 

J  *o  J  "o  J  *o 

in  its  most  reduced  form,  by  signs  of  substitution,  where 

du      dii     du 


and  find  the  form  of  V  in  order  that  [/"should  be  reducible  to  single  integrals. 
5.  Prove  that  the  variation  of  the  double  integral 

J|  Vdxdy 


vanishes  when 


(a)  What  geometrical  theorem  can  be  derived  from  this  result  ? 
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6.  Determine  the  form  of  f  when  the  integral 

(»,  y,  *>  P>  ?)  (rt  - 


is  reducible  to  single  integrals. 
Here,  transforming  by  the  method  of  Art.  341,  the  integral  becomes 


and,  as  in  Art.  339,  in  order  that  this  should  he  reducible  to  single  integrals, 
the  expression  F  must,  as  in  (45),  be  of  the  form 


where 

<j>i,  <f>z,  and 


functions  of  p%  q,  and  u  solely,  and  are  connected  by  the  equation 


_ 

~du    "    dp         dq 


7.  Determine   the    curve    such  that  the   following  integral    shall  b«  a 
minimum,  the  extremities  being  fixed  points  :— 


0 

8.  Find  the  variation  of  the  following  integral 

h  fVfo  y>  *>P»  1'  s> 

•o  J"o 

in  its  most  reduced  form. 

9.  Prove  that  the  plane  curve  which  makes 


taken  between  its  points  of  intersection  with  two  given  curvea,  a  maximum  or 
a  mTnimum  will  intersect  these  curves  in  two  points  such  that  the  rectihnear 
distance  between  them  will  be  a  maximum  or  a  minimum. 

10.  Show  that  the  curve  of  constant  curvature,  and  of  minimum  length 
between  two  fixed  points,  will  be  a  circle,  if  the  position  of  either  of  the 
•extreme  tangents  is  undetermined. 

[82  a] 
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ii.  Determine  the  form  s  which  renders  the  double  integral 

qy  -  z)»dxdy 


a  maxmum  or  mnmum. 


12.  Investigate  whether  the  area  of  a  surface  can  he   expressed  as  the 
integral  of  f(p,  6,  <f>)  <iQJ$,    where   p,  0,  <t>    are  the  polar  coordinates  of  the 
foot  of  the  perpendicular  on  the  tangent  plane. 

13.  In  determining  hy  the  Calculus  of  Variations  the   surface  of  given 
superficial  area  which  makes 

"'4-  ±}<*s 


a  maximum  or  a  minimum,  show  that  the  differential  equation  of  the  surface  is 

R  -f  K  =  const., 
R  and  Ji'  being  the  principal  radii  uf  cui  vaiure. 
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NOTE  ON  PAGK  240. 

MR.  RTJSSELT,  has  shown  that  Genocchi's  expression  for  the  rectification  of 
a  Cartesian  Oval,  as  given  in  pp.  240-243,  can  be  immediately  arrived  at  as 
a  case  of  a  remarkable  theorem  on  rectification  which  was  proposed  by  him  as  a 
problem  at  the  Moderatorship  Examination  in  1895. 
Mr.  Russell's  problem  is  as  follows  : — 

A,  B  are  any  two  fixed  points,  and  0  is  a  variable  point  on  a  plane  curve : 
prove  th  it,  if  the  normal  at  C  meets  the  cireum- 
circle  of  ABC  in  I),  then 

BO.AD.dA  +  OA  .BD.dB 

+  AB.CD.dC  =  —-    ~*'     ds, 
A  B 

where  ds  is  an  element  at  C  of  the  plane  curve. 

Let  /_ACD  =  a,L  BCD  =  j8  ;  then,  by 
elementary  geometry,  we  get 

ds  cos  a  =  AC .  dA,  ds  cos  /8  =  -  BC .  dB  ; 
therefore 

ds  sin  ($  -  a)  =  AC  sin  0dA  +  BO  sin  a  dB, 
i.e.  Fig.  90. 


hence 


sin2/?  -  sin2  a 

i—  -- -  =  ACempdA  +  BCsmadB  ; 

sin(a+0) 


r  — — ^?-  =  AC.BD.dA+  BO.  AD  .  dB. 
AB 


Again,  we  have  dA  +  dB  +  dO  =  o, 

and,  by  Ptolemy's  theorem, 

AB  .  CD  =  AC .  BD  +  BO  .  AD ; 
hence,  we  readily  get, 
.  AD*  - 


—  =  BO .  AD  .  dA  -  OA  .  BD  .  dB  +  AB  .  CD  .  dC.       (a) 

^Lfi 

"We  shall  apply  this  theorem  to  a  Cartesian  Oval,  having  A  and  B  as  foci. 

Let,  as  in  p.  239,  the  equation  of  the  curve  be  mr  +  l>-'  =  ne,  where  A0=  r, 
B0  =  r',  AB  -  c;  then  we  have  already  shown  (p.  241)  that 


AD  _BD      CD  _ 
I         m        n 
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Accordingly  equation  (a)  becomes  in  this  case 

P-»»»  IBCJ        mCA  nAB 

ds  =  —  dA  + dB  + dC\ 

e  v  u  u 

but 

xj  C  j\h 


u 

CA_ 
u 


(t*  4  «?  - 


—  =  (P  +  m«  -  2/m  cos  (7)*. 


Hence  we  see,  as  in  page  243,  that  the  length  of  an  arc  of  n  Cartesian  Oral  is 
expres8ible  in  terms  of  three  elliptic  arcs. 
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MISCELLANEOUS  EXAMPLES. 
i.  Find  the  value  of 


I .1 

J  x  +  c\ 


x  +  b 

2.  Find  the  area  of  the  inverse  of  a  hyperbola,  the  centre  being  the  pole  of 
inversion  ;  and  show  that  the  area  of  the  inverse  of  an  ellipse,  under  the  same 
circumstances,  is  an  arithmetic  mean  between  the  areas  of  the  circles  described 
on  its  axes  as  diameters. 

Ax 

3.  Find  the  integral  of 


la*  -  x*     a  b     la*  -  x1 

Am.  tan"1      -  —  -  +  -  tan'1  -  J-  -  -' 
\  xz  -  b2      b  a  \  x1  —  o* 

4.  Prove  that 


where  |  lies  between  A'  and  #0. 

5.  In  a  spiral  of  Archimedes,  if  P,  Q  and  P',  Q'  be  the  points  of  section 
with  any  two  branches  of  the  curve  made  by  a  line  passing  through  its  pole, 
prove  that  the  area  bounded  by  the  right  line  and  by  the  two  branches  is  half 
the  area  of  the  ellipse  whose  semiaxes  are  PP'  and  F'Q. 

6.  If  a  be  the  sagitta  of  a  circular  segment  whose  base  is  b,  prove  that  the 
area  of  the  segment  is,  approximately, 

2    .       8  a3 


7.  If  an  ellipse  roll  upon  a  right  line,  show  that  the  differential  equation  of 
the  locus  of  its  focus  is 

dy 

z 


8.  A  circle  rolls  from  one  end  to  the  other  of  a  curved  line  equal  in  length 
to  the  circumference  of  the  circle,  and  then  rolls  back  again  on  the  other  side  of 
the  curve  :  prove  that,  if  the  curvature  of  the  curve  be  throughout  less  than 
that  of  the  circle,  the  nrea  contained  within  the  closed  curve  traced  out  by  the 
point  of  the  circle  which  was  first  in  contact  with  the  fixed  curve  is  six  times 
the  area  of  the  circle.     (Gamb.  Math.  Tripos,  1871.) 

9.  In  the  same  case  show  that  the  entire  length  of  the  path  described  is 
eight  times  the  diameter  of  the  circle. 

10.  Prove  that  the  area  of  the  locus  formed  by  the  points  of  intersection  of 
normals  to  an  ellipse,  which  cut  at  right  angles,  is  IT  (a  —  J)2. 
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ii.  Find  the  value  of  the  definite  integral 


+  2  log*  +  v/4  -  *J  -f       -  +  sin3  — )  d*. 

X/9  +  x*  3  / 

12.  Transform    •     — —  dz    by  the  substitution   «  =  a  sec20  -  i  tan'0,  and 

hence  find  the  value  of       "*  Z  ~  a  dz. 
J     z-b 

13.  Explain  the  following  apparent  difficulties : 

(.,     (—*.-_- * . 

J  (a  +  ftc*)f      a  (a  +  ra-2)i 

yet,  when  a  becomes  nearly   zero,    the  denominator  on  the  right-hand  side 
becomes  nearly  zero,  while  that  on  the  left-hand  remains  finite. 

f  dx 


J  </(*-«)(*-*) 

yet  if  a  and  b  are  positive,  and  x  is  less  than  either  of  thorn,  the  square  root  on 
the  left-hand  side  is  real,  but  those  on  the  right-hand  side  are  imaginary. 

14.  If     J>(*)<fe  +  j<t>(y)dy  =  constant  leads  to  a  relation   connecting 
x  and  y  of  the  form 

Axy  +  £  (x  +  y}  -f  C  =  o, 
determine  the  form  of  <f>  (x). 

15.  If  M  and  v  be  functions  of  x  and  y,  prove  that  the  elementary  area 
included  between  the  curves  n  =  a,    v  =  b,    nnd    u  =  a  +  5o,    v  =  b  +  5/3    is 
represented  by 


dn          dv 
dx          dx 

du         dv 

dy          dy 

where  x  and  y  are  the  coordinates  of  the  point  of  intersection  of  the  curves 
«  =  a     and     v  =  b. 

16.  Find  the  area  of  a  loop  of  the  curve 

ill  COS  20 

bcosO  —  a  sin<? 

17.  Prove  that  the  area  between  two  focal  radii  of  a  parabola  and  the  curve 
is  half  the  area  between  the  curve,  the  corresponding  perpendiculars  on  the 
directrix,  and  the  directrix. 
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t8.  Evaluate  the  following  integrals  :  — 

,  -  - 
sec  x  —  idx, 
' 


r     dx         t 

=r, 
jv/tan*     J 


19.  If  R  =  (x*  +  ax)z  +  Ix,     and     «  =  log  --+  **  +    j,  find  the  relation 

xz  +  ax  -  -J~R 

between  the  integrals  —=,          —  • 

J  JJt    J  \fs 

(xdx      a  f  dx       3 
Ans.         _  «  _  I  -—  +  £  . 

J  V#       3  J  VJZ      M 

20.  If  a  curve  be  such  that  the  area  between  any  portion  and  a  fixed  right 
line  is  proportional  to  the  corresponding  length  of  the  curve,  show  that  it  is  a 
catenary. 

21.  Prove  that  the  volume  of  a  rectangular  parallelepiped  is  to  that  of  its 
circumscribed  ellipsoid  as  2  :  IT  "^3. 

f«  dO  [ft         dO 

22.  Prove  that  =  =  •. 

J0  Vi  -  K-  sina0      J0  VV  -  sin2  0 

where  sin  j8  =  K  sin  a. 

23.  If  any  number  of  triangles  be  inscribed  in  one  ellipse  and  circumscribed 
to  another  ellipse,  concentric  and  similar,  prove  that  these  triangles  have  all  the 
same  area. 


' 

following  geometrical  construction.     Let  the  curve  whose  equation  is 


24.  Show  that  the  value  of  the  integral  (  -  may  be  exhibited  by  the 

Ja  VV'  -  I 


m 
cos  -  w  =  I 

m  +  2 


roll  on  the  axis  of  *;  take  the  points  (x\,  y\)(xz,  yz)  on  the  roulette  described 
by  the  pole,  such  that  y\  =  a,  t/z  =  b  ;  then 

ft       dy 

=  xz  —  x\.  (JEI.T/ETT.) 


25.  If  s  be  the  length  of  the  arc  of  a  spherical  curve  measured  to  any  point 
P,  and  t  be  the  intercept  on  the  great  circle  touching  at  P,  between  the  point  of 
contact  and  the  foot  of  the  perpendicular  from  the  pole,  prove  that 

s  —  t  =  f  sin  pd». 
The  Droof  is  similar  to  that  of  the  corresponding  theorem  in  piano.     See  Art.  158. 
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26.  Prove  that  the  volume  of  a  polyhedron,  having  for  bases  any  two 
polygons  situated  in  parallel  planes,  and  for  lateral  faces  trapeziums,  is  ex- 
pressed by  the  formula 


where  H  is  the  distance  between  the  parallel  planes,  B  and  B1  the  areas  of  the 
polygonal  bases,  and  B"  the  area  of  the  section  equidistant  from  the  two  bases. 

27.  If  S  be  the  length  of  a  loop  of  the  curve  r*  =  a"  cos  nO,  and  A  the  area 
of  a  loop  of  the  curve  r-"  =  a~n  cos  2nO,  prove  that 

M* 

A  x  S  =  -- 
2n 

28.  Find  approximately  the  area,  and  also  the  length,  of  a  loop  of  the  curve 
f*  =  n*  cos  —  .     (See  Li/.  Cale.,  Art.  268.) 

Ant.  area  =  «*  x  0-56616  ;  length  =  a  x  2-72638. 

29.  Show  from  Art.  134  that,  if  a  parabola  roll  on  a  right  line,  the  locus  of 
its  focus  is  a  catenary. 

30.  If  A  be  the  area  of  any  oval,  B  that  of  its  pedal  with  respect  to  any 
internal  origin  0,  and  C  that  of  the  locus  of  the  point  on  the  perpendicular 
whose  distance  from  0  is  equal  to  the  distance  of  the  point  of  contact  from  0, 
prove  that  A,  B,  Care  in  arithmetical  progression. 

31.  The  arc  of  a  curve  is  connected  with  the  abscissa  by  the  equation  s2  =  kx  : 
find  the  curve. 

32.  If  the  coordinates  of  a  point  on  a  curve  be  given  by  the  equations 

x  =  e  sin  20  (i  +00820),     y  =  e  cos  20  (i  -  cos  20), 

A 

prove  that  the  length  of  its  arc,  measured  from  its  origin,  is  -  e  sin  30. 

33.  Show  how  to  find  the  sum  of  every  element  of  the  periphery  of  an  ellipse 
divided  by  any  odd  power  (2r  +  i)  of  the  semi-diameter  conjugate  to  that  which 
passes  through  the  element,  and  give  the  result  in  the  case  of  the  fifth  power. 

(W.  ROBERTS.) 


4      r2 

Am.   —^—         (fl2  cos20  -I-  b*  sin?0)r-lde. 
(«&)•'»•• '  J0 


,„..      .  , 

Ihis  gives  rr= —  when  r  =  2. 

a3b3 

34.  A  sphere  intersects  a  right  cylinder  :  prove  that  the  entire  surface  of  the 
cylinder  included  within  the  sphere  is  equal  to  the  product  of  the  diameter  of 
the  cylinder  into  the  perimeter  of  an  ellipse  whose  axes  are  equal  to  the  greatest 
and  least  intercepts  made  by  the  sphere  on  the  edges  of  the  cylinder. 
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35.  Show  that  the  equations  of  the  involute  of  a  circle  are  of  the  form 

x  =  a  cos  <f>  +  a<p  sin  (f>,    y  —  a  sin  <p  -  afy  cos  <f>  ; 

and  prove  that  the  length  of  the  arc  of  this  involute,  measured  from  <f>  =  o,  is 
one-half  of  the  are  of  a  circle  which  would  he  described  by  a  radius  equal  to  the 
arc  of  its  evolute  moving  through  the  angle  </>. 

36.  Sho\v  that  the  area  of  the  cassinoid 

r*  -  2a*rz  cos  26  +  a1  =  J* 

is  expressed  by  aid  of  an  elliptic  arc  when  b  >  «,  and  by  a  hyperbolic  arc 
when  a  >  b. 

37.  A  string  AB,  with  its  end  A  fixed,  lies  in  contact  with  a  plane  convex 
curve  ;  the  string  is  unwound,  and  B  is  made  to  move  about  A  till  the  string 
is  again  wound  on  the  curve,  the  final  position  of  B  being  B':  prove  that  for 
variations  of  the  position  of  A  the  arc  traced  out  by  B  will  be  a  maximum  or  a 
minimum  when  the  tangents  at  B  and  B'  are  equally  inclined  to  the  tangent  at 
A,  and  will  be  the  former  or  the  latter  according  as  the  curvature  at  A  is 
greater  or  less  than  half  the  sum  of  the  curvatures  at  B  and  B'.  —  (Camb.  Math. 
Tripos,  1871.) 


38.  Find  the  value 


of     f  —  «'f  '**  Am      /I 

Jo   •fx  '  *Jp 


_  39.  Find  the  length,  and  also  the  area,  of  the  pedal  of  a  cissoid,  the  vertex 
being  origin. 

8a  .  5T«2 

Ant.  —  log  (2  -h  ^3)  -  4«  ;   —  -. 
V3  24 

40.  Prove  that  the  length  of  an  arc  of  the  lemnisoate   r2  =  «2  cos  28  is 
represented  by  the  integral 


41.  Integrate  the  equation 

cos  9  (cos  6  —  sin  a  sin  <f>)  dd  +  cos  <f>  (cos  </>  —  sin  a  sin  9}  d(f>  =  o. 

If  the  arbitrary  constant  be  determined  by  the  condition  that  the  equation  must 
be  satisfied  by  the  values  (o,  o)  of  (9,  <j>),  show  that  the  equation  is  satisfied  by 
putting  9  +  4>  =  a. 

42.  Each  element  of  the  surface  of  an  ellipsoid  is  divided  by  the  area  of  the 
parallel  central  section  of  the  surface  :    find  the   sum  of  all  the  elementary 
quotients  extended  through  the  entire  ellipsoid.  Ana.  4. 


43-  Hence,  show  that 

f*f*  (n2  -  r2)  dfidi 


?*  V*2  - 
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This  depends  on  the  expression  for  an  element  of  the  surface  of  an  ellipsoid  in 
terms  of  elliptic  coordinates.  See  Salmon's  Geometry  of  Three  Dimentiont, 
Art.  411.  This  proof  is  due  to  Chasles  (Liouville,  tome  iii.,  p.  10). 


44.  Hence  prove  the  relation 


F(m)  E(n)  +  F(n)  E(m)  -  F(n)  F(m)  =  -, 


where  F(m)  =  P  ,     JB(m)  =  \ *  Vi  -  m*  sin«<*0, 

J0  Vl  -tM3  smV  Jo 

and  mz  +  n*  =  i. 

Let  x  =  A  sin  9,    and    n  =  VA^  sin'2^>  -f  A;3  cos2<^,  in  the  preceding  example, 
and  it  becomes 

IT       W 

{'i   f'i      A3  sin*<^»  +  A3  cos'cp  —  A3  sin3(? 
o  Jo  VA*  sin7-*  +  A-3  cos>  V/t3  -  A3  sin^fl 


-r;r; 


cos-ft  f«  f »       v/^;^  -  A-  sin'g 


o  VA*  sin2<f>  +  /<*  cos      V*s  -  A*  sin3* 


This  furnishes  the  required  result  on  making  A  =  mk. 

The  preceding  formula,  which  is  due  to  Legendre,  gives  a  general  relation 
between  complete  elliptic  functions  of  the  first  and  second  species,  with  com- 
plementary moduli. 

45.  If  three  curvosbe  described  on  the  surf  ace  of  an  ellipsoid,  along  the  first 
of  which  the  perpendicular  to  the  tangent  plane  makes  the  constant  angle  y  with 
the  axis  of  z,  along  the  second  /}  with  the  axis  of  y,  and  along  the  third  a  with  the 

tan  a      tan  j8      tan  y 

axis  of  x,  and  if  the  angles  be  connected  by  the  relations  -  =  —  r  —  =  —  —  , 

aoc 

then,  if  As,  At,  A\  be  the  included  portions  of  the  ellipsoid  surface,  prove  that 
AS  —  At      A\  —  Az      AI  —  A\ 


__         ___         ___  . 

46.  Show  that  the  results   given  in   Arts.    161   and    162   hold   good   for 
spherical  conies,  where  the  tangents  are  arcs  of  great  circles  on  the  sphere. 

47.  Prove  that 

«  dx  f«  dx 


where  a,  b,  c  are  in  the  order  of  magnitude. 
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48.  If  w  be  an  imaginary  cube  root  of  unity,  show  that,  if 

_  (o>  -  a>2)  X  +  a2  3?  _  dy  (»  -  o»z)  dx 

~     ~  '  *   3Q 


(CAYLEY.) 

49.  Prove  that  the  value  of 

f"  cos  bx  sin  ax  ir         IP 

-  ox  is  o,  -,  or  -, 

Jo  a;  '4'       2' 

according  as  5  is  >,  =,  or  <  «. 

f*  sin  &c  sin  ax  ,        it 

50.  Prove  that          -  -  -  dx  =  -   multiplied   by  the  lesser  of  the 

Jo  *  2 

numbers  a  and  b. 

51.  If  e  be  the  eccentricity  of  an  ellipse  whose  semiaxis  major  is  unity,  and 
E  the  length  of  its  quadrant,  prove  that 

,h  Eede  vh 

—  -  ----  =  --  —_  •  (W.  EGBERTS.) 


52.  If  5  represent  the  length  of  a  quadrant  of  the  curve  r*1  =  am  cos  w*0, 
and  &  the  quadrant  of  its  first  pedal,  prove  that 

CO  »»  +    I          o 

S  .  Si=  -  ira3. 


Here  (Ex.  3,  Art.  156)  we  have 

S=  a^ 
2m 


\2w/ 


2m 


Also  since  the  first  pedal  (Diff.  Calc.,  Art.  268)  is  derived  by  substituting 
m 

instead  of  m, 


m  +  2 

rr^} 

:  Vir       \     2m    I 


(m 


-  wa2        zm 

~" 
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53.  In  general,  if  Sn  be  the  quadrant  of  the  «'*  pedal  of  the  curve  in  the 
last,  prove  that 

mn  +  I 

Sn-i  SH=-      -  *a\ 
2m 

Here  it  is  readily  seen  that  the  nth  pedal  is  got  hy  substituting • 

mn  +  i 

instead  of  m  in  the  equation  of  the  proposed;    .'.  &c. 

(W.  ROHEUTS,  Liouville,  1845,  p.  177.) 

54.  If  an  endless  string,  longer  than  the  circumference  of  an  ellipse,  be  passed 
round  the  ellipse  and  kept  stretched  by  a  moving  pencil,  prove  that  the  pencil 
will  trace  out  a  confocal  ellipse. 

55.  If  two  confocal  ellipses  be  such  that  a  polygon  can  be  described  in  one 
and  circumscribed  to  the  other,  prove  that  an  indefinite  number  of  such  polygons 
can  be  described,  and  that  they  all  have  the  same  perimeter. 

(CHASLES,  Comp.  Rend.  1843.) 

56.  To  two  arcs  of  a  hyperbola,  whose  difference  is  rectifiable,  correspond 
equal  arcs  of  the  lernniscate  which  is  the  pedal  of  the  hyperbola.  (Ibid.) 

57.  Prove  that  the  tangents  drawn  at  the  extremities  of  two  arcs  of  a  conic, 
whose  difference  is  rectifiable,  form  a  quadrilateral  whose  sides  all  touch  the 
same  circle.     (Ibid.) 

58.  In  the  curve 

ars  +  yf  =  «» , 

prove  that  any  tangent  divides  the  portion  of  the  curve  between  two  cusps  into 
arcs  which  are  to  each  other  as  the  segments  of  the  portion  of  the  tangent 
intercepted  by  the  axes. 

59.  If  two  tangents  to  a  cycloid  cut  at  a  constant  angle,  prove  that  their 
sum  bears  a  constant  ratio  to  the  arc  of  the  curve  between  them. 

60.  If  AB,  ab,  be  quadrants  of  two  concentric  circles,  their  radii  coinciding, 
show  that  if  an  arc  Ab  of  an  involute  of  a  circle  be  drawn  to  touch  the  circles 
at  A,  b,  the  arc  Ab  is  an  arithmetical  mean  between  the  arcs  AS  and  ab. 

61.  If  ds  represent  an  infinitely  small  superficial  element  of  area  at  a  point 
outside  any  closed  plane  curve,  and  t,  t'  the  lengths  of  the  tangents  from  the 
point  to  the  curve,  and  6  the  angle  of  intersection  of  these  tangents,  prove  that 

the  sum  of  the  elements  represented  by  — -,  taken  for  all  points  exterior  to 

t  x  t 
the  curve,  is  2w2.  (PROF.  CROFTON,  Phil.  Trans.,  1868.) 

62.  Show  that,  for  all  systems  of  rectangular  axes  drawn  through  a  given 
point  in  a  given  plane  area, 

{ J I  (*»  -  yz)  **  dy }»  +  4  {  JJ  xy  dx  dy}\ 

taken  over  the  whole  of  the  area,  is  constant ;  and  that  for  a  triangle,  the  point 
being  its  centre  of  gravity,  this  constant  value  is  . 

-  (a*  +  i4  +  c4  -  6V  -  cz»a  -  a2*8). 

(J.  J.  WALKKR.) 
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63.  If  ab  =  a'b't  prove  that 

("  P  »(a*  +  *y)-»(«r*  +  yy)ifc.i&> 
Jo  Jo  *y 

=  loe  (^ 


provided  the  limits  <p  (o)  and  <£  (oo  )  are  both  definite. 

(Mu.  ELLIOTT,  Proceeding*,  Lond.  Math.  Soc.,  1876.) 

64.  If  S  denote  the  surface ,  and  V  the  volume,  of  the  cone  standing  on  the 
focal  ellipse  of  an  ellipsoid,  and  having  its  vertex  at  an  umbilic,  prove  that 

where  a,  b,  c  are  the  principal  semiaxes  of  the  ellipsoid. 

65.  Prove  that,  if  p  be  positive  and  less  than  unity, 

f1  .  'dx  ir  I 

I     (XP  +  X-P)  log  (I  +  X) =    : ,  (i) 

Jo  x       p  sin  pv      pz 

and 

dx      w  i 

(XP  +  x'P)  log  (I  —  x)  —  =  -  cot  pv  — -,  (2) 

x       p  p* 

where  (i)  may  be  deduced  from  (2)  by  putting  xz  for  x. 

(WOLSTENHOLME.) 

66.  If  p,  v  be  the  elliptic  coordinates  of  a  point  in  a  plane,  prove  that  the 
area  of  any  portion  of  the  plane  is  represented  by 


II: 


(,ua  — 


taken  between  proper  limits. 

67.  Prove  that  the  differential   equation,  in  elliptic  coordinates,  of  any 
tangent  to  the  ellipse  p  =  pi,  is 


± 


68.  Hence  show  that  the  preceding  differential  equation  in  p  and  v  admits 
of  an  algebraic  integral. 

69.  Prove  that  the  differential  equation  of  the  involute  of  the  ellipse  p  =  /ui  is 
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70.  Show  that,  for  a  homogeneous,  solid  parallelepiped  of  any  form  and 
dimensions,  the  three  principal  axes  at  the  centre  of  gravity  coincide  in  direc- 
tion with  those  of  the  solid  inscribed  ellipsoid  which  touches  at  the  six  centres 
of  gravity  of  its  six  faces  ;  and  that,  for  each  of  the  three  coincident  axes,  and 
therefore  for  every  axis  passing  through  their  common  centre  of  gravity,  the 
moment  of  inertia  of  the  parallelepiped  is  to  that  of  the  ellipsoid  in  the  same 
constant  ratio,  viz.  that  of  10  to  ir.  (TowNSBND.) 

71.  Show  that  the  volumes  of  any  tetrahedron,  and  of  the  inscribed  ellipsoid 
which  touches  at  the  centres  of  gravity  of  its  four  faces,  have  the  same  principal 
axes  at  their  common  centre  of  gravity;  and  that  their  moments  of  inertia  for 

all  planes  through  that  point  have  the  same  constant  ratio  (viz.  18  v/3  :  «•). 

(Ibid.) 

72.  A  quantity  M  of  matter  is  distributed  over  the  surface  of  a  sphere  of 
radius  a,  so  that  the  surface  density  varies  inversely  as  the  cube  of  the  distance 
from  a  given  internal  point  S,  distant  b  from  the  centre :  prove  that  the  sum  of 
the  principal  moments  of  inertia  of  M  at  S  is  equal  to  zM  (a-  -  b-). 

(Gamb.  Math.  Tripos,  1876.) 

73.  If     (i  -  2ax  +  a2)"^  =  I  +  aX\  +  a2J2  .  .  .  +  a»Xn  +  .  .  . ,  prove  that 

f»i  c+i  2 

i     XnXmdx  =  o,          X,,2rf*  =        -. 
J-i  J-i  2n+i 

74.  A  closed  central  curve  revolves  round  an  arbitrary  external  axis  in  its 
plane.     Prove  that  the  moments  of  inertia  /  and  /,  with  respect  to  the  axis  of 
revolution  and  to  the  perpendicular  plane  passing  through  the  centre  of  inertia 
of  the  solid  generated  by  the  revolving  area,  are  given  respectively  by  the 
expressions 


•-•(»-»• 


where  m  represents  the  mass  of  the  solid,  a  the  distance  of  the  centre  of  the 
generating  area  from  the  axis  of  revolution,  A  and  k  the  radii  of  gyration  of  the 
area  with  respect  to  the  parallel  and  perpendicular  axes  through  its  centre,  and 
I  the  arm  length  of  its  product  of  inertia  with  respect  to  the  same  axes. 

(TowNSBND,  Quarterly  Journal  of  Mathematics,  1879.) 

75.  If     «=  (*  (tt-z)n-lf(t)dz,    find  the  value  of  T-^.          Ant.  /(«). 

Jo 

76.  Prove  that  the  superficial  area  of  an  ellipsoid  is  represented  by 

fl          (i  -  «V2*2)  dx 
2iec-  +  2irab  -  , 

JoV/(i-«**2)(i  -«'2*2) 

where    a2  -  i2  =  a2*2,     i2  -  e2  =  e'2i2. 

(JKLLETT,  Hermathena,  1883.) 

77.  Find  the  mean  distance  of  two  points  on  opposite  sides  of  a  square 
whose  side  is  unity. 

Ans.  2Z 
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78.  A  cube  being  cut  at  random  by  a  plane,  what  is  the  chance  that  the 
section  is  a  hexagon  ?  (CoL.  CLAIIKE.) 


= 


79.  Three  points  are  taken  at  random,  one  on  each  of  three  faces  of  a  tetra- 
hedron :   what  is  the  chance  that  the  plane  passing  through  them  cuts  the  fourth 
face?  (Ibid.) 

Ans.  ±. 
4 

80.  T\vo  stars  are  taken  at  random  from  a  catalogue  :  what  is  the  chance 
that  one  or  both  shall  always  be  visible  to  an  observer  in  a  given  latitude,  A  ? 

(Ibid.) 

I  I    . 

Ans.  -  versin  \  +  -  smA. 
4 

8  1.  Find  the  chance  that  the  centre  of  gravity  of  a  triangle  lies  inside  the 
triangle  formed  by  three  points  taken  at  random  within  the  triangle. 


Ans.   —  (  2 

2 


I     /          10,          \ 
-      2  +  -log4). 
•I     \  O  I 


82.  Two  points  are  taken  at  random  in  a  triangle,  the  line  joining.-4liem 
dividing  the  triangle  into  two  portions  :  find  the  mean  value  of  that  portion 
which  contains  the  centre  of  gravity. 

Ans.  —  (470  +  —  log  4J  =  -6967,  the  triangle  being  unity. 

The  mean  value  of  the  greater  of  the  two  portions  is  —  +  -  log  2  =  -6987. 

12      6 

83.  Show  that  the  mean  distance  M  of  a  point  in  a  rectangle  from  one 
angle  is  given  by 

....  b~          a  f  (f,      a~          b  +  d 

3JT  =  *  +  -log—  +  -log_, 

a  and  b  being  the  sides,  d  the  diagonal. 

84.  Show  that  the  mean  distance  M  of  two  points  within  a  rectangle  is 
given  by 


This  result  may  be  deduced  from  the  preceding  ;  for  if  yu  =  mean  distance  of  a 
point  within  the  rectangle  whose  sides  are  x,  y,  from  one  of  its  angles,  it  is 
easy  to  see  that 

Ja     fb 
\  xy  fudxdy  ;     .-.    &c. 
ft   Jo 

[33] 
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85.  Show  that  if  M  be  the  mean  distance  of  two  points  within  any  convex 
area  fl,  we  have 

i   f  f      . . 

>  tut, 


where  2,  2'  are  the  segments  into  which  the  area  is  divided  by  a  straight  line 
crossing  it,  the  coordinates  of  the  line  being  p,  u,  .and  the  integration  extend- 
ing to  all  positions  of  the  line. 

This  may  be  seen  by  considering  that  if  a  random  line  crosses  the  area,  the 

chance  of  its  passing  between  the  two  points  is  — ,  where  L  is  the  length  of  the 

L 

boundary.    Again,  for  any  portion  of  the  line,  the  chance  of  the  points  lying 

25'  2 

on  opposite  sides  of  it  is  — -  ;  therefore  the  whole  chance  is  —  3/"(22'),  where. 
M  (22')  is  the  mean  value  of  the  product  22'  for  all  positions  of  the  line. 
86.  In  the  same  case  we  also  have 


C  being  the  length  of  the  intercepted  chord.     Hence  we  have  the  remarkable 
identity 

JJ  C*dp  da>  =  6  J  J  22'  dp  du. 

(CKOFTON,  Proceedings,  Lond.  Math.  Soc.,  vol.  viii.) 

87.  Show  that  if  p  be  the  distance  of  two  points  taken  at  random  in  any 
area, 

~  R* 

This  may  be  applied  to  the  circle.     (See  Ex.  24.) 

88.  Show  that  the  mean  area  of  the  triangle  determined  by  three  points 
chosen  at  random  within  any  convex  area  is 


M 


=  a-  ^-A  f 


where  2  =  either  segment  cut  off  by  the  chord  C;  but  throughout  the  integra- 
tions, as  the  direction  of  the  chord  alters,  2  means  always  the  segment  on  the 
same  side  of  the  chord  as  at  first. 

89.  A  ship  at  A  observes  another  at  B,  whose  course  is  unknown.     Sup- 
posing their  speed  the  same,  prove  that  the  chance  of  their  coming  within  n 

given  distance  d  of  each  other  is  always  -  sin"1  -,  whatever  the  course  taken 

it  a  $ 

by  A  ;    provided  its  inclination  to  AB  is  not  greater  than   cos"1  -,  where 

AB  =  a.  (Camb.  Math.  Tripos,  1871.     PROF.  MILLEU.) 
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90.  A  random  straight  line  crosses  a  circle  :  find  the  chance  that  two  points 
taken  at  random  in  the  circle  shall  lie  on  opposite  sides  of  the  line. 

128 

-««'•   —-;•     This  is  deduced  at  once  from  the  value  of  M.  the  mean  dis- 
45?r  zM 

tance  of  the  two  points,  as  the  chance  = .     If  two  random  lines 

2irr 

are  drawn,  the  chance  that  both  lines  shall  pass  between  the  points 
,     i 

18  *' 

91.  A  point  0  is  taken  at  random  in  a  triangle.     What  is  the  probability 
that  if  three  other  points  are  taken  at  random,  one  shall  lie  in  each  of  the 
triangles  AOB,  SOU,  CO  A  ? 

Ans.    — .    This  may  easily  be  found  to  depend  on  the  integral  JJ  a0y  .  2da.d$, 
where  o,  0,  y  are  the  three  triangles  above. 

92.  A  line  crosses  a  circle  at  random  :  find  the  chance  that  a  point  taken  at 
random  in  the  circle  shall  be  distant  from  the  line  by  less  than  the  radius  of  the 

circle.  2 

Ans.   r . 

3ir 

93.  Two  points  are  taken  on  the  circumference  of  a  semicircle.     Find  the 

chance  that  their  ordinates  fall  on  either  side  of  a  point  taken  at  random  on  the 

diameter.  4 

Ans.  -. 

94.  In  any  convex  area  which  has  a  centre  0,  let  an  indefinite  straight  line 
revolve  round  0,  and  the  locus  of  the  centre  of  gravity  of  either  half  into  which 
it  divides  the  area  be  traced.    Show  that  the  mean  distance  of  0  from  all  points 

in  the  area  is  equal  to  -  the  perimeter  of  this  locus.   Also,  -  of  the  area  enclosed 

4  4 

by  this  locus  =  mean  area  of  the  triangle  OXY,  where  X,  Fare  points  taken  at 
random  in  the  given  area.     (CuoFTON,  Proceedings,  Lond.  Math.  Soc.,  vol.  viii.) 

95.  The  probability  that  the  distance  of  two  points  taken  at  random  in  a 
given  convex  area  Q.  shall  exceed  a  given  limit  (a)  is 


p  =  -^  j  ( (C*  -  $a?C  +  2«»)  dp  dw 


where  0  is  a  chord  of  the  area,  whose  coordinates  are  p,  <a,  the  integration 
extending  to  all  values  of  p,  w,  which  give  a,  chord  C>  a. 

96.  Show,  by  means  of  Landen's  transformation  in  elliptic  functions  or 
otherwise,  that 


riff  d9  _  f 

J0     («a  cos*0  +  b-  sin20)<z  ~  J0 


where   «i  and  b\   are  respectively   the   arithmetic  and  the  geometric   means 
between  «  and  b. 

Point  out  the  value  of  this  result  in  the  calculation  of  the  numerical  value 
of  the  definite  integral.  (Camb.  Math.  Iiipos,  part  ii.,  1889.) 
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ALLMAK,  on  properties  of  paraboloid, 

268,  281. 

Amsler's  planimeter,  211. 
Annular  solids,  261. 
Approximate     methods     of     finding 

areas,  211. 
Archimedes,  on  solids,  254. 

spiral  of,  194. 

area  of,  194. 

rectification  of,  227. 
Areas  of  plane  curves, '176. 

Ball,  on  Amsler's  planimeter,  215. 
Bernoulli's  series,  by  integration   by 

parts,  128. 

on  curve  of  quickest  descent,  425. 
Binet,  on  principal  axes,  312. 
Brachiystochrone,  425,  445. 
Buff on's  problem,  365. 


Calculus  of  Variations,  425. 
Cardioid,  area  of,  192. 

rectification  of,  227,  238. 
Cartesian  oval,  rectification  of,  239, 

586. 

Catenary,  equation  to,  183. 
rectification  of,  223. 
surface  of  revolution  by,  260. 
properties  of,  456. 

Cauchy,  on  exceptional  cases  in  defi- 
nite integrals,  128. 
on  principal  and  general  values  of 

a  definite  integral,  132. 
on    singular    definite    integrals, 

134. 

on  hyperbolic  paraboloid,  271. 
Chasles,  on  rectification  of  ellipse,  234, 

248. 

on  Legendre's  formula,  508. 
Clerk  Maxwell,  409. 


Condition  of  integrability  lor  a  single 
integral,  458,  462. 

Condition  of  integrability  for  a  double 
integral,  490,  491. 

Cone,  right,  256. 

Criterion  for  Maxima  and  Minima, 
463. 

Crofton,  on  mean  value  and  probabi- 
lity, 346-391. 

Cycloid,  189. 

Definite  integrals,  30,  115. 

exceptional  cases,  128. 

infinite  limits,  131,  135. 

principal  and  general  values,  132. 

singular,  134. 

differentiation  of,  143,  147. 

deduced  by  differentiation,  144. 

integration  under  the  sign  J,  148. 

double,  149,  313. 
Definition  of  variation  Si/,  425. 
Descartes,  rectification  of  oval  of,  '2'3'J. 
Differentiation  under  the  sign  of  inte- 
gration, 107,  415. 

under  the   sign   of   substitution, 

415. 
Dmchlet's  theorem,  316. 


Elliott,  extension  of  Holditch's  theo- 
rem, 209. 

on  Frullani's  theorem,  157. 
Ellipse,  arc  of,  226. 
Ellipsoid,  266. 

quadrature  of,  282,  508. 

of  gyration,  309,  312. 

momental,  309. 

central,  310. 

Elliptic  integrals,  29,  173,  226,   232, 
235,  243,  279. 

coordinates,  249. 
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Epitrochoid,  rectification  of,  237. 
Equimoinental  cone,  310. 
Errors  of  observation,  376. 
Euler,  102, 

theorem  on  parabolic  sector,   198. 
Eulerian  integrals,  117,  124,  159. 

definition  of  — 

T(«)  &nAS(m,  M),  124,  160. 

lei. 


F  (m  4  «) 


Eulerian  integrals  — 


164. 
table  of  log  (Fw),  169. 

Fagnani's  theorem,  229. 
Folium  of  Descartes,  192,  218. 
Fourier's  theorem,  392. 
Frequency,  curve  of,  368. 
Frullani,  theorem  of,  155,  511. 

Gamma  functions,  124,  159. 

Gauss,   on  integration  over  a  closed 

surface,  287. 
General    transformation    in    partial 

differential  expressions,  492. 
Genocchi,   rectification    of  Cartesian 

oval,  240,  242. 

Graves,  on  rectification  of  ellipse,  234. 
Green's  theorem,  327,  421. 
Groin-,  269. 
Gudermann,  183.  ' 
Guldin's  theorems,  262,  263,  288. 
Gyration,  radius  of,  293. 

Helix,  rectification  of,  244. 
Hirst,  on  pedals,  202. 
Holditch,  theorem  of,  206. 
Hyperbola,  rectification  of,  233. 
Landen's  theorems  on,  232. 
Hyperbolic  sines  and  cosines,  182. 
Hypotrochoid  :  see  Epitrochoid. 

Inertia,  integrals  of,  291. 
moments  of,  291. 
products  of,  291,  306. 
principal  axes  of,  307. 
momental  ellipsoid  of,  309. 


Integrals,  definitions  of,  1,  114. 

elementary,  2. 

double,  149,  313. 

of  inertia,  291. 

transformation  of  multiple,  320. 
Integration,  different  methods  of,  20. 

by  parts,  20. 

xmdx    . 

of ,  58. 

a:»-l' 

by  successive  reduction,  63. 
by  differentiation,  71,  144. 
of  binomial  differentials,  75. 
by  rationalization,  92,  97. 
by   differentiation  under   sign  f, 

109. 

by  infinite  series,  110. 
Integration,   regarded  as  summation, 

31,  114. 

double,  269,  313. 
change  of  order  in,  314. 
over  a  closed  surface,  284. 


Jacobians,  323,  326. 
Jellett,  on  quadrature  of  ellipsoid,  288, 
512. 


Kelvin,  theorem  on  attraction,  412. 
Kcmpe,  theorem  on  moving  area,  210. 


Lagrange's  series,  remainder  in,  158. 
Lambert,    theorem   on   elliptic   area, 

196. 
Landen,   theorem  on  hyperbolic  arc, 

232. 
on  difference  between  asymptote 

and  arc  of  hyperbola,  233. 
Laplace's  theorem  on  spherical  har- 
monics, 338. 

Legendre,  on  Eulerian  integrals,  160. 
formula  on  rectification,  228. 
relation  between  complete  elliptic 

functions,  508. 

Leibnitz,  on  Guldin's  theorems,  264. 
Leinniscate,  area  of,  191. 
rectification  of,  507. 
Leudesdorf,  157,  210,  220. 
Lima9on,  area  of,  192. 

rectification  of,  237. 
Limits  of  integration,  33,  115. 
Line  and  surface  integrals,  401. 


Index. 
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Maxima  and  Minima  for  single  inte- 
grals, 430. 

for  double  integrals,  471,  482. 
Mean  value  and  probability,  346. 
Mean  value,  definition  of,  346. 

for     one    independent    variable, 
347. 

for    two    or    more    independent 

variables,  350. 
Method  of  quadratures,  178. 
Miller,  358. 
Momental  ellipse,  300. 

of  a  triangle,  304. 
Moments  of  inertia,  29 1 . 

relative  to  parallel  axes,  292. 

uniform  rod,  294. 

parallelepiped,  cylinder,  295. 

cone,  296. 

sphere,  297. 

ellipsoid,  298. 

prism,  302. 

tetrahedron,  304. 

solid  ring,  305. 

M'Cullagh,  on  rectification  of  ellipse 
and  hyperbola,  236. 

Neil,   on  semi-cubical  parabola,   224, 

249. 
Newton,  method  of  finding  areas,  177. 

by  approximation,  213. 

on  tractrix,  219. 

Observation,  errors  of,  374. 

Panton,  on  rectification  of  Cartesian 

oval,  240. 
Paraboloid  of  revolution,  256. 

elliptic,  265,  268. 
Partial  fractions,  42. 
Pedal,  area  of,  199. 

of  ellipse,  190. 

Steiner's  theorem  on  area  of,  201 . 

Raabe,  on,  202. 

Hirst,  on,  202. 

Roberts,  on,  500. 
Planimeter,  Amsler's,  214. 
Principal  radii  of  curvature,  494. 
Popoff,  on  remainder  in  Lagrange's 

series,  159. 
Probability,  used  to  find  mean  values, 

356. 

Probabilities,  349. 
Products  of  inertia,  301,  306. 


Quadrature,  plane,  176. 
on  the  sphere,  276. 
of  surfaces,  279. 
paraboloid,  280. 
ellipsoid,  282. 

lluabe,  theorem  on  pedal  areas,  202. 
Radius  of  gyration,  293. 
Random  straight  lines,  381. 
Rectification  of  plane  curves,  222. 

parabola,  223. 

catenary,  233. 

semi-cubical  parabola,  224. 

of  evolutes,  224. 

arc  of  ellipse,  226. 

hyperbola,  231. 

epitrochoid,  237. 

roulettes,  238. 

Cartesian  oval,  239,  247,  501. 

twisted  curves,  243. 
Recurring   biquadratic   under  radical 

sign,  101. 
Reduction,  integration  by,  63. 

by  differentiation,  71,  80. 
Roberts,  W.,  on  Cartesian  oval,  240. 

on  pedals,  510. 
Roulette,  quadrature  of,  205. 

rectification  of,  238. 
Russell,  on  rectification,  501. 


Sarrus,    on    calculus    of    variations, 

413. 

Sign  of  substitution,  413. 
Simpson's  rules  for  areas,  213. 
Sphere,  surface  and  volume  of,  252. 

quadrature  on,  276. 
Spherical  harmonics,  332. 
Spheroid,  surface  of,  257,  258. 
Spiral,  hyperbolic,  191. 

of  Archimedes,  194,  227,  380. 

logarithmic,  227. 
Steiner,  theorem  on  pedal  areas,  201. 

on  areas  of  roulettes,  203. 

on  rectification  of  roulettes,  238. 
Stokes'  theorem  online  integrals,  403. 
Surface  of  solids,  250. 

cone,  251. 

sphere,  252. 

revolution,  254. 

spheroid,  prolate,  257. 
oblate,  258. 

annular  solid,  261. 
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Taylor's  theorem,   obtained  l>y  inte- 
gration by  parts,  126. 
remainder  as  a  definite  integral, 

127. 

Total  variations,  427. 
Townsond  on  moments  of  inertia  of  a 

ring,  305. 
on  moments  of  inertia  in  general, 

310. 

Tractrix,  area  of,  219. 
length  of,  225. 


Van  Hiiract,  on  rectification,  240. 


Variation  of  a  single  integral,  428. 

of  a  double  integral,  Hi 7. 

of  a  triple  integral,  486. 
Viviani,  Florentine  enigma.  278. 
Volumes  of  solids,  250,  264,  286. 

W.illis,  value  for  ir,  122. 

Weddle,  on  areas  by  approximation 

213. 
AVoolhouse,    on   Holditch's  theorem 

206. 

Zolotareff,  on  remainder  in  Lagrange' 
series,  158. 


THE  END. 
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